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ON THE STRUCTURE OF HIGHER TERMS OF THE
SPECTRAL SEQUENCE OF A FIBRE SPACE

Wirorp HurEwioz{ AND EDwWARD FApELL*

1. Infroduction

Let (E, B, p) denote a fibre space' with B arcwise connected and (E,, d,), 7 =
1, 2,..., the associated spectral sequence. Furthermore, let F = p(d),
b € B denote a fixed fibre. Then a well-known result of Leray-Serre states that
B, = C(B, H(F)), the singular chains of B with H(F) as coefficients, and d, : B, —
E, is the boundary operator 0 :C(B, H(F))— CO(B, H(F)) in the sense of local
coefficients, where (B, b) operates on H(F) in the usual manner. Hence, &, =
H(B, H(F)) where the homology is in the sense of local coefficients. In case,
my{B, ) = 0, therefore, K, == H(B, H(F)) where the coefficient group H(F) is
taken in the ordinary sense. In [2], the authors extended this latter result and
showed that in case B was r-connected that B, = H(B, H(F))fori =2,--,r -+ 1
and d, = 0 for i = 2, - - - 7. The purpose of this paper is to extend this result still
further. An alternate way of stating the above Leray-Serre result is that if 77y(B) =
0, then B, depends only upon B and the aetion of =,(B, b) on H(F). Here we will
show that if Bis r — 1 connected then B, = H(B, H(F)) for 2L i< rand B,
depends only upon B and the action of (B, 8) on H(F). More precisely, we first
show that =, (B, b) and H(F) are paired to H(F), r > 1. Then, in case Bisr —1
connected, B, = H(B, H(F}) for 4 =2,-++,rd;=0for ¢ =2,---,r—1 and
d,: B, = H(B, H(F))— K, is given by the cap product

d{h)y=y 0 b, k € H(B, H(F})
where v is the characteristic cohomology class of B and the cap product is defined in
terms of the paiing of (B, b) and H(F) to H(F)%.

Remark. The corresponding result for singular cohomology is also valid, where
cup product replaces cap product and w,(B) and H*(F, §) (the cohomology group
of F with coefficients in @) are suitably paired.

2. Preliminaries
2.1. FisrE sPACES. In this paper we employ the concept of fibre space as given
in {1] and for the reader’s convenience we recall the basic definitions. Given a triple
(E, B, p) where p : F— B is a map, let Q, denote the subset of E X B given by
Q, = {(e, w) € B X B : ple) = w(0)}.

T Due to the untimely death of Professor Hurewicz, the second-named suthor has prepared
this joint account of their research and accepts full responsibility for its aceuracy.

* Work on this paper was supported, in part, by the Wisconsin Alumni Research Foundation.

1 In this paper we used the term fibre space in the sense of [1], see §2.

2 This simple description of d, was suggested by Norman Steenrod.
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2 WITOLD HUREWICZ AND EDWARD FADELL

Then, we have a natural map % : E'— Q,, given by

B(e) = («(0), p(«))

where p(x)(f) = p(«(f)), 0 < ¢ < 1. Finally, we say that (&, B, p) is a fibre space
provided $: B — Q) admits a cross section, i.e. a map A :Q,— BT such that
#° A =13The map A is referred to as a lifting function. It is easy to show that
any two lifting functions are homotopic in the class of lifting functions, i.e. given
any two lifting functions Ay, A, there exists a homotopy H : Q, X I—> B! such
that

@) Hy=Ay Hi = A,

(ii) pH[(e, w), t] = (e, w), t € I, (e, w) € Q,,.

The following fact will also be used in the sequel. Let # denote the space of
paths in ¥ emanating from a fibre F, ie.

B = {0 e E: a0) c F}

where F = p~1(8), b € B. Then, if A is alifting function for the fibre space (£, B, p),
let A : E— E be given by

A2) = Ax(0), p), « € E.

Then one shows easily that A is homotopic to the identity map 1 : & — E.

2.2, SINGULAR THEORY BASED ON cUBES. Let X denote a topological space and,
employing the notation in Serre [3], @,(X) the free abelian group generated by
singular n-cubes in X. Letting D, (X) denote the subgroup generated by degenerate
n-cubes, we set 0,(X) = @,(X)/D, (X). Then C(X) = >, €, (X) is called the group
of singular chains in X (based on cubes) with integral coefficients. For an arbitrary
coefficient group G we set O (X, &) =0, (X) ® ¢ and O(X, @) = 5,0, (X, B.
Also, we set O™(X, @) = Hom (0, (X}, &). O*(X, G) = 3, O«X, @) is then the
group of singular cochaing with coefficients in G.

The boundary operator @ in C{X) is given by

Bu = Sy (—i)f [Ahu — Au*
where % is a singular n-cube and

(;':u)(xy e, n—l) = u(xp Tt Xy 1, & Xy Zpy)

for =0, 1; 1 < i < n. Employing 9, C(X, @) and C*(X, @) become chain and
cochain complexes, respectively, and we have therefore the singular homelogy and
cohomology groups of X, namely

HEX, Q) =3, H(X, (), H¥X, &) = 5, HY(X, 6).

3 This definition is easily seen to be equivalent to assuming the validity of the Covering
Homotopy Theorem for all spaces as applied to (#, B, p) and hence is stronger than the defini-
tion of fibre space in the senge of Serre.

4 This ¢ differs in sign from that employed in [3].
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2.3. Car proDUCTS. Let # denote a singular n-cube in X, Following Serre [3],
we define certain faces of u as follows: Let H denote a subset of p elements from the
set of indices {1,--~,n} and K the complement of H, containing, therefore, ¢
elements where p + ¢ = n. Let ¢ : K— {1, -, ¢} denote a strictly monotone
function. For ¢ = 0 or 1 we let 1% denote the following ¢-face of

(zsﬂu)(xlﬁ Tty xq) - u(ylﬁ tre, yn)

where
‘ Y, =& for 1€l
Y, = ox (i) for 1ekK.

Also, set sgn H = (—1)” where v is the number of pairs (7, §), ¢ € H, j € K such that
& > 4.

Suppose now that the groups G, and @, are paired to G. For g; € Gy, g, € Gy,
let (g;, g,) denote the element of G obtained from pairing ¢, and g, For
feeliX, Gy), u,,, a singular cube in ¢ (X}, set

: Jin Uy, ®gy= Susgn H }-}{u ® (fq(l%u), ga)s g2 € Gy
It is not difficult to show the usual cap product identity
0% N %y ®gy) =(—1)P0f% 0 u,,, @gp+ ! N Ouyy, g,
where ¢ is the differential operator in 0*(X, @,). Therefore, the pairing of 04X, @)
and O, (X, G,) to C (X, () leads to a pairing of X, &) and H, (X, G,) to
H (X o).

BEmare. The above cap product differs, at the homology level, from the
definition (adapted to eubical theory) given in Eilenberg [4] by a factor of (—1)7?
where 7 is the dimension of the second factor. In comparison with the above
definition of f¢ 0 u,,, ® g,, the Eilenberg definition (adapted to cubical theory)
would read

fin Uprqg ® Jo = ZH sgn. Hl(l){u ® (fq(}‘}:lu)s o)

2.4, THE SPECTRAL SEQUENCE. Let (B, B, p) denote a fibre space. We filter
A = OB} singular chains of ¥ (intogral coefficients) just as in Serre [3]. If wis &
singular n-cube in X, a coordinate index 4,1 < ¢ < # is called db (degenerate base)
for u if

PU(Tyy * o Byt By) = PUY, Y > Yn)
for arbitrary «;, y;. Otherwise ¢ is called a pb (proper base) coordinate for . Then,
we seb
dim, % = max pb coordinate index for u.
The filtration
0=Alc AVc -+ - AP S AP -+
is obtained by letting A? denote the subgroup of 4 generated by singular cubes «
such that dim_ » < p. The spectral sequence associated with this filtration can be
obtained ag follows: 2%, 1 < 7 < 0, is the image of i, where

it H (A7, A7) > H (A1 A2, p==gp g
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is the map induced by the natural injection i. Furthermore, the differential
operator
d,: B29—» BP-1er-1

is just the boundary operator
0y s H (APH3, A1) > H, (471, A7)

for the triple (47+71, 421, 4%-7-1) restricted to B2, n=1p+q.

2.5. EXTENDED 7-SKELETON OF AN 7-CELL. Let I” denote an n-cell n > 1 and r
aninteger 1 < r < . Asin §2.3, let H denote a subset of r elementsfrom {1, - - -, n}
and K the complement of H. Let o : K —> {0, 1} denote a function on K taking the
values 0 or 1. Then set

Fie={zecl" z=uak) for keK}

Then, F% is an ordinary r-face of I Now, let H denote a set of r + 1 elements
from {1, - - -, n}and K its complement. Let (i, j) denote a fixed pair of indices in F
and & : K— {0, 1} a function on K with 0 or 1 as values. Set

Fi(i,j)={wel*:x,=ak) for keKandx,=uz}

We call If‘%(i, 7) a diagonal r-face of I". Let F, denote the set union of all the
ordinary r-faces and F, the set union of all the diagonal r-faces. Then F} = F, U F,
will be called the exfended r-skeleton of I™.

Now, let X denote a topological space and Q(X) = >, @,(X) as in §2.2. Let
Q7(X) denote the subgroup of Q(X) generated by singular cubes

s (In’ F:‘)_)'(X: x())
whete %, is a fixed element of X. Then, set
0"(X) = (@(X)/(@(X) n D(X)).

The following lemmas will be used in the sequel and their proofs, follow standard
lines.

Lemwma 1. If X is r-connected, i.e. m(X, xy) = 0, ¢ < 7, then the chain complexes
(X)) and C(X) are choin equivalent and hence the singular homology groups of X
may be based on singular cubes whose extended r-skeleton lies at the fiwed point ,.

Lemma 2. If (B, B, p) s a fibre space with B r-connected, then the singular homology
groups of B may be based on singular cubes whose extended r-sheleton lies in the fibre
F = pi(b), b € B a fized base point.

2.6. A HOMOTOPY ADDITION LEMMA. Let F denote the extended n — 1 skeleton
of I”, n > 1, and let

w: (I Fy— (X, )

X a space, xg € X, denote a map. Then u represents an element o in 7,(X, z,).
Furthermore, let

(I, I”‘)—; (X, )
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denote the map given by
Uy, "7 5 T} = WYy, " 5 Y)
where
Y = T,%; i<k

Y =2,
Y, =w,2_, i>k

Since % maps the extended # — 1 skeleton of I into x4, u;, maps I” into x, and
hence u,, represents an element o, in 7,(X, ;). The following lemma is then valid.
Its proof follows standard lines and is omitted.

Levma. >y (—1)"* o) = a.

3. Pairing =,(B) and H(F, () to H(F, G), n > 1

Let (£, B, p) denote a fibre space, F = p~(b), b € B, a fibre and w,(B, b) =
a,{B),n > 1,a homotopy group of B. Let o & mr,,(B)with representative f : (1%, %) —
(B, b). Also, let »:I?2—> F, 4= 0, denote a singular g-cube in F. We define
a singular ¢ +- n—1 cube (f, v) in F as follows. For x € I gof g —
@y, ®pq)y @¥= (2, """, Ty, 4). Then, if A is any lifting function for
(&, B, p)set

(f, D)@} = Alv(?), o(*2)](1)

where w("z) is the loop in B given by
(")) = f(* =, t).

If now, b € H(F, @) is a homology class with representative cyclez = >,%, ® g,,
we denote by («, k) e H,,, , (F, G) the homology class containing the cycle
{f, 2) = Z;(f, 9;) ®¢g;. It is easy to show that (f, 2) isindeed a cycle and («, %) is
independent of the representatives f and z chosen, as well as the lifting function A
employed. Furthermore, bilinearity, namely

(@ + o, B) = (a, B) + (o', B)
(o, b+ B) = (o, B) + (o, )

follows easily and hence = ,(B) and H (F, G) are paired to H,,, (F, ).

An alternate description of this pairing may be given as follows. Let £ denote
the loop space of B based at b € B. Then, any lifting function A gives rise to a
A:QxXF->F

map as follows:

Ao, ©) = Alz, 0)(1), weQ, =zclf.
Applying the Kiimneth Theorem, we obtain induced homomorphisms
Ay H(Q) @ H(F, G)—H, (F, .
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Then, the pairing of ,(B) and H(F, @) to H(¥, G) is given by the composition
homomorphism

i®l j®1
7,(B) ® H(F, @) —> 7, _4(Q) ® H(F, ¢) ——>
. A
H, ,(Q) ® H(F,6) ——> H(F, &),

where ¢ : 7, (B) > 7, _1(£2) is the standard natural isomorphism and j : =, ;(Q)—
H,_,(Q) is the Hurewicz homomorphism. The two descriptions are casily seen to
yield identical pairings. We shall, however, have need for the explicit form of the
pairing given initially in terms of representatives of homotopy and homology
classes.
4. The basic map and identity
4.1. Ter Bastc MaP. We assume in this section that B is a fixed arcwise
connected topological space and b € B a fixed base point. Let B be the space of
paths in B starting at b, i.e. B = B0, ). B is a fibre space over B with map
£: B— Bgivenby
Ew) =), wecbhB.

Let O(B) and O(B) denoto the singular chains of B and B, respectively. We define
s dimension preserving homomorphism (not a chain map) '

9 : 0(B)—Cy(B)
as follows. Let u denote a singular n-cube in B, and let p denote an index between
land n,ie. 1< p< nand ¢=n—p. Asin §2.3 let H denote a subset of p

elements from {1, - - -, »} and K its complement. For such an H we first define a

homomorphism
1z : Cu( B)—C,(B)

as follows. Let a: H—{1,---,p}, f:K—{p+1,---,n} denote increasing
functions. For z € I, set

y(x) = (y].’ S y’n)7 z(x) = (ZI: T, zn)
where
{?/i = Zg(p), z=1forieK

9, =0, %, = Ty fori e H,
Then, let o, denote the arc
u2iy(@)], t < 1j2
i = {

ul(2 — 2t)y(x) + (2t — ()], £ = 12
where » is a given n-cube. Then, set

PRoE) = o
and the homomorphism

9% : O(B)— O(B)
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is defined. To obtain ¢ set
¢*=2psgnHof and ¢=3, ¢
Note that the definition of ¢ depends on » but is not displayed in the notation. Let
OV:A_lngg cee g AP

denote the filtration of C(B) relative to the fibering (B, B, £). Then if % is an n-cube
in B, we make the following important observation

prucA? =471 1< p< n

4.2. THE BASIC IDENTITY. Let % denote a fixed n-cube and 9, ¢, H and K as above.
Suppose also that the indices in H and K are denoted by

H iy < - <y, Kijy <o <jg

Then the following lemmas can be verified easily from the definitions,
Lrvma 1. For k< p,
Ryt = iy 1w

and (—1)% sgn H = (—1)% sgn H* where

H* = iy, o iy g gy — Lo dy — 11
Leyma 2. For 1< k< g,
A9 P = K g1 P

and (—1)2+* sgn H = (—1Yx %+ sgn H* where H* = H U j,.
Luvma 3. If the g-skeleton of u is at a fived point b € B, then for 1 < k< p

1 2oy e ool 1
Ipiy Vi = G L

and (—1)?*sgn H = (—1)% sgn H* where H* = {f, -+, ¥} and i} =1, or
i, — 1 according as 1, << j; oF 4, > Jy

Now, suppose that w is an n-cube whose » — 1 skeleton lies at b € B. Then for
any ¢ < r, the following basic identity I, is valid,

(I,) Opu— @bu==8,u) + By(u) + 0 Zjcng1 9%~ Zicnga @ 06
where )
8yw) = Y34 S (— 1) sgn H (1 off " u — 2 ¢ffy %]
Ry =31 Su (1) sgn H A, 49% % w — ¢t Hul

where in the expression B, (u), H* and j; have the following meaning: If H = {i; <
cr Ly gk and K = {j; < - <j,} Is its complement, H* = {if,---,i¥ }
where ¢} =i, or i¥ =, — 1 according as ¢, << J, or 4, > 7. g, is, of course,
already indicated as an element of K.
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The proof of this identity is immediate by induction on g, making use of the pre-
vious lemmas. I, immediately implies
Lemma. If the r — 1 skeleton of ¢ singular n-cube u in B lies at b & B then

Ogu — gou € 4™~
and
dpu — @du = R (u) modulo 4™,

5. Application of the basic map to fibre spaces

5.1. TEE INDUCED MAP 9. Let (#, B, p) denote a fibre space, B arcwise connected,

b € B a fixed base point and p—(3) = F the fibre over b. The homomorphism
¢ : O(B)—O(B)
of the preceding section induces a homomorphism
p:C(B) @ C(F)— Q(H)
as follows. Let u denote a p-cube in B, v a g-cube in F. For (x, y) € I?+9, x & 17,
y € 1% set
Ya(e ® v)(x, y) = A {v(y), phu()K1)

where 1 < ¢ < p and H is a subset of ¢ indices from {1, - - -, p} as in the previous
section and A is any lifting function for (£, B, p). Then set

: V=2rvh v=2L.9"
We note that
9 :C(B) ® O F) = C,p, (E)
depends on p and ¢ but they will not be displayed in the notation.

Now, let
OZA—lgA()g...gAPg...

denote the filtration of C(&) as in §2.4. Then, we note that
p:O0(B) oOF)—4 1ZiLp.

5.2. Tuex eNerry I,. The basic identity I, implies easily a corresponding
identity for y which we state as the

FUNDAMENTAL LEMMA. If u is a p-cube in B whose v — 1 skeleton lies ot a fixed
point b € B, then

(I,) Oplu ®v) — yi(u @ v) = R,(x ® v) modulo 4771
where v s a singular cube in F, R {u ® v) € A*" and

Ru®v)= S5y Sp (—1)P"*sgn HIAL .95 "(u ® v) — 95" (A v © v)]

(3
where H ranges over subsets of {1, -+ - , p) which condain w — r elements.

Asin §4.2, H* and j, have the following meaning. Let K denote the complement
of a given H. We write the elements of K in inereasing order 7, < - - - < 4, thus
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determining j,. If H = {iy, -~ +,4, ), H* ={if,---,i¥ } where i} =i, or
i} == 1,, — 1 according as J, > %,, OF fi, < %,

5.3. Tue maiy rESULT. Now, in the chain eomplex U (B) @ O(F) introduce the
boundary operator

0l @)= (—1)?b® df, bel(B), [feO(F).
Furthermore, 9 induces homomorphisms
Py : O (B) ® O(F) — A?[4%1,

Since B is arcwise connected, we apply the Fundamental Lemma for r = 1 and see
that

Yo Oy = 09,
and hence v, induces homomorphisms
v, :0,(B) @ H(F)— H,, (A%, A*) = B,

Now, let u denote a p -+ ¢ cube in H such that dim,u < p. As in Serve (3], Bu will
denote the p-cube in B, Fu the ¢-cube in F given by

Bu(zy, «+ -, 2,) = p-u(xy, ", %, Yy, * * +» Y,) for any choice of {yy, - - -, y,).
Fu(zy, -, x) =w(0,++,0,2y, -, 2,).
Next, define

6:4?—>C,(B) ® O(F)
by setting
O(u) == Bu @ Fu

for » a generator of A?. Then 0 induces
0y : 47[A" 2 — O (B) ® C(F).
Tt is easy to see that 040, = 0,0 and hence §, induces
6y : H, (A%, A* ) = EP4— O (B) @ H(F).

THEOREM 4 and 0, form o chain equivalence and hence v, and 0, are isomorphisms
onto.

Proor. The proof is given in the Appendix, §1.

Now, let us assume that for the fibre space (E, B, p), Bis » — 1 connected with
7 > 1. We may then assume that the singular chains of ¥ are generated by singular
cubes whose extended » — 1 skeletons lie in #, and that the singular chains of B
are generated by singular cubes whose extended 7 — 1 sgkeletons lie at the
fixed base point b. As a matter of interest, the case » =1 which gives the
Leray-Serre resulb is given in the Appendix, §2. Define

85:0,(B) ® H(F)—C, (B) ® H(F)

by
Ot ® b= (Ju) ® h.
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Then, applying the Fundamental Lemma, it is easy to see that the following
diagram commutes
C(B) ® H(F)fgﬁ;l ’
| |a
C(By® H(F)—>E,
P

and, recalling that H(E,) = E,, , v, induces an isomorphism

vy : H(B, H(F))— E,
which is a special case of the Leray-Serre result. Now, again applying the Funda-
mental Lemma, we see, step by step, that ¢, induces isomorphisms

v, : H(B, H(F) — E,
for 2 < ¢ < r and the composition maps

;- ;- H(B, H(F)) — E,— E,

are 0 for 2< i <r—1, and hence d; =0 for 2 i KX r — 1 (in case r > 2)

Next, we investigate the structure of the differential operator d,. It should be
remarked, that 0, : B, — C(B) @ H(F) also induces, step by step, isomorphisms

0,: B,— H(B, H(I") 2< e
Consider, the composition
r d 61’
H(B, H(F)) iR E,—> E,—> H(B, H(F)).

Take a homology class b € H (B, H,(F)) and let z denote a representative cycle
of kb such that z = 3, ; u;u; ® v, ;, with p,; integers, u; p-cells in B, v, ; ¢-cells in -
Fand 3; u; v;;is a cycle in F for each i, representing a homology class in F which
we denote by k;. Then, employing the Fundamental Lemma, d, (k) € FP-rotr1
is determined entirely by

Zi,i o B, — ”ig‘) = R,(2). .

In order to determine the structure of 6,d,y,.(h) we look at the image of B, (# ® v)
under 0 : 477 — C,_(B) ® O(F) where u and v are as in the Fundamental Lemma
§5.2. Let H denote a subset of p — r indices from {1, - - -, p} and X be its comple-
ment. Then f; = A% represents an element of (B, b), and f maps the extended
r — 1 skeleton of I into b. Following §2.6 let

fH,k(wl: T, ) :fH(xrxl’ T Byl g, B By, 7, BB, o)
Letting e : I"—> b denote the natural representative of 0 € #,{B, b), set
Fap="Fms+e

where the addition ocours in the 7** coordinate. Then, the following lemma, is easy
to verify directly from definitions.
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Lemma 1.
OB ® v)) = Ziey D (—1)> " sgn H (13w ® (frrp v) — Axu © v¥]
where v* is a degenerate ¢ + r — 1 cube in F given by

v*(xlﬁ Y B s Yt T s Y = A['U(ylx Tt yq): 5](1)
with b the constant loop at b and where ( f"H,k, v) is the pairing of §3.

We note the following fact which we shall use shortly. Using the notation
of the above lemma, the homotopy addition theorem of §2.8 implies that
S (U g~ A

Since

op(z) — yo(z) = R,(z) modulo A?——1

R _(z) represents a cycle in 47~7[A4?~ and hence determines an element [ B (2)],
in Ep—netr —!, Lemma 1, together with the fact mentioned above, immediately
implies

Lemma 2.

Oa[B,(2)]y = (—1)7 35 D sgn HARu; © (y(Agm), by)]

where y : C,(B)— (B, b) is the characieristic cocycle of B and (y(A%u,), k) is the
pairing of §3.

Lemma 2 then gives our main result.

TaroreM. 0,d,y,(h) = (—1)* =§ 0k, b € H(BH(F)), where § is characteristic
cohomology class of B.

Therefore, if we consider d, as acting on H (B, H(F)), we see that

d,(k) = (—1)? 5 N b, h € H (B, H(F)).

We collect what we have shown in the following
Mary TaroreM. Let (B, B, p) denote a fibre space with B r — 1 connecled. Then,
in the spectral sequence (B;, d;) associated with (B, B, p),

E,=H(B,H(F) for i=2,-+-,r

d;=0 for ¢=2,---,r—1
and
d by = (-1 0 h, keHyB, H(F)

where  is the characterisiic cohomology class of B. Therefore, the first r - 1 terms of
the spectral sequence depend only on B, H(F) and the pairing of =,(B) and H(F) io
H(F).

Remarg. The main theorem remains valid if an arbitrary coefficient group ¢ is
used for the singular chains of Z. Naturally, one uses the pairing of 7, (B) and
H(F, G to H(F, ) in this case.

APPENDIX

1. THEOREM. y, and §, form a chain equivalence (see §5.3).

Proo¥F. (a) We show first that Oy, ~ 1. It should be remarked that if the
fibre space (E, B, p) were assumed regular [1], then it would follow that Oyy, =1.
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We proceed, however, without this assumption. Let b denote the constant arc at
the base point b € B. For » € F, set

Bl@) = Alw, 5](1)

where A is a lifting function. Then we have the following
Levmma. f~1: F— F.
Proor. The proof is immediate since

Hiz, 1) = Alz, 51¢)

provides the connecting homotopy.
B : F— I induces & chain map g, : O(F)— O(F) and the above lemma implies
that 8y ~ 1, ie. fiy and 1 are chain homotopiec.
Now consider
0y : AP[AP 1 = C (B) @ C(F) : p,.
Since .
Yuened 1<i<p

where dim # = p, dim v = ¢, it follows that pu(u @ v) = [pP(u ® v)], i.e. yy(u ® v)
is determined entirely by p*(» ® v), and

yp?(u ® v)(z, y) = Alv(y), 0,1(1)
where
u(0) 1< 1/2.
wac(t) -
{u[(Qt — ] < 1)2.
Therefore, it is easy to see that
Ogpolu ® v) = u @ fov

and hence Ggyy =1 @ fy~ 1.
(b) Here we show that py0, ~ 1. First, employing the notation of §2.1 we define
a mMap
' B->E
by setbing
D(x) = A[a(0), b + pol, a € B

where b is the constant loop at b. Let  : f — B, where B is the space of paths in
B emanating from b, be the natural map given by p(a) = po. Then it is easy to
see that I' ~ A : — f with connecting homotopy

@, : B x I E such that

A@(a, )(1) = Fal), 0L L

Furthermore, as noted in §2.1, A~1, and in this case there is a connecting
homotopy @, : B x I-+ E such that

PPy, $)I(t) = Pault), 0 881
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Therefore, I' ~ 1 and a connecting homotopy @ : £ x I — E may be chosen such
that
PD(a, 9)I(1) = por(1), 0L s L

Then if w is a p + ¢g-cube in ¥, with dim,w = p, % : I?+?— F is given by

Bz, )ty = wilz, y), =el?, yel
Then, set
(Dw)(:c, Y, 8) = (I)(ﬁ)(xa y)? 8)(1)

D is then a homomorphism of degree 1.
D: C:ﬂ+q(E ) g Cﬂ+q+1(E )

Furthermore, D preserves filtration, i.e. D(4?) = 4? and hence D induces
Dy: A?[AP 1 AP[AP-1,

In addition we make the following observations. If wis a p - ¢ cube in Z, just as
above,
@) Dwed?

(it} ADw e Avfor1 < i <

(i) A5, Dw = Diw, 1

(iv) Ay g1 Dw =w

(V) Agyass Dw = p"0u.
Therefore,

0Dw — (—1)?Dow = (—1)?+¢[w — pPhw] modulo 4?1

Since, as we observed in (a), v, : O (B) ® C(F)—> A?/AP-1 is determined entively
by w?, it follows that for ¢ € A?/A?1
9Dy — (—1)7Dc = (—1)"[c — b

and hence 9,y ~ 1. The proof of our theorem is then complete.

2. Tat Leray-SerrE REsuLT. Let 9:0,(B) @ H(F)— C,_(B) ® H(F)
denote the boundary operator for C(B) ® H(F) in the sense of local coefficients,
where the action of 7,(B, b) on H (F) can be obtained as follows. If  is a g-cube in
F and e is a loop in B, based at b, then set

(e, v){(z) = A{ﬂ(x)’ el(1}, zel?

where A is a lifting function for (B, B, p). (e, v) is then a g-cube in #. Then, if « is
an element of #,(B, b) with ¢ as a representative loop and % is a g-homology class
in F with representative cycle z = >, up;, j; integers, then

(o0, B) = [2; e v)]

i.e. the g-homology class with representative cycle J; u(e, v;), is the result of
acting on & with «. In our notation, then,

O ®h) = 32 (—1y[Au ® (o, h) — Au ® k]
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where o, has the i*® edge of u, ¢, as representative, where, explicitly,
i
Gi(t):u(oz“'90:t,0,'°'70)'

u s, of course, a p-cube in B (whose vertices are assumed at b) and k € H AF). Our
objective, then, is to show that the following diagram commutes.

C,(B) ® H(F) M ppa H,, (A?, 4>

3| |
Cpa(B) H/(F) _V)‘i’ BTV = H,\  ((A7T, A7)
We again use the fact that the homomorphism v, is determined entirely by
p? : O (B) @ C (F)— A®.
If % is a p-cube in B and v a ¢-cube in F, one sces casily that
opPu @ v — 2 (—DAy*u @ v — ApPu @ v] + (—1)%p?u & Ov.
Furthermore, one verifies directly from the definition of ¢? that
0 3k (— 1Y Ay%u ® v — Wyu ® v] = 32 (— 1) Au @ (&, v) — Hu ® @, v)]
where @ operates on A7-1, ¢, is the product path be;, where ¢, is the ¢ edge of »
and b is the constant arc at b. Therefore, if 2 is a g-cycle in ¥
GOy (u ® 2) = 32 (—1){u @ (8,2) — 1% ® (4, 2)]
and hence
O3y (w ® b) = L5 (—1)[Au ® (0, h) — Au @ h] = 0(u © h)
where h € H(F) and «, = [e,] € m,(B), since (1, h) = k where 1 is the identity in
w3(B) and &; ~ e,. Therefore, since 1,0, = 1, we have
dypy = 9,0

and the above diagram commutes. Hence, we have the Leray-Serre result for
singular homology, namely

Bp? = H (B, H,(F))

where the homology is in the sense of local coefficients.
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FOUNDATIONS OF FIBRE BUNDLES

By Hexri CARTAN AND SAMUEL ELENBERGL

The need of an abstract theory unifying the basic constructions of different
types of fibre bundles has been felt for some time and several attempts along this
line have already been made.

In this attempt, we adopt the point of view of categories and functors. We are
interested in. defining not only the bundles but also their maps, i.e., we are interested
in defining a category & of bundles. Some bundles and some maps (i.e., a sub-
category A of &) are given to us in advance. Those are the models; every bundle
restricted to sufficiently small open sets of the base should be isomorphic to one of
the models. In this sense the bundles are “locally trivial”, if we regard the models
as being ““trivial”.

The problem of passing from # to & is thus a problem in extending a given
category. An analysis shows that there are two distinet extension processes involved.

The first notion we introduce is that of a faiuthful functor T: of — & of one
category into another (examples: the functor which to each differentiable manifold
assigns the underlying topological space or to each topological group assigns the
underlying diserete group). For such a functor the question of transportability may
be raised, i.e., the question whether isomorphisms in % may be lifted to isomorph-
isms in o7, If T is not transportable, the category &/ may be enlarged to a category
/T and the functor T' extended to a functor T7: &#T — % which is transportable.

The second basic notion is that of a local category, that is a category & given with
a functor L into topological spaces. For each object .4 of o7 and each open set U
of L{A) the restriction A}U is assumed to be given. For such a category one can
ask the question whether a family of matching objects can be pieced together
{collated) into larger objects. This leads to a second enlargement process for
categories which is carried out by the use of sheafs.

The method of categories and functors is as usual accompanied by foundational
difficulties. In the abstract theory, one can conveniently assume that the categories
are sets and thus avoid all difficulty. In the applieations, however, one wishes o
think in terms of “the category of all topological spaces and all continuous maps”
ete. This poses the usual danger of antinomies. There are various dodges that one
could adopt, but a complete and honest solution of the difficulty is yet to be
invented. In the present write-up the difficulty is totally bypassed; the categories
are assumed to be sets.

1. Categories and functors

A category & is a composite object consisting of
(1) a set of elements 4, A’ ete. called objects of &,

16
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{2) a function which to each pair (4, A") of objects of oF assigns a set
Hom (4, 47,
(3) a function

Hom, (4, 4’y X Hom, (4, A") —Hom,, (4, 4")

defined for any triple (4, 4", A”) of objects of 7.

Frequently instead of writing f € Hom,, (4, A') we shall write f : 4 — A’. The
elements of Hom,, (4, A’) will be referred to as homomorphisms, morphisms,
mappings or transformations. The function given in (3) is called composition, and
its effect on a pair (f, g) is denoted by gf. -

The above data are subject to the following axioms:

(e)Uf: 44", g: A" A", h: A" — A" then h{gf) = (hy)f.

(e.2) For each object A4 there exists ¢, : 4 — A such that fi = f, ig = g for each
f:A—>A"andg: A" 4.

It is easy to see that ¢ 4 is unique; it will be ealled the identity of A. A morphism
f:A4—>A"is called an isomorphism if there exists g : A" — A such that gf =i,
Jg =1,. Such a g is unique and we denote it by L.

Let of and % be categories. A (covariant) functor T : o —> % consists of a pair
of functions (both denoted by T'). The first assigns to each objeet 4 in &7 and object
T(A) of & and the second assigns to each morphism f: 4 — 4" in o7 a morphism
T(f)y = T(4)— T(4") in #. The following two conditions must be satisfied
(BL) T(gf)=Te)T()

F.2) T(iyg) =1tpq

Given functors 7" : &7 — &, 8 : # —> € the composition 8T : & — F is defined
in the evident fashion and is a functor.

Given functors 7', 8 : & — %, a morphism ® : T — 8 is a function which to
each object 4 of o7 assigns a morphism ®(4) : T'(4) —8(4) in #. The following
condition must be fulfilled.

(M) For each f: A — A’ in &7 the diagram

T
T(4) ——@ (4’

o(4) ] } o(4')
S(4) —> S(4")
30)

is commutative.
If each ®(4) is an isomorphism, then © is said to be an isomorphism T' ~ 8.

2. Subcategories

Let of and o be categories. We say that &7’ is a subocategory of & if (1) each
object of &7 is an object of &, (2) each morphism in &/’ is a morphism in .o, and
(3) the inclusion mapping I : &7’ — &7 is a functor.

A subcategory &’ of o7 is said to be full if for any objects 4,, 4, in &7’ we have
Hom . (44, 4y) = Hom, (4;, 4,).
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Let T : of —> % be a funetor and let I' be a family of isomorphisims in % con-
taining all identities. Let &’ be a full subeategory of of. The U-closure o of
&4 is the full subcategory determined by all objects 4 such that there exists an
isomorphism f : 4’ — A with A’ in o7’ and T(f) in [. If &7 = s then we say that
' is D-dense in .

8. Faithful functors

A functor 1" : of — A is called faithful if the following axioms hold

(Fid. 1) If f, g e Hom (4, A") and T(f) = T(g) then f = ¢.

(Fid. 2) I f: A — A’ is an isomorphism in & and T(f) = iy, then 4 = 4",

It follows from (Fid. 1) that, in (Fid. 2), f = .

ProrostrioN 3.1. Let T : of — B be o faithful functor and let ¢ : B— B’ be an
isomorphism in %B. Then for each object A in of such that T(A) = B there exists at
wiost one isomorphism f : A — A" in oF such that T(f) = ¢.

If an isomorphism f with the above properties exists then we say that fis a
lifting of ¢ with origin 4.

4, Transportability

Let T be a family of isomorphisms in the category # satisfying the following
properties:

(I'.1)Ify: B-—>B and 9" : B —B" arein I' then y’y and yLarein I,

(T. 2) ig is in T' for each object Bin .

A faithful funetor 7' : of — % is called [-transporiable if for each y : B—> B’ in
I" and for each 4 such that T(4) = B there exists a lifting f of y with origin 4.
If T' is the family of all isomorphisms in & then we say that T is transportable.

TarorEM 4.1. Bvery faithful funcior T : of — B admils a factorization

T
PGV

such that s is a T-dense subcategory of ¥, I is the inclusion functor and T is
Jaithful and T-transportable.
The above factorization is essentially unique in the following sense: if

PRV

is another such factorization of 7' then there exists a unique functor § : &1 — o7’
such that 8T = I’, 78 = T". Further § is an isomorphism of categories.

The proof is based on an explicit eonstruction of a desired factorization of 7.
We begin by constructing a category (o7, I') as follows: an object of (o7, T') is a
pair (4, y) where A is an object in & and p: T(4) — B is in I'. A morphism
(4, ) —(4', y") is a triple (f, 3', ) with f: 4 —A’. Composition is defined by
the rule

(f” 7/": 7') (f; 7”: }") = (f,f’ ’Y” 7")
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‘We obtain a factorization

PEAVRVEY

of T by setiting

J(4) = (4, ":1'(,1)),

S = (s ipary iga)) for f: 4 — 4,

Q(4, y)= B fory : T(4) — B,

Af, v, yy=vy"T(fyyforf: A— A",y : T(4)~ B,y : T(4")—> B

The functor J maps &7 isomorphically onto a full and dense subcategory of

(«, I'). The functor @ satisfies (Fid. 1) bub generally does not satisfy (Fid. 2).
We therefore consider the class Q of all isomorphisms in (4, I') whose images
under ¢} are identities in #. Thus Q consists of all morphism (f, ', ) such that f is
an o -isomorphism and " 7'(f) = y. The class Q is closed under compesition and
inverse, contains all identities of (4, I') but not other automorphisms. A class of
isomorphisms with such properties leads quite generally to a construction of a
quotient-category, in which the isomorphisms of € become identities. We define
the category 7T to be the quotient-category (4, I'}/Q. The functor @ then factors
as follow:

e
(4, T)—> AT 35 3,
while I : .o/ — /" is defined by composition

oI (A, T) = st

5. Local categories

A local category consists of

(i) a category 7,

(ii) a (covariant) functor L : .o7 — 7 into a category 7 of topological spaces and
continuous maps,

(iil) two functions which to sach objeet 4 of &7 and each open set U < I(A4)
assign (1) an object A{U of &7 (called the restriciion of 4 to U) and (2) an /-
morphism iU : AU — A (called the inclusion).

The composition

Y o,
AIU —> A4 ——s 4
is denoted by f|U and is called the restriction of f to U.

The above two fanctions are subject to the following set of axioms.

(Loe. 1) L(A[U) = U.

(Loc. 2) If V = U are open subsets of L(4), then (4|U)|V = A|V.

(Loc. 3) Let 4,4’ be two objects in &7 with L(4) = L(A’). If there exists an open
covering {U}, i € I of L({A) such that A|U, = A'|U, forevery i € I, then 4 = 4'.

(Loc. 1') L(i ,|U is the inclusion map U — L(4).

(Loc. 2} If V < U are open sets of L{A) then

(14 O)6 10| V) = 64|V
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(Loe. 3"} Given an open covering {U;}, ¢ € Tof L(4), 4 € &, and given morphisras
fi: 4|U; — 4’ in o such that
AUNU,=7lU,nU;
for each pair (7, ), then there exists a wnique f: 4 — A’ in o such that
fld; =1, foralli 1.

{Loe. 4) Given any morphism f: 4 — 4’ in &7 and given an open U’ in L(4’)
such that L(f) maps L{A4) inbo U’, there exists a unique morphism g: 4 —>A’|U '
in &7 such that

; ,[U’

4 a2 4

is f.
The map g of the last axiom is denoted by U’[ f. The two-sided restriction
|U’|fU for U open in L(A) is defined as U'|(f|U) and exists whenever L(f)U < U’

6. Local functors

Let of and % be two Jocal eategories with functors L, : o/ —7 and Lg: % —
T respectively. A (covariant) functor § : &7 — % is called local if the two following
conditions are satisfied:

(LF. 1) For any object 4 in &f and any open subset U of L_,(4) the topological
space ¥V = LgS(A{U } is an open subset of L4S(4) and

() S(A|U) = S(4)|v,

(i1) S(LU) = g4 V.

(LF. 2) For every object 4 of &7, the mapping U — V = LgS(A4|U) which maps
the open sets of L ,(4) into the open sets of LS(A4) preserves finite intersections
and arbitrary unions.

If further S satisfies

(SLF) L, = LgS8

then we say that 8 is stricily local. In this case we have ¥V = U in (LF. 1) and con-
dition (LF. 2) is redundant.

7. Subcategories of loeal categories
Let of, o/’ be local categories and assume that & is a subeategory of &/’ (in the
ordinary sense). If the inclusion functor I : & — &/’ is strictly local then we say
that & is a local subcategory of of'.
We say that 7 is locally rich in &/ if &/ is a full local subeategory of &7’ and if
for each object A’ of o7’ there exists an open covering {U,}, i €I of L(4’) such
that 4')U, is in o for every i € I.

8. Collation

Let § : & — % be a strictly local funetor. We shall say that § is collatable if the
following condition is satisfied
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(Col.) Let B be an object of # and {U,} ¢ €I an open covering of Lg(B). Let
{4}, ¢ I be a family of objects in & such that

S(4,) = B|U, foralli eI
AfU, 0 U; =AU, n U, for all 4, j e I.

Then there exists an object 4 in o7 such that 4|U, = 4, for all i e I.

The uniqueness of 4 and the fact that S(4) = B follow from (Loec. 3). If 8 is the
functor L, : o7 — 7 connected with the local structure of o7 then we replace the
phrase “S is collatable” by “s7 is collatable™. '

TasorEM 8.1. Bvery sirictly local funcior 8 : of — & admits a factorization

C
PSS
such that o is a local category comtwining < as a local subcategory, o is locally rich

in o, I 1s the inclusion map, 8¢ is a strictly local funcior which is collatable.
The above factorization is essentially unique in the following sense. If

PESVLY
is another such factorization of 8 then there exists a unigue functor 7' : &/°— &’
such that 7'I = I’, 8'T = T’ Further T is an isomorphism of local categories.
As in the case of Theorem 4.1, the proof is based on an explicit construction of a
desired factorization of S.
Let B be an object of & and let S—(B) be the set of objects 4 in of such that

S(A) = B. Let V = U be open sets in Lg(B); for each 4 € $(B|U) we have
A|V € 87(B|V). There results a mapping

byu: S—l(BI U) -8 XB|V).

Clearly ¢y = by o bpg for W < V < U < Lg(B). The sets 8~B|U) and
the maps ¢y, ;; thus define a pre-sheaf on the space Lg({B). We denote by Fj the
resulting sheaf. By definition, an ebject of the category &7° will be a pair (B, o),
where B is an object in &, and o is a cross-section of the sheaf ¥ . We also define
8¢ B, ¢) = B.

If U is an open set in L 4(B), the sheaf I/ g 18 then the restriction of the sheaf
F 4 to the open set U. Thus each cross-section ¢ of Fy defines a cross-section
0|U of Fyy. We define (B, o)|[U = (B|U, o|U).

Let A be an object of of and let B = S(4). For each open set U in Ly(B) =
L (A) we have A[U eS‘l(BI U). I Vis an open subset of U then (ﬁmUA[U:A[V.
Thus we obtain a cross-section o, of the sheaf ¥ We shall identify 4 with
(B, ¢4). In this way the objects of &7 become a subset of the objects of &7*. It is
further easy to prove that for each (B, o) there exists an open covering {U},
i €1, of Lg(.B) such that (B, a)lUi is an object of &, for each i e I.

Now the morphisms in &7° can be defined. Let (B, o), (B’, o) be objects in o7*
and let f: B~ B: be a morphism in . Consider the pairs (U, U”’) where U is an
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open seti of Lg(B), U’ is an open seb in Lgz(B) and Lg(f)U < U’ (i‘e.,U'| f|U is
defined), and further such that (B, o‘){ U and {B’, o'}jU" are objects of &/. A morph-
ism g : (B, 0)— (B, ¢’) with S°(g) = [ is defined as a family of &/-morphisms

dw,on: (B, o)|lU—(B, o)\,
defined for each pair (U, U’) as above as satisfying the following conditions
S@w,on) = U'!flU
Vigw,unlV = 9w

where (V, V’) is another pair as above with V < U, V' < U'.

The inclusion maps iz, lU 1 (B, o‘)l U — (B, o) can now be defined in an
evident fashion, The remaining verifications are fairly lengthy but straightforward.

9. Local categories and {ransportability

In §4 we considered a category % and a family I" of isomorphisms in & satisfying
conditions (I'.1) and (I'.2). Here we shall assume that &% is a local category and
that I satisfies the following additional property:

(I'.3) Let y : B— B’ be an isomorphism in % and let {U,} and {U’;}, i €1,
be open coverings of Lg(B) and Lg(B’) respectively, such that Lg(y)U, = U’; for
each i € 1. Then y € I' if and only if each U’ Jy|U, is in T,

Assuming this additional propeity of I' we have the following results.

TarorEM 9.1, Bvery stricily local faithful functor S : &€ — % admits o factorization

PRV
such that o/ is a local and Y'-dense subcategory of the local eategory %, I is the
inclusion functor and S* is stricily local, faithful and T-transportable.
The factorization is unique in the same sense as that of Theorem 4.1. The essential
part of the proof consists in the introduction of the structure of a local category in
the category /T given in Theorem 4.1.

Turorum 9.2. Let 8: of — B be a stricily local and faithful funcior. Then the
Sfanctor 8¢ : of ¢ —> B of Theorem 8.1. is fasihful. If 8 is T-transportable then so is §°.

10. Periect functors

Let S : &/ — Z# be a strictly local functor, let &/’ be a full local category of
o, and let T be a family of isomorphism in 4 satisfying (I.1)~(I'.3). We shall say
that /" is locally T-dense in o if the I'-closure &f" of &7 (cf. §2) is a rich sub-
category of .

A strictly local functor 8 : . — & is called I'-perfect if it is faithful, T-trans-
portable and collatable.

TuroreM 10.1. Every strictly focal faithful funcior S: & — & admits a factori-
zation

PRV
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where o * is a local category in which o is a locally T'-dense subcategory, I is the
inclusion and 8* is T'-perfect.
This factorization is essentially unique in the same sense as in the earlier theorems.
For the proof, we first apply Theorem 9.1 and obtain a factorization

a5 & g
then we apply Theorem 8.1 to ST and obtain the factorization
I‘G
| ALV A
Then & is locally I'-dense in o/ * = /T and the strictly local functor §* = 8T¢
is faithful and D-transportable by Theorem 9.2 and is collatable. Thus 8% is
P-perfect.

Let S : & — % be I'-perfect and let A be a locally T'-dense subeategory of 7.
The uniqueness feature of Theorem 10.1 implies that o7 may be identified with
M = M.

11. Fibre bundles

Let # be a local category and & any category. The category (%, &) of forma
bundles with bases in & and fibres in & is defined as follows: An object of (&, F)
is & pair (B, ¢) consisting of an object B in & and a function ¢ which to each point
@ of Lg(B) assigns an object ¢o of F. A morphism (B, ¢) —(B', ¢') is a pair
(f, ») consisting of a morphism f: B— B’ in & and a function vy which to each
€ Lg(B) assigns a morphism g : g2 — ¢'s’ in &, wherea' == Lg(f)». Composition
is defined in the obvious manner. We have a natural functor Q: (%, F)—> %
given by Q(B, ¢) = B, Q(f, v) = f. Composing @ with Lg: % —F we obtain a
functor Iyg &, : (#, F)—>F . The structure of (#, F) as a local category
(relative to the functor Lg & is defined by setting (B, ¢)|U = (B|U, ¢|U), with
the inclusion maps i(p, 4|U defined in the obvious manner. The functor ¢ is then
strictly local. In (#, &) we consider the family I' of all isomorphisms (f, p) for
which £ is an identity in &. This family I’ satisfies properties (I'.1)~(I".3).

A category of bundles with bases & and fibres & is by definition a local category
& together with a I'-perfect functor 8: of — (%, F). The category &7 is completely
determined by any locally I'-dense subcategory .#. Conversely, given a local
category A together with a strictly local and faithful functor S : A4 — (F, F),
there is an essentially unique category of bundles &7 (with base % and fibres &) in
which 4 is locally I'-dense.

UntversiTy oF PaArts, Parts, FrANOE
Corumsia Usiversity, NEw YoRK



SUR LA TOPOLOGIE DES VARIETES ALGEBRIQUES
EN CARACTERISTIQUE p.

JEAN-PIERRE SERRE

Introduction

Comme P’a signalé A. Weil, Pun des problémes les plus intéressants de la géo-
métrie algébrique sur un corps de caractéristique gy > 0 est de donner une définition
satisfaisante des “nombres de Betti” et des “groupes d’homologie” d une variété
algébrique X (supposée projective et non singuliére).

En ce qui concerne les nombres de Betti, j’avais proposé dans [13] de les définir
par la formule suivante (imitée du cas classique):

By=S, s b ot k= dim H(X, "),

Q) désignant le faisceau des germes de formes différentielles régulieres de degré
sur X.

Les B, ainsi définis ont certaines des propriétés que Pon est en droit d’attendre
de ‘“nombres de Betti” : par exemple, ils vérifient la “dualité de Poincaré”
B, = By, ,, si d=dim X, cf. [13]. Cependant des résultats récents ont montré
qu’ils peuvent posséder des propriétés pathologiques : ¢’est ainsi que, si g désigne
la dimension de la variété d’Albanese de X, on peut avoir g << k%! (Igusa [6]),
et aussi A% o£ B0 (f. n° 20). Ces faits montrent que les B, ne fournissent, tont
au plus, qu’une majoration des nombres de Betti cherchés.

D’ailleurs, si 'on se place au point de vue “groupes d’homologie”, Pinsuffisance
des H%(X, Q) est claire : ce sont des espaces vectoriels de caractéristique p, alors
que, commne I’a mis en évidence Weil, on a besoin de groupes de caraciéristique zéro,
de fagon & pouvoir y définir des traces et démontrer une formule de Lefschelz
(donnant le nombre de points fixes d’une application réguliére de X dans lui-méme).

Dans le présent mémoire nous indiquons comment Fon peut effectivement
attacher & X des groupes H? qui soient des modules sur un anneau A de carac-
téristique zéro, analogue & I'anneau des entiers p-adiques; ces groupes sont définis
comme les limites projectives des groupes de cohomologie de X 3 valeurs dans des
Juisceaux de vecteurs de Witt. Ces groupes de cohomologie sont étudiés dans le §1;
on y verra notamment comment on peut définir la forsion de X, au moyen d’opéra-
tions semblables & celles de Bockstein; il semble bien que ce soit cotte torsion qui
soit responsable des phénoménes pathologiques cités plus haut. Nous avons di
laisser sans réponse une question importante : les H? sont-ils des A-modules de
type fini? (c’est vrai si ¢ = 0 ou 1). De plus, les H? ne constituent certainement
qu’une partie de la cohomologie de X, celle qui correspond aux %4 du cas classique:
¢’est dire que nous n’avons encore aucune définition raisonnable des “nombres de
Betti” & proposer.

24
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Le cas des courbes, auquel est consacré le §2, est cependant encourageant. Le
A-module H? est alors un A-module libre de rang égal & 29 — o, ¢ désignant le
genre de X et ¢ le rang du groupe des éléments d’ordre p de la jacobienne de X;
Ventier ¢ peut étre déterminé au moyen de la mairice de Hasse-Witt de X. Dans
les démonstrations, un rdle décisif est joué par une opération sur les formes
différentielles qui vient d’étre introduite par P. Cartier; comme les résultats de
Cartier sur ce sujet n’ont pas encore ét6 publiés, nous avons reproduit la définition
et les principales propriétés de cette opération.

Enfin le §3 montre comment la cohomologie & valeurs dans Jes vecteurs de Witt
permet de classifier les revétemenis cycligues d’ordre p®, étendant ainsi aux variétés
de dimension quelconque des résultats connus pour les courbes ([5], [12]).

§1. COHOMOLOGIE A VALEURS DANS LES VECTEURS DE WITT

1. Vecteurs de Witt

Soit p un nombre premier qui restera fixé dans toute la suite. Si 4 est un anneau
commutatif, & élément unité, de caractéristique p, nous désignerons par W,(4)
Pannean des vecteurs de Witt de longueur # 4 coefficients dans 4 {cf. [21], §3).
Rappelons qu’un élément de W,(4) est un systéme o == (ay, -, a, ;) avec
a,€A;si f= (by,* - -, b,_,) est un autre vecteur, la somme:

- f=1(cp""",Cnq)

est donnée par des formules:

6o =ty + by

p1 L [P B
oy=ay + b, — 2577 P (m) agbf =™
G =& + bi +fi(a07 bo: RS/ T bi—l)

ot les f; sont des polyndmes & coefficients entiers dont on trouvera le procédé de
formation dans [21]. De méme, la différence et le produit de deux vecteurs sont
donnés par des opérations polynomiales.

Les anneaux W,(A) sont reliés par les opérations suivantes :

(a) L’endomorphisme de Frobenius F : W, (4}— W,(4) qui applique le
vecteur (ag, " * - , &, _4) sur le vecteur (a8, -+ -, af_;).

(b} L’opération de décalage V: W ,(4)— W, 1(4) qui applique le vecteur
(@g, * * * 5 @,_4) sur le vecteur (0, ag, - - - , @,_4).

{¢) L’opération de restriction B: W, (4)— W (4) qui applique le vecteur
(@, - * * 5 @,) sur le vecteur (ay, - * *, @,_4).

Les opérations F et B sont des homomorphismes d’anneaux; elles commutent
entre elles. L’opération ¥ est additive, et vérifie I'identité (Va) - y = V(z - FRy)
pour ze W, (4),yecW, (4). On a en outre RVF=FRV=RFV=p
(multiplication par p).
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Nous noterons W(4) Panneau des vecteurs de Witt (ag, - * - , @, - - - ) de longueur
infinie; ¢’est la limite projective, pour » infini, du systéme formé par les W, (4)
et les homomorphismes E. Les opérations V et F sont définies sur W(A4) et véri-
fient la relation VF = FV = p; comme V et F sont injectives, on en conclut
que Panneau W(4) est un annean de caractéristique 0.

Exumere. Prenons pour 4 le corps F, = Z[pZ;Vanmean W, (F,) est alors
canoniquement isomorphe & Z/p"Z, et I'annean W(F,) est canoniquement iso-
morphe & Panmeau Z, des entiers p-adiques; dans ce cas, I'opération F* est
Videntité.

Plus généralement, si k est un corps parfait de caractéristique p, I'annean
W(k) est un anneau de valuation discréte, non ramifié, complet, ayant & pour
corps des restes (cf. [21], §8); en particulier, W{(k) est un anneau principal, d’unique
idéal maximal pW(k) vérifiant W(k)[pW(k) = k.

2. Faisceaux de vecteurs de Witt sur une variété algébrique

. Soit X une variété algébrique définie sur un corps algébriguement clos % de
caractéristique p, et soit @ le faiscean de ses anneaux locaux (cf. {14], n° 34).
Pour tout x € X, Panneau 0, est un anneau de caractéristique p, of, si n est un
entier 2> 1, on peut former 'annean W, (0,); lorsque « varie, les W ,(0,) forment
de fagon naturelle un faisceau d’anneaux, que nous noterons #7,. En tant que
faiscean d’ensembles, W, est isomorphe & O; mais, bien entendu, les lois de com-
position de ces deux faisceaux sont différentes sin > 2.

Les opérations F, V et R dun® 1 définissent des opérations sur les faisceaux #,
que nous noterons par les mémes symboles. On a Ia suite exacte, valable si n > m:

Yr—m R™
) 0—s>W,, —>H,—>W >0
Pour m==1ona # , = @, dol la suite exacte:

¥ R

n—1
(2) 0—>0—s>W,—>H#, ,—0.

On voit ainsi que #,, est extension multiple de # faisceaux isomorphes & &;
cela permet d’étendre aux ¥, un grand nombre de resultats conmus pour le
faiscean (; par exemple, on peut facilement montrer (en utilisant {14}, n* 13 et 16)
que les #7,, sont des faisceaux cohérents d’anneaux, au sens de [14], n° 15.

Puisque les #”,, sont des faisceaux de groupes abéliens, les groupes de cohomologie
HYX, ¥ ,) sont définis pour tout entier g => 0. Si Von note A I'anneau W(k),
les #, sont des A-modules, annulés par p"A, et il en est done de méme des
HYX, # ). Les opérations induites par ¥, V et R surles HYX, #",) sont semi-
linéaires: on a les formules

3 F(dw) = 3» Fw),  V(dw)= P Vw), RUw)= iRw), AeA.

La proposition suivante domme les principales propriétés élémentaires des

HYX, W ,):
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Prorosrriox 1. (a) On ¢ HYX, # ) = 0 pour ¢ > dim X.

{(b) Si X est une variété affine, on o H(X, #",) = 0 pour g > 0.

(¢) Si X est une variéié projective, les A-modules HYX, #",) sont des modules de
longueur finte.

(d) 8t U est un recouvrement fini de X par des ouverts affines, on ¢ HYW, #°,) =
HYX, #",) pour tout ¢ > 0.

(e) A toute suite exacie 0—> W ,—~ B —>C—0, od & et € sont des faisceaux
guelcongues, est associée une suite exacte de cohomologie: ,

<o HYX, W )~ H(X, B)— H(X,C)—> HYX, W )—>--- .

Puisque le faisceau @ est un faisceau algébrique cohérent, la suite exaete (2)
vérifie les hypothéses du Théoréme 5 de [14], n° 47, et P'on obtient une suite exacte
de cohomologie:

4) s> HY(X,0)—>HYX, # )= HUX, W . )" .

En utilisant (4), on rameéne immédiatement les assertions (a), (b), (¢} de la
Proposition 1 au cas particulier » = 1, ol elles sont connues ([15], th. 2-[14],
n° 46-[14], n° 66). Les assertions (d) et (e) résultent de (b) en appliquant les raison-
nements de [14], n° 47.

RemarquEe. En utilisant (b), on peut montrer que les groupes de cohomologie
HYX, 4 ,), définis ici par la méthode des recouvrements, coincident avec ceux
définis par Grothendieck comme les Ext® du foncteur I'(X, F).

3. Opérations de Bockstein

La construction des faisceaux #”, n’est pas spéeiale aux variétés algébriques et
aux faisceaux de leurs anneanx locaux. Nous aurions pu I'appliquer & un complexe
simplicial K, en remplagant le faiscean @ par le faisceau constant Z[pZ; 4 la
place de #”,,, nous aurions obtenu le faisceau constant Z[p"Z. Ainsi, les groupes
HYX, W) apparaissent comme les analogues des groupes de eohomologie de K
mod p®; nous allons poursuivre cette analogie en définissant des ‘“‘opérations de
Bockstein” jouissant de propriétés semblables & celles du cas classique.

D’aprés la Proposition 1, (e), la suite exacte (1) donne naissance & une suite
exacte de eohomologie, et, en particulier, & un opérateur de cobord

0L HYX, # ) — HY X, #,), n>m.

Le cobord 4%, sera appelé une opération de Bockstein en dimension g. Par
définition, on a done la suite exacte:
yr-m R® Snim
o> HYX, W) ——> HYX, # )~ HIX, # ) —> HEX, H ) > -
Les opérations de Bockstein sont semi-linéaires (de fagon précise, 0, est

p"—™linéaire) et commutent avec F; elles vérifient avee V et R des relations de
commutation que nous laissons au lecteur le soin d’expliciter.
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Lorsque n > 2m, Vidéal V*—™(# ) de # , est un idéal de carré nul; cela permet
de calculer I'effet de 9% ,, sur un cup-produit. On trouve:

(%) (" ) = O, () - FP—m B2y - (—1)7 Fr R - 8, (),
o e HX, W, ) ety € H(X, # , ), avecr + s =gq.

Par analogie avec le cas classique, nous dirons que X #’a pas de forsion (homo-
logique) en dimension q si les 6% ,, sont nuls pour tous les couples (n,m), avec
n 2 m. En vertu de la suite exacte écrite plus haut, cela signifie que les homo-
morphismes

B H(X, W ,)—> HYX, # )
sont surjectifs; on vérifie d’ailleurs facilement qu’il suffit que les homomorphismes
HYX, # ,)— HYX, 0) le soient.

Exeveres. Une variété algébrique X de dimension r n’a de torsion ni en dimen-
sion r (puisque H™YX, # )= 0 d’aprés la Proposition 1), ni en dimension 0
(car toute section f du faisceau @ se remonte en une section (f, 0,---,0) du
faisceau #",). Ainsi, une courbe algébrique est sans torsion. Par contre, les surfaces
construites par Igusa dans [6] ont de la torsion en dimension 1; nous verrons au
n® 20 un exemple analogue.

Les opérations B,

A coté des opérations de Bockstein que nous venons de définir, et qui opérent
sur les divers groupes HYX, #7,), il y a intérét 4 introduire des opérations £, non
partout définies, opérant sur

HYX, 0)= Si=5 HU(X, 0).
La premiére de ces opérations
pi H{(X, O)— H*YX, 0)
n’est autre que I'opération de Bockstein 04, associée & la suite exacte:
0—>0—>Wy—>0—0.

On a pfofi~' =0, ce qui permet de poser HYX, @), = Ker (B9)/Im (71);
Popération B¢ appliquera alors H4(X, @), dans H*Y(X, 0),, et ainsi de suite.
De fagon précise, posons:

{ Brt
Im[HYX,# ) —> HYX, O)]

(6) 74 =1 o

Ker [HY(X,0) ™25 HHYX, )]
et

r 'Vn-1

Ker [HYX,0) ——> HYX, #,)]
(M B = g1

I [ UX, ) T2 HYX, 0]
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Les Z2 (resp. les B2) vont en déeroissant (resp. en croissant) avec entier #», et
les ZZ contiennent les BY%; pour =1, on a Bf =0 et Z{= HYX, 0); pour
n=2,0n a B=Im (§{1) et 2= Ker (f]), de telle sorte que Z{/B= HYX, 0),.
De fagon générale, on posera HYX, (), = ZI/BL;si x € ZZ, choisissons un
y e HYX, W ,) tel que R™" 1y =, et posons z = 8%, ,(y), qui est un élément de
H#1(X, 0); on vérifie tout de suite que Papplication x — z définit par passage au
quotient un homomorphisme

£ : HYZX, 0),— H"Y(X, 0),, \

et que 'on a Ker (8%)= ZZ , ./ BL et Im (BL )= B2 ,/BS. Les BZ sont les opérations
cherchées. Pour qu’elles soient identiquement nulles, il faut et il suffit que X n’ait
pas de torsion: ecela résulte immédiatement de I'expression (6). On notera la
formule suivante, conséquence de la formule (5):

8) Bl y) = Bola) - Frly) 4 (—1)*@ Fr@) - B,(y).

En particulier, en prenant pour y un élément de degré 0, on voit que §, est
une opération p"-lindaire.

ReEmarqQuEs. (1) Nous aurions également pu définir les 8, comme les différen-
tielles successives de la suite spectrale définie par la filtration {V*% y_,} de #
(IV étant pris suffisammment grand).

(2) 11 v a tout lieu de penser que Pon peut définir des puissances réduites de
Steenrod dans H*(X, @) et que B, coincide avec 'une de ces puissances. En tout
cas, lorsque p = 2, un calcul direct montre que Popération

pi: HYX, O)— HXX, O)

coincide bien avee le cup-carré.

4. Un lemme sur les limites projectives

Nous aurons besoin au n° 5 du résultat suivant (bien connu dans le cas des
espaces vectoriels):

Lpvme 1. La lmite projective d’une suite exacte de modules de longueur finie est une
suite exacte.

Rappelons bridvement la démonstration. Soit I un ensemble ordonné filtrant
pour une relation d’ordre notée > , et soient (4, fi)), (4i, fi) eb (4], f5) trois
systémes projectifs, indexés par I, formés de modules de longueur finie sur un
anneau A; supposons donnée, pour tout i € I, une suite exacte:

Ry
4, %%,
avee fug, = ¢;fi; fihs= hify i i 2> j (les applications fy, ...}, étant semi-
linéaires). Dans ces conditions, il nous faut démontrer que la suibe:
. g . LS
lim(d,, f;;)—> lim(4], f5) — Hm(47, £5)
est une suite exacte.
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Soit done (a;) € lim(4;,f;) un élément du noyau de h; cela signifie que
hy(a;) = 0 pour tout i € I, et si Pon poseB; = g;"* (a ;), les B; sont des sous-modules
affines non vides des 4,, avec f;(B,) < B;. Soit G Pensemble des systémes {C}
o les C; sont des sous-modules affines non vides des B,, vérifiant f;(C;) < C;.
L’ensemble &, ordonné par inclusion descendante, est un ensemble inductif;
cela résulte immédiatement du fait que les sous-modules affines d’un module
de longueur finie vérifient la condition minimale. D’aprés le théoréme de Zorn,
& posséde un élément minimal, soit {C}. 8i 4, € I,les f; (0;), ¢ = 1o, sont des sous-
modules affines de C;,, d’intersections finies non vides; en appliquant & nouveau
la condition minimale aux sous-modules affines de 4, on voit que Pintersection des
J:,(C;) est non vide; soit a; un élément de cette intersection. Posons maintenant
C;= fuol(a 0) n C;sii > iy, et O] = O, sinon. On a {C]} € S, comme on le voit tout
de suite, d’out O] = C; en vertu du caractdre minimal de {C';}. En particulier, on a
Cf =0y, ce qui ‘signifie que 0;, est réduit & {a, }. Ceci s apphque 3 tout indice
7 eI et montre que C; == {a} on a fla,) = a;, et g,(a;) = ], ce gui montre
bien que {a,} est un élément de lim(4,,f;;) ayant {o;} pour image, cqfd.

5. Cas des variétés projectives

‘Nous supposerons & partir de maintenant que X est une wariélé projective.
Les HYX, @) sont alors des k-espaces vectoriels de dimension finie, ce qui entraine
diverses simplifications; par exemple, les Z et les BZ définis au n° 3 forment des
suites stationnaires, et les homomeorphismes fZ sont nuls pour n assez grand:
nous noterons Z%, (resp. BL) la valeur limite de Z4 (resp. de .BY) pour n—> -}-0c0.

Pour tout entier ¢ 2> 0, les A-modules HYX, #7,) et les homomorphismes
Rr-m: HYX, ¥ ,)—HYX, # ,_,) forment un systéme projeciif. La limite
projective de ce systéme sera notée HY(X, #"), ou simplement H?; ¢’est Panalogue,
dans le cas classique, de la cohomologie & coefficients entiers p-adiques; on notera
toutefois que nous n’avons pas défini les H? comme des groupes de cohomologie
de X & valeurs dans un certain faisceau, mais simplement comme des limites
projectives de tels groupes.

Les H? sont des A-modules, de facon évidente; de plus, ils peuvent ébtre munis,
par passage 3 la limite, des opérations V et F'; comme d’ordinaire, ¥ est p~1-linéaire,
F est p-linéaire, et I'on a VF = FV = p. Du fait que les HYX, #",) sont des
A-modules de longueur finie, on peut appliquer le Lemme 1 aux suites exactes:

oo HYX, W) Do HAK, W gy)— B, W)= .

et Pon obtient les suites exactes:

q
9) o e s mux, W) O He s

Pour n = 1, 'image de H? dans HYX, @) n’est autre que Z%: cela résulte du
Lemme 1. Ainsi, pour que X n’ait pas de forsion en dimension g, i faut et 41 suffit
gque 6f soit nul, et les antres 4 sont alors automatiguement nuls,

Pour n quelconque, la suite exacte (9) montre que I'image de H? dans H(X, #”,,)
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sidentifie & H?V"HY; il en résulte que HY est limite projective des HYV"HY, ce
qui signifie:

(a) que NV"H? = 0,

(b) que HY est complet pour la fopologie définie par les sous-growpes V*H?.

Posons T2 = Ker (V" : H?— H%; d’aprés (9), c’est aussi I'image de ’homo-
morphisme 8271, ce qui montre gque c’est un sous-module de longueur finie de
H?. On a évidemment 7% < T, ,, et les suites exactes:

HYX, W)
7|
Pt
(10) HA s HYX, W) ——> HE
R l
HeYX, 0)

montrent que T2 ,,/T¢ est isomorphe & Z£71/2%1, 11 en résulte que la suite des
T2 est stationnaire; nous désignerons par 7" sa limite, et nous appellerons la
composanie de torsion de H; la relation T = 0 signifie, en vertu de ce qui précéde,
que X n’a pas de torsion en dimension ¢ — 1. 1l est facile de calculer la longueur
(T du A-module 7'; on trouve:

() UT?) = Sazy? UZE 25 = Samf wiTm(Bg™).

ReMARQUE. Jusqu'd présent, les A-modules H? se comportent exactement
comme les groupes de eohomologie d’un complexe fini K & coefficients dans Z,, les
T jouant le rble des composantes de torsion. Mais, alors qu’il est évident que les
HYK, Z,) sont des Z -modules de type fini (i.e. engendrés par un nombre fini
d’éléments), il w'est nullement évident que les H? sotent des A-modules de type fini.
En fait, ¢’est le cas pour HO qui esb isomorphe & A’ (r désignant le nombre de
composantes connexes de X), eb e’est aussi le cas pour H! si X est normale (cf.
Proposition 4); par contre, ce n’est pas le cas pour le groupe H! d’une courbe de
genre 0 ayant un point de rebroussement ordinaire (ef. n°6). De fagon générale,
je conjecture que tous les HY d’une variété projective non singuliére sont des
A-modules de type fini.

ProrostrioN 2. Supposons que 1 soit un A-module de type fini. Alors son module
de torsion est T et, si U'on pose L¢= HYTY, le A-module I* est un A-module libre,
de rang égal & ULV LY + WL FLT).

Tout d’abord, on sait qu’il existe un entier » tel que 7% = T%, d’ou le fait que
V" est identiquement nul sur 7% comme p = FV, on en conclut que tout élément
de T est anmulé par p*, ce qui montre que 7™ est contenu dans le sous-module
de torsion 7" de He Soit maintenant V' : T'[T¢— T"[T* Vapplication déduite
de V par passage au quotient; vu la définition de 7', application ¥’ est injective;
mais, puisque HY est supposé étre un module de type fini sur Panneau prineipal A,
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le module T est un module de longueur finie, et Papplication ¥~ est alors bijective.
Doit:
¥ T=VTI + T
et, en appliquant ¥,
Vol =y = - -

Puisque NV"H? = 0, on en déduit V*7T' = 0, ot T < T? et T' = T, ce qui
démontre la premiére partie de la proposition.

11 est alors évident que L= HYTY est un A-module libre, de rang égal & la
dimension du %-espace vectoriel LYpl?== LFVL? On a:

dim, (L4 FV LY = [ LY VL) + YV LY FV L8 = (LY VLY + ULYFL9),

puisque V est un semi-isomorphisme de L? sur VL% ceci achéve de démontrer la
proposition. ’

COROLLAIRE. 8¢ H1 est un module de type fini, ¢’est un module libre.

En effet, 7™ est réduit & 0, puisqu’une variété n’a pas de torsion en dimension 0.
~ La Proposition 2 montre que, si H? est un A-module de type fini, LYFL¢
est un module de longueur finie, et il en est de méme de HYFHY, puisque H?
ne différe de L? que par le module de longueur finie 7% Inversement:

PrOPOSITION 3. Si HY FH? est un module de longueur finie, alors H? est un module
de type fini.

L’hypothése entraine que {(VH?/VFH?) < +co, d’ol:

YHYpHT) = IHYVFHY < +o0.

Tl est donc possible de choisir dans H? des éléments x,, - * -, , en nombre fini,
dont les images dans HYpH? engendrent ce module; si H’ désigne le module
engendré par les »; dans HY, on a done:

(12) HY— pH + H'.

Prouvons que H’ — H% Montrons d’abord que H' est dense dans H?, muni de la
topologie définie par les V"H?. Posons M, = HY(H' + V"HY); la relation (12)
montre que M, = p-M,, et, comme M, est un module de longueur finie (puisque
quotient de H¢V"H?), ceci entraine M, = 0, d’ott H?= H' { V"H? pour tout
n, ee qui signifie bien que H' est dense dans H?. Montrons maintenant que H’
est complet pour la topologie induite par celle de HY, ce qui entrainera qu’il esb
fermé, done égal & HY. Posons H, = H' N V"HY les H, sont des sous-modules
de H’ formant une base de voisinages de 0 pour la topologie induite sur A’ par HY;
on a NH, == 0 et les quotients H'[H, sont de longueur finie; comme H’ est un
module de type fini sur Panneau local complet A, il en résulte que la topologie
définie par les H,, est identique & la topologie p-adique de H', définie par les sous-
modules p*H" (cf. [11], p. 9, prop. 2, qui s’étend immédiatement aux modules de
type fini sur un annean semi-local complet); comme H” est complet pour la topo-
logie p-adique, ceci achéve la démonstration.
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CororvatrE 1. Pour que tous les HY, ¢ 2> 0, soient des modules de type fini, il
Jaut et il suffit que les limites projectives des modules HY{X, W  |FH ,) soient des
modules de longueur finie.

Soit 8¢ ==Yim HYX, # ,/F# ,). Par passage & la limite & partir des suites
exactes: -

(3) ---—>HUX, Wn)—ﬁ—;H“’(X, W)= (X, W [EW ) —>HEUX, W)~
on obtient 1a suite exacte:
(14) --°—>HQ£H'1—>S’1—->H‘Z+1—»"'

Si les H? sont des modules de type fini, on a vu que le conoyau de £ est un module
de longueur finie, donc aussi son noyau; la suite exacte {14) montre alors bien que
§¢ est de longueur finie. Inversement, si 8¢ est de longueur finie, il en est de méme du
conoyau de F, et 'on peut appliquer la Proposition 3. .

(Il est facile de voir que les HYX, # ,[F# ,) et les 8% sont des A-modules
annulés par p, autrement dit sont des espaces vectoriels sur k.)

CorOLLATRE 2. Soit q un entier >0; supposons que X n’ait de torsion ni en
dimension ¢ — 1 4 en dimension ¢, ef que Ihomomorphisme

P HYX, 0)—> HYX, 0)

soit surjectif. Alors H est un A-module libre de rang égal ¢ dim HYX, 0).

Puisque X n’a pas de torsion en dimension ¢, on a Z% = HYX, 0) et 'hypothése
faite sur F signifie que F : HYVHY— HYVH? est surjectif. On en déduit aus-
sitdt, par récurrence sur », qu’'il en est de méme de F:HYV"H*— HYV HY,
et, en appliquant le Lemme 1, on voit que FH? = H? Comme X n’a pas de torsion
en dimension ¢ — 1, on a 7%= 0 et H?= L% Le corollaire s’ensuit, en appliquant
les Propositions 2 et 3.

(Nous laissons au lectenr le soin d’énoncer un résultat plus général, sous la
seule hypothése que F : Z¢2 — Z%, soit surjectif.)

6. Un contre-exemple

Soit X une courbe de genre zéro, présentant un point de rebroussement ordinaire
P; nous allons voir que HYX, #") n’est pas un A-module de type fins.

8i X’ désigne la courbe déduite de X par normalisation, Papplieation canonique
X’— X est un homéomorphisme, ce qui nous permet d’identifier les espaces
topologiques X et X', 8i 0 et (0" désignent respectivement les faisceaux des anneaux
locaux de X et de X', on a 0, < O, et 0,= 0, pour x # P; quant & Op, c’est
le sous-anneau de 0% formé des fonctions f dont la différentielle df s’annule en P
(une telle fonction s’écrit done :

F=agF a® + agt® + -+ +;

¢’est la définition méme d’un point de rebroussement ordinaire).
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On obtient ainsi une suite exacte:
(15) 0—->0—>0-—>2->0,

ot 2 est un faisceau concentré en P, et tel que 2p = k. D’oll une suite exacte
de cohomologie:

(16) 0—> HYX, 2) > H(X, 0)—> HYX, 0).

On a HYX, 2)=9%p=1F, et HYX,('y= HYX’, ¢') = 0 (puisque X’ est une
courbe non singuliére de genre 0). Il en résulte que dim HYX, @) = 1, d’ot, par
récurrence sur n, (HYX, #",)) = n; on a d’ailleurs, pour tout entier n, une suite
exacte analogue & (15):

(17) 00— W ,—>W,—>2,—0,

et ’homomorphisme cobord J : H%X, 2,) — HYX, #",) est bijectif. L ’opération
F . W, — W, applique évidemment #",, dans lui-méme, done définit un homo-
morphisme de la suite exacte (17) dans elle-méme; de plus, si f € (PP, la fonetion
Ff=f? a une différentielle identiquement nulle, donc appartient & @p; ainsi,
F applique le faiscean ¥, dans #",, et le faisceau quotient 2, dans 0. Si l’on
considére alors le diagramme commutatif:

HY(X, -@n)—>H1(X, )

rloor]
HYX, .@ﬂ)iﬂl(X, W),

on voit que ¥ : HYX, #",)— HY X, #",) est identiquement nul. Il s’ensuit que
p annule HY(X, #,) qui est done un espace vectoriel sur k, de dimension égale
3 n, d’aprés ce qui a 6t dit plus haut. Quant & H1, limite projective des HY(X, #7,),
c’est un espace vectoriel sur k de dimension infinie (il est topologiquement iso-
morphe 3 Pespace produit k¥, N désignant Pensemble des entiers =>0); ce n’est
donc pas un A-module de type fini.

REMARQUE. La suite exacte (15) s’applique plus généralement & toute courbe
X et & sa normalisée X'; la suite exacte {16) montre alors que dim HY(X, @) n’est
pes autre chose que le “genre” 7 de X, au sens défini par Rosenlicht dans [9]; en
appliquant [14], n° 80, on voit done que le genre arithmétique de la courbe (@ singulari-
tés) X est égal @ 1 — a1, si X est connexe.

7. Le premier groupe de cohomologie d’une variété
projective normale

Soit tout d’abord 4 un anneau commutatif quelconque, et soit
o= (ag, """, Gpq)

un élément de W (4). Nous associerons 3 o la forme différentielle de degré 1
donnée par la formule suivante:

(18) D, (o) = da, ; -+ 02"t da, o + -+ af" 1 da,.
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Lorsque A est un anneau de caractéristique 0, les composantes a(®, a,m s,
e'"1} de « sont définies (cf. [21], §1), et ’on a évidemment:

(19) " Do) == }7:: da\™1,

De la formule (19) on déduit aussités:

(20) D (o« -+ ) = Dyfa) + D, ()

et .
(21) Do f) = Dyfa) - 5" -+ af"™ - D,() mod p.

En vertu du principe de prolongement des identités, la formule (20) reste
valable lorsque 4 est un anneaun de caractéristique p, alors que la formule (21)
est remplacée par la suivante:

(22) Do+ B) = D,(a) - F*1R*1f 4 F1B14 - D ().

Ceci s’applique notamment & ’anneau local 4 == @, d’un point x sur une variété
normale X, et I'on obtient ainsi un homomorphisme

D,: W (0,)—~ QL

en désignant par QL le @,-module des germes de formes différentielles de degré 1
sur X qui n’ont pas de pdle en z (i.e. dont le diviseur polaire ne passe pas par ).
Si Pon a a € FW,(0,), c’est-d-dire si les ay, -+ -, a,_; sont des puissances
p-&mes, on a évidemment D, (o) = 0; inversement, il est classique que la relation
D (@) = da = 0 entraine que a est une puissance p-éme dans le corps %(X) des
fonetions rationnelles sur X; plus généralement, il n’est pas difficile de montrer
{par exemple en utilisant I'opération C de Cartier, cf. n° 10) que la relation

D, (@) = 0 entraine que chacun des a, est une puissance p-éme 87, avee b; € B(X);
mais la relation b? = g, montre que b, est entier sur 0,, done appartient & ¢,, vu
Phypothtse de normalité faite sur X. Ainsi, le noyau de D, est exactement
FW,(0,) et, en passant aux faisceaux, on obtient:

Luvvw 2. L'application D, définit par passage aw quolieni une tnjection du
Juiscewu W JFH, dans le faiscean QO des germes de formes différenticlles dépourvues
de poles.

Supposons maintenant que X soit une variété projective et normale. D’aprés
le Lemme 2, HYX, # ,/F# ,) est un sous-espace vectoriel de HYX, Q), qui
est un espace vectoriel de dimensionfinie (! étant un faisceau algébrigue cohérent);
on en déduit que dim HYX, #", JFW# ,) est bornde pour n—> -}-c0; soit » cetbe
borne, et posons:

g = dim Z% = dim [Tm : H— HYX, O)].
ProrositioN 4. Les hypothises et notations éiant comme ci-dessus, le A-moduls

H == HYX, W) est un module libre de rang g -+ », Uégalité ayant liew si X n'a
pas de torsion en dimension 1,
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Les HYX, # | F# ,) forment une suite croissante de sous-espaces de HY(X, Q)
et il existe donec un entier m tel que Yon ait dim HYX, #,/F# ,) = » pour
7 22 m. De la suite exacte de faisceaux:

oW, W W 0,
on déduit la suite exacte suivante (qui n’est qu’un cas particulier de (13})):
0— HYX, # ,JF# ,)— HYX, ’///'n)!—;Hl(X, W)
Comme HYX, #,) est un A-module de longueur finie, on tire de I:
23) UHYX, # )| FHYX, # ) =v  pourn> m.

Puisque HY/FH? est limite projective des HYX, # ) FHYX, #",), on a aussi
WHYFHY) < v, ce qui, d’aprés la Proposition 3, entraine que HY est un A-module
de type fini. De plus, on sait que 7" =0, d’olt L' == H1, avec les notations du
0°5, et HY/VH?! = Z. ; en appliquant la Proposition 2, on en déduit que H* est un
A-module libre de rang égal & dim Z, + YHYFHY) < g -} », ce qui démontre la
premiére partie de la proposition.

Supposons maintenant X sans torsion en dimension 1. Les homomorphismes

R:HYX, W ) —> HYX, # ,)
sont surjectifs, done aussi les homomorphismes obtenus par passage au quotient
R:HYX, W , ) JFHYX, W ,..)— H\X, # )| FHYX, #",).

Mais, si = = m, ces deux modules ont méme longueur », et il s’ensuit que K est
bijectif; en passant & la limite, il en est donc de méme de ’homomorphisme
HYFPH'— HYX, #,)|FHYX, #",), ¢t Von a l(H1FHY) = »; en appliquant &
nouveau la Proposition 2 on en conclut bien que le rang de H' est égal & g + v,
eqfd.

ReMarqUES. (1) Méme lorsque X a de la torsion en dimension 1, on peut calculer
le rang de HY. On trouve: rg(HY) = g + » — T2 FT?).

(2) La Proposition 4 est encore valable si 'on ne suppose plus que X est normale
mais seulement que les relations @ e k(X), a? € 0, entrainent a € @,; cela suffit
en effet & assurer que #,[F# ", est un sous-faisceau de Q.

§2. CAS DES COURBES ALGHRBRIQUES

Dans tout ce §4, X désignera une courbe algébrigue irréductible, complite (done
projective), sans singularités, définie sur le corps algébriquement clos k&, de caractér-
istique p > 0.

8. Rappel

Montrons d’abord comment les groupes de cohomologie H{X, 0) et HY{X, Q)
s’interprétent en termes classiques (ef. [1]):

Soit K = k{(X) le corps des fonctions rationnelles sur X; nous considérerons
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K comine un faisceau constant sur X (cf. [14], n® 36), contenant ¢ comme sous-
faisceau. On a done la suite exacte:

(24) © 0—>0—>K-—->K|0—0.

Puisque K est un faisceau constant, et que X est irréductible, ona HY(X, K) = 0;

la suite exacte de cohomologie associée & (24) donne done naissance & la suite
exacte:

(25) K- HYX, K|O)— HY(X, 0)— 0.

Cette derniére suite exacte est facile & interpréter. Soit B algebre des répartitions
sur X (cf. [1], p.25); rappelons qu’un élément r € B est une famille {r}, »
ot les 7, sont des éléments de K appartenant & 0, pour presque tout z (i.e. sauf
pour un nombre fini). Les répartitions r = {r,} telles que 7, € @, pour tout »
forment un sous-anneau R(0) de R; celles qui sont telles que tous les r, soient
égaux ¥ un méme élément de K forment un sous-annean de B que I'on peut
identifier & K. On voit tout de suite que B/R(0) est canoniquement isomorphe &
HYX, K|O), et la suite exacte (25) donne donc en définitive un isomorphisme:

(26) RI(R(0) + K) ~ HYX, O).

Nous identifierons en général HY{X, 0) et R/(B(0) 4 K) au moyen de l'iso-
morphisme précédent. On sait ([1], chaps. II et VI) que lespace veetoriel
RBJ(R(0) + K) est dual de Yespace HYX, Q) des formes différenticlles de lere
espéce, la dualité se faisaut au moyen de la forme bilinéaire:

27 {r, 0y = 3, v TS, (r.m).

En particulier, on a dim HYX, 0)) = g, genre de la courbe X.

La forme bilinéaire (27) peut aussi étre considérée comme le cup- produﬂ; de
re HYX, @) et de o € HYX, Q1), & valeurs dans HYX, Q) qui est canonique-
ment isomorphe & k {ce dernier isomorphisme s’obtient de la facon suivante:
4 une classe de cobomologie on associe, comme dans (26), une classe de “répartition-
différentielles” {w,},.x €t, & une telle répartition, on fait correspondre 1’élément
Zcex res (w,) qui appartient & %). C’est 13 un cas particulier du “théordme de
dualité”’, dont on trouvera ’énoncé général dans [13], th. 4.

REMARQUE. Une formule analogue & (26) vaut pour HY{(X, #,), ainsi que pour
HYX, (D)), D désignant un diviseur de X.

9. La matrice de Hasse-Witt
Nous allons chercher 1a matrice de Popération semi-linéaire
F:HYX, 0)— HYX, 0)

par rapport & une base convenable de HY(X, ¢).
Remarquons d’abord que Pidentification (26) transforme F en 1’élévation 3 Ia
puissance p-tme dans R. D’autre part, en utilisant la dualité entre R[(B(0) -+ K)
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et HY(X, QY), on voit qu’il existe g points Py, - - -, P, appartenant 3 X tels que,
sidq, « - -, t, sont des paramétres uniformisants en ces points, les répartitions:

0 six£ P; .
n=fd ob na={y, 50755 1<ige

forment une base du k-espace vectoriel RB/(R(0) -+ K). (Un tel systéme de g
points est parfois appelé “non-spécial”, cf. [1], p. 129.)

Soit 4 = (a,;) la matrice de ¥ par rapport & la base des r,. Par définition, on
a done:

P = izl a,r; mod (R(0) + K), 1L i< g.
Ces congruences signifient qu’il existe des fonctions ¢; € K telles que:
g; =17 — 3iz{ a,r; mod R(0).

En d’autres termes, chaque g, est réguliére en dehors des points Py, -+ -, P, et
admet §,ftf — ayft, pour partie polaire au point P; (6, désignant comme &
Pordinaire le symbole de Kronecker). On reconnait 14 la définition de la matrice
de Hasse-Witt de X (ef. [5]). Nous avons done démontré:

ProrositioN 5. La matrice de F : HY{X, ) — HYX, O) par rapport & la base
des r; (1 L 1< g) n'est auire que la matrice de Hasse-Witt de X.

Nous aurons besoin par la suite d’utiliser la réduction de Jordan de F (cf. [5]
ainsi que [3], n° 10). Rappelons briévement en quoi elle consiste:

De fagon générale, soit F' un endomorphisme p-linéaire d’un espace vectoriel V,
de dimension finie, sur un corps algébriquement elos & de caractéristique p.
L’espace V se décompose canoniquement en somme directe

(28) V=V,@V,

ot ¥, et V, sont stables par F, endomorphisme F' étant nilpotent sur ¥V, et
bijectif sar V,; les dimensions de V, et ¥, seront notées respectivement o(V) et
#(¥). On montre en outre que V, posséde une base ey, - - -, ¢, telle que F(e,) = e,
pour toub ¢; les v € V tels que F(v) = v sont les combinaisons linéaires & coeffi-
cients entiers mod p des e;, et forment donc un groupe fini V¥ d’ordre p° et de
type (p, - -+, p); Pexistence de la base e; fournil également le résultat suivant,
qui nous sera utile plus loin: Papplication 1 — ¥ : V— V est surjective.

Soit V' Pespace vectoriel dual de V. Le fransposé F’ de F est un endomorphisme
p—L-lindaire de V' défini par la formule:

(29) {(Fo,v"y = (v, F'o'Y? pour veV et o € V.
A Ia décomposition (28) correspond la décomposition duale:
(30) V=V,oV,

8i e; désigne la base de ¥, duale de ¢,, on a encore F'e; = e; pour 1 < i < o, et les
o' €V’ tels que F'v' = o' sont les combinaisons lindaires & coefficients entiers des
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¢;; ces v’ forment done un groupe dual du groupe VZ. (On observera que la dé-
composition (30) vaut pour tout endomorphisme p~—llinéaire d'un k-espace
vectoriel de dimension finie, puisqu'un tel endomorphisme peut toujours étre
eonsidéré comme le transposé d’un endomorphisme p-linéaire.)

Ce qui précéde s’applique notamment au cas ot V=H'(X, 0) et V' =HX, Q).
On écrira alors simplement ¢ eb » & la place de g(V) et de y(V); ona g = ¢ -+ ».
Avec les notations de [5], entier o n’est pas autre chose que le rang de la matrice
AAD ... 492,

Le résultat suivant, dii & P. Cartier (non publié), sera démontré au n® 10:

PROPOSITION 6. Pour tout entier m 2> 1, Pimage de Uhomomorphisme

D, :BNX, W  JFW ) — HYYX, QY (cf.n°7T)

est égale au noyau de la m-éme itérée F'™ de F'.

{(Pour m == 1, ce résultat est facile & démontrer directement, et était d’ailleurs
déja connu, cf. [12], n® 6). ’

11 résulte de la prop. 6 que, pour m assez grand, Pimage de D, est égale & la
“composante nilpotente” HYX, O1), de HY(X, (31} et a donc pour dimension ».
Ainsi,- Ventier » défini ci-dessus coincide avec celui défini au n° 7 comme
Sup. dim HYX, # .| F#",); en appliquant la Proposition 4, et tenant compte du
fait qu’une courbe n’a pas de torsion, on obtient finalement:

Prorosrrion 7. Le A-module HYX, #") est un module libre de rang égala g + v =
29 — 0.

En particulier, ce rang ne dépend que de la matrice de Hasse-Witt de la courbe X,
ce qui n’était nullement évident o priors.

10. Une nouvelle opération sur les formes différentielles

Pour démontrer la Proposition 6, nous aurons besoin d’une opération sur les
formes différentielles qui a ét6 définie par P. Cartier dans le cas des variétés de
dimension queleconque. Dans le cas particulier des courbes, auquel nous nous
limiterons, cette opération avait déja été envisagée par J. Tate [17].

Soit # un point de X, et soit ¢ un élément de @, dont la différentielle df ne s’annule
pas en x. On vérifie alors immédiatement que les p fonctions 1, £, « « -, #=—1 forment
une dase de @, considéré comme module sur 0%; en d’autres termes, toute fonction
S €0, sécrit d’une manidre et d’une seule sous la forme:

(31) F=f+ 0+ ...+ aveo f,el,
Les f? sont des combinaisons linéaires des dérivées successives
deflate, 0= k<p—1;

en particulier, on a f%_, = —d? f]di*.

Soit @ = fdt un élément de Q, et posons:

(32) Clw) = fp1dt;
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Popération C : QL — QL ainsi définie est U'opération de Cartier et Tate. On montre
(cf. [17], th. 1) qu’elle ne dépend pas de I'élément ¢ choisi; de plus, en prenant f
dans K et non plus dans @,, on prolonge C en une opération définie sur toutes les
différentielles (régulidres ou non) de X.
Les deux propositions suivantes sont dues & Cartier:
Propostrion 8. (i) Clw; + w,) = Clw;) + Clw,).
(i) O(f*w) = fC(w).
(iii) C(df) = 0.
(iv) O(f7-df) — df.
(v) La suite 0— W JFH ,, ——> Q —-> Q —> 0 est une suite exacte (m > 1).
Les formules (i), (ii) et (iii) résultent nnmedlatement de (31) et (32); pour la
formule (iv), voir [17], Lemme 1. II est clair que € est surjectif, et (v) se réduit
done & montrer gque Ker (C™) = Tm (D,,). Pour m = 1, cela signifie que C(w) =0
= @ = df, ce qui est immédiat sur les formules (31) et (32); & partir de 14, on
va raisonner par récurrence sur m, en utilisant la formule (déduite des formules
() & i) :
(vi) CD, o =D

11 est clair que (vi) entraine que Im (D) = Ker (C™); inversement, soit » € Q1
tel que 0™(w) = 0; vu 'hypothése de récurrence, il existe § € W,,_,(0,) tel que

D,, 18 = C{w); i I'on choisit umn o € Wm(ﬁw) tel que Ro = {3, on aura, d’aprés
{(vi), O{w — D,,a) = 0, d’ol1, d’aprés ce qu'on a vu plus haut, o — D, 0 = df;
en posant alors ¢’ = « + V™ If, on aura bien @ = D, o, cqfd.

ProrostrioN 9. L’homomorphisme G : HYX, Q1) — HYX, QY coincide avec la
transposée I’ de Uopération F.

1l nous faut montrer que, si w est une forme différentielle, et r une répartition,
on a:

Ra pour ae¥ .

m—1

{r?, w) = {r, Cw)?.
Ceci s’éerit, en vertu de (27):
Swex Tos, (Bw) = 3, rres {r,Cw)?,
ce qui résulte de la formule suivante, facile & vérifier:
' (33) res,, (mw)? = res, ('), m étant une forme différentielle queleanque.

La Proposition 6 est maintenant une conséquenece évidente de la Proposition 8,
{v) et de la Proposition 9.

REmarQUE. Comme Va montré Cartier, Popération € peut &tre définie sur les
formes différentielles fermées d’une variété algébrique de dimension guelconque;
pour les formes de degré 1, les formules (i) & (iv) de la Proposition 8 subsistent sans
changement alors que (v) doit &tre formulée de fagon légérement différente (il
faut tenir compte du fait que C et ses itérées ne sont pas partout définies).

11. Classes de diviseurs d’ordre p

Seit G le groupe des classes de diviseurs de X, au sens de Péquivalence linéaire;
soit @, le sous-groupe des éléments d € G tels que pd = 0.
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ProposrTioN 10. Le groupe G, est canoniquement isomorphe aw groupe additif
des différentielles 0 € HYX, Q) qui vérifient Clw) = w. En particulier, ¢’est un
groupe fini d’ordre p°.

(Pour la définition de 'entier ¢, voir n° 9.)

Nous allons tout d’abord définir une application 9 : ¢, — HYX, Q1).

Soit d € G, et soit D un diviseur appartenant & la classe d; puisque pd =0,
il existe une fonction f5= 0 telle que pD = (f); posons w = dfff, différentieile
“logarithmique’ de f. Si ’on change D en un diviseur équivalent D -+ (g), ceci a
pour effet de multiplier f par g%, ce qui ne change pas df/f; donc o ne dépend gue de
d, et peut étre notée 6(d). Enfin, si x € X, I'équation pD = (f) monire que 'on
peut éerire f = tPu, ot u est une unité de 0, d’ott df|f = duju ce qui montre que
dff w’a pas de pdle en x; ainsi 6(d) est bien une différentielle de 1ére espéce.

On vérifie tout de suite que Vapplication § est un homomorphisme injectif de
@, dans HYX, QY. On a de plus 0(d) = df]f, et les formules (ii) et (iv) de la
Proposition 8 montrent que:

O(dflf) = O(f*~* dfff?) = C(f*~* dp)lf = dflf.

Inversement, si une forme différentielle w vérifie I'équation C(w) = w, elle est
de la forme df]f Q’aprés un théoréme de Jacobson ([7], th. 15); si de plus w est
une forme de premidre espéce, ’ordre de la fonction f en un point quelcongue de X
est divisible par p, ee qui signifie que (f) = pD, d'ott w= 0(d), en désignant
par d la classe du diviseur D. Ainsi § est bien un isomorphisme de ¢, sur I'ensemble
des points fixes de C (ou de F', cela revient au méme d’aprds la Proposition 9),
cqfd.

RemarQUES. (1) La Proposition 10 était connue ([12], Satz II) dans le cas
particulier ol1 le corps de base k est la cloture algébrique de F, cette hypothese
permettant d’utiliser la théorie du corps de classes.

(2) La Proposition 10 a ét6 étendue aux variétés normales de dimension quel-
conque par Cartier (le seul point non évident étant de montrer que 1’équation
C(w) = w caractérise encore les différentielles logarithmiques).

(8) On peut dovner de la Proposition 10 une démonstration toute différente,
basée sur la théorie de la jacobienne {cf. n® 19).

12. Exemple: courbes elliptiques
On a alors dim HYX, 0) = dim HYX, Q) = g = 1, et la matrice de Hasse-Witt
de X se réduit & un scalaire 4, Vinvariont de Hasse de la courbe (cf. [4]); il n’est
déterminé de fagon unique qu’une fois choisi un élément de base dans HY(X, 0)
ou HYX, Q). 8i, en caractéristique p = 2, on suppose X donnée sous la forme
de Legendre:
¥ =z —1) (& — 7,

on peut prendre pour élément de base de HO(X, Q) la forme différentielle dzfy,
et Pinvariant 4 est une fonetion P(4) de 1. M. Deuring [2] a moniré que P(1) est
un polynbéme de degré (p — 1)/2 en 1 qui n’est identiquement nul pour aucune
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valeur de p; il n’y a done qu’un nombre fini de courbes elliptiques telles que 4 = 0,
pour une caractéristique donnée.

Résumons les propriétés de X suivant que 4 est nul ou non:

i) 4 £ 0 (cas “général”). On a y =0, ¢ = 1. Le groupe des éléments de X
d’ordre p ap éléments; il existe w € HYX, QY), w £~ 0, avec o = dflf, f € K(X).
Le A-module HYX, #7) est un module libre de rang 1.

(il) 4 =0 (cas “exceptionnel”). On a » =1, ¢ = 0. Le groupe des éléments
de X d’ordre p a un seul élément; toute forme o € HYX, Q) s’écrit w = df,
avec f € B(X). Le A-module HY(X, #") est un module libre de rang 2.

Signalons également que, d’aprés Deuring [2] (resp. Dieudonné [3]), la condition
A # 0 est nécessaire et suffisante pour que Panneau des endomorphismes de X
soit commutatif (resp. pour que le groupe algébrique X soit “analytiquement
isomorphe’ au groupe multiplicatif &,).

§3. REVETEMENTS CYCLIQUES D’ORDRE p" D'UNE VARIETE ALGRBRIQUE

Les n% 13, 14, 15 ci-dessous sont consacrés & diverses propriétés élémentaires
des revétements; dans ces n, la caractéristique du corps de base k est quelconque.

13. Quotient d’une variété algébrique par un groupe
fini @’automorphismes

Soit Y ume variété algébrique, sur laquelle opére (& droite) un groupe fini G;
dans tout ce qui suit, nous supposerons vérifie la condition:

(A) Toute orbite de G est contenue dans un ouvert affine de Y.

Puisqu’une orbite est un ensemble fini, la condition précédente est vérifiée
si ¥ est une sous-variété localement fermée d'un espace projectif: on le voit en
appliquant les Lemmes ¥ et 2 de [14], n° 52.

Soit X I'ensemble quotient Y/@, que nous munirons de la topologie quotient de
la topologie de Zariski de Y'; nous noterons « la projection canonique: ¥ — X.
Si f est une fonction définie au voisinage d’un point z € M, nous dirons que f est
régulitre en x 8i f o 7 est régulidre au voisinage de #~*(x); on définit ainsi un sous-
faisceau @y du faiscean F(X) des germes de fonetions sur X.

Lemme 3. La topologie et le faisceau précédent définissent sur X une structure
de variété algébrique. '

Supposons d’abord que Y soit une variété affine, d’anneau de coordonnées
A, et soit A% ’ensemble des éléments de 4 laissés fixes par G. On vérifie tout de
suite que A% est une k-algdbre de type fini, sans éléments nilpotents, donc est
V'anneau de coordonnées d*une variété affine Z; on montre ensuite, par des raisonne-
ments lémentaires, que Z, munie de sa topologie de Zariski et de son faiscean
d’anneaux locaux, est isomorphe & Y/@, muni de la topologie et du faiscean
définis ci-dessus; ceci démontre le Lemme 3 lorsque Y est affine.

Danps le cas général, I'hypothése (A) montre que l'on peut recouvrir ¥ au moyen
d’un nombre fini d’ouverts affines V,, stables par G. D’aprés ce qui précéde, X est

%
done recouvert par les ouverts affines U, = V,/@, ce qui montre que X vérifie
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Paxiome (VA;) de [14], n® 34. Quant & (VA4y), il résulte de ce que X X X est
isomorphe & (Y X Y)/(@ X G).

Nous ne poursuivrons pas ’étude de Y /G dans le cas général. Signalons seunle-
ment que Y /@ est une variété affine (resp. compléte) si et seulement si ¥ a la méme
propriété (pour les variétés affines, cela résulte de la démonstration du Lemme 3
et du Théoréme 1 de [15]—pour les variétés complétes, cela résulte directement
de la définition donnée dans [15], §4).

Note. Dans la littérature, on trouvera surtout discuté le cas particulier (qui
est le plus important pour les applications) o Y est une variété irréductible et
normale; il en est alors de méme de X qui peut étre identifiée % la normalisée de la
variété des “points de Chow” des orbites de G; inversement, Y est la normalisée
de X dans Pextension des corps de fonctions rationnelles k(Y)/k(M). Pour une
discussion de ce point de vue, of, [8], §1.

14. Revétements

Les notations étant celles du n® précédent, nous dirons que Y est un G-revéfe-
ment de X (ou encore un revétement de groupe de Galois &), si le groupe G optre
sans points fixes sar Y, i.e. si:

yg=1y, ycXY,gelentrainentg =e.

Bien entendu, si X’ est isomorphe 4 X, on dira encore que Y est un revétement
de X",

L’ensemble des classes de G-revétements de X sera noté #1(X, ¢). Comme dans
le cas topologique, ¢’est un foncteur covariant en G et contravariant en X:

(a) Si ¥ est un G-revétement de X, et sif : X' X est une application réguliére,
on a un revétement induit ¥’ de X’ (¥’ est I'image réciproque de A par

fxm:X x ¥Y—>X xX)

D’otr une application f1: 7YX, &) — #XX', G).
(b} Si f est un homomorphisme de G dans un groupe fini 6, on fait opérer G
sur ¥ X @ par la formule usuelle:

(34) .99 = e flo )9

enposant ¥ X o @ = (¥ X @)/G, on vérifie (en se ramenant au cas des variétés
affmes, comme dans la démonstration du Lemme 3) que ¥ X G’ est un
@'-revétement de X. D’oit une application f; : 74X, @) — 7} X, G').

Lorsque G est abélien, on peut appliquer (b) & Yhomomorphisme canonigque
@ X @-> G, d’ott une application de 7YX, G X @) dans #}{X, (). En utilisant la
formule (facile & vérifier):

(35) X, G x H) =YX, ) ¥ «%X, H),

on voit que Pon a défini une loi de composition sur 74X, G); des raisonnements
classiqgues montrent que cetie loi de composition fait de #1(X, @) un groupe
abélien.
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RemarQUE. Supposons que k& = C et que X soit une variété projective connexe.
En utilisant les résultats de [16], on peut montrer que les revétements de X (au
sens ci-dessus) sont en correspondance bijective avee les revétements topologiques
de Vespace X* que I'on obtient en munissant X de la topologie “usuelle” (cf, [16],
n°® 5). Si @ est un groupe fini, les éléments de 7YX, ) correspondent done aux
classes d’homomorphismes de (X" dans @, modulo I’équivalence définie par
les automorphismes intérieurs de &; si & est abélien, on a ainsi:

77'1(X: G) = Hom (WI(Xh)’ G):
ce qui justifie dans ce cas la notation #(X,G).

15. Espaces fibrés associés & un revéfement

Soit Y un G-revétement de X, et supposons d’aberd que k = C. On peut con-
sidérer ¥ comme un espace fibré analytique principal, de base X, et de groupe
structural le groupe diseret @; si f est un homomorphisme de @ dans un groupe
algébrique H, on déduit de Y, par extension du groupe structural, un espace
fibré analytique principal ¥ X, H, de groupe structural H; cet espace fibré peut
8tre plus simple & étudier que le revétement ¥. C’est la méthode introduite par
Weil ([18], Chap. IIT) lorsque X est une courbe, H étant un groupe linéaire G.L,,(C).

Essayons d’imiter cefte construction dans le cas général. Il est toujours possible
de définir ¥ X 4 H comme la variété quotient (¥ X H)/@, le groupe G opérant
par la formule (34). Le groupe H opére & droite sur Y X 4 H, et ’ensemble quotient
(Y X g H)H sidentifie & X. Mais Y X H n’est pas toujours un espace fibré
algébrigue (au sens de Weil [20], c’est-4-dire localement trivial): le lemme suivant
fournit un critére pour que ce soit le cas:

Levwr 4. Supposons que, pour tout x € X, il existe un voisinage saturé U de
7z}, et une application régulitre 6 : U— H telle que:

(36) 0(y-g) = 0(y)flg) pour yelU e gel.

Alors ¥ X g H est un espace fibré algébrique principal, de base X, et de groupe
structural H.
La question étant locale, on peut supposer que U = Y. Soit alors

a: YXH—-Y XH

Papplication définie par la formule:
37 «(y, k) = (y, O(y)-h)-

Il est clair que « est birégulitre. De plus, en combinant (36) et (37), on voit que
o commute aux opérations de G (en faisant opérer G sur le second ¥ X H par
les opérations de ¢ sur ¥ seulement). Par passage au quotient, o définit donc une
application birégulidre « : ¥ X o H-> X X H, commutant avee les opérations de
H. Ceci montre bien que ¥ X 4 H est un espace fibré algébrique, eqfd.
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Prorostrion 11. L' hypothise du Lemme 4 est vérifiée lorsque H est un sous-groupe
algébrique du groupe linéaire GL, (k) vérifiant la condition:

(R} — 11 existe une seclion rationnelle QL (k)[H — GL (k).

(Cf. [16], n° 20, pour une discussion de la condition (R)).

Soit € X, et soient gy, - -+, ¥, les éléments de 7~Y(x); d’aprés la condition (A)
du n° 13 on peut trouver des fonetions régulidres au voisinage de #—(z) et prenant
aux y; des valeurs données. Si I'on désigne par M, (k) Lalgtbre des matrices
carrées d’ordre » sur £, il existe donc un voisinage ouvert saturé ¥’ de =(z), et
une application régulidre o : V' — M (%) telle que a(y,) (resp ay), 2L i< )
soit la matrice unité (resp. la matrice 0). Posons alors:

0(y) = Zhee alyh)yf(™') pour yeV.

Un caleul immédiat montre que 6': V' — M (k) vérifie (36); de plus, on a
8'(yy) = 1 € GL,(k); il existe done un voisinage ouvert saturé V de =—{z) que
6" applique dans GL, (k).

Mais Ihypothése (R) signifie qu’il existe un voisinage ouvert W de 1'lément
neutre de G'L,(k), saturé pour les translations & droite de H, et une “‘rétraction”
r: W— H telle que:

rlwh)=1rw)yk si weW e heH.

Si l'on pose alors U == §"~YW) et § = r o ¢, Vapplication 8 est bien une appli-
cation réguliere de U dans H vérifiant (36), cqfd.

CoroLLATRE. Supposons que H soit Pun des groupes GL (%), SL,(k), Sp,{%), ou
un groupe linéaire résoluble (par exemple le groupe additif G,). Alors ¥ X o H est
un espace fibré principal algébrique.

Il faut vérifier la condition (R} dans chaque cas. C’est trivial pour GL, (k) et
S L, (%), facile pour 8p,, (k) (cf. [16], n° 20); dans le cas d’un groupe linéaire résoluble,
¢’est un théordme de Rosenlicht ([10], th. 10).

ExempLE. Revéfements cycliques d’ordre premier & p.

Prenons pour § le groupe cyclique ZlnZ, avee (n, p) = 1. A toute racine primi-
tive n-éme de I'unité est associé un isomorphisme f de G daps k* = GL (k).
En appliquant le corollaire & la Proposition 11, on associe & toub revétement
Y € 74X, @) un espace fibré & groupe k*, ¢’est-i-dire un élément f(Y) de HL(X, 0*)
(en désignant par 0% le faisceau des @, groupes multiplicatifs des éléments
inversibles des @,). 8i on suppose X projective, un raisonnement semblable 3
celui de Ia Proposition 12 ci-aprés montre que f est un ssomorphisme de (X, Z|nZ)
sur le sous-grouwpe des éléments d € HYX, O%) vérifiant nd = 0. Lorsque X esh
non singuliére, e groupe (X, 0*) n’est autre que le groupe des classes de diviseurs
de X (cf. [20], §3), et le résultat précédent est bien connu (ef. [8], ol il est déduit
de la théorie de Kummer).

16. Revétemenis cycligues d’ordre p

Soit @ = Z[pZ, 8ilon identifie & au corps premier F,, on obtient un plongement
S de @ dans le groupe additif @, du corps de base k. En appliquant le coroliaire &
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la Proposition 11 & f on fait correspondre & tout G-revétement ¥ de X un espace
fibré algébrique principal de base X et de groupe structural G, autrement dit un
élément de HY{X, ). On a donc obtenu une application canonique

(38) f1: 74X, Z[pZ)y— HYX, O).

Prorosrrron 12. 87 X est une variété prajective, application f, est un isomor-
phisme du groupe 7YX, Z/pZ) sur HYX, O)F, sous-groupe de HYX, O) formé des
lémenis & vérifiant:

(39) FE=¢.

Le fait que f; soit un homomorphisme est facile & vérifier. Cherchons Fimage de
cette homomorphisme. Si Yon note @ :@,— G, Tapplication p(4) = A7 — 1
(i.e. p = F — 1), on a une suite exacte:

S
(40} 0—G— G’“gGE—»O.
Le fait que @  f = 0 montre que 'homomorphisme composé:

(X, G) —f—1>H1(X, 0) —g HYX, 0)

est identiquement nul, ce qui signifie que 'image de f; est contenue dans HY(X,0)* .
Inversement, soit Z un espace fibré correspondant 3 un élément de HYX, O)F,
c’est-a-dire tel que 'espace fibré @(Z) (déduit de Z par @ : G,— () soib trivial.
Le groupe G opére sur Z, et la suite exacte (40), jointe & un raisonnement local
évident, montre que Z/G s’identifie 3 p(Z); si done I'on a une section s : X — fo(Z)
qui identifie X 3 une sous-variété s(X) de @(Z), I'image réciproque ¥ de s(X) dans
Z sera un G-revétement de X, done un élément de #1{(X, G). De plus, on vérifie
facilement que f(Y) = Y X, @, s’identifie canoniquement & Z, ce qui montre
bien que Z e Im (f;).

Reste & montrer que le noyau de fy est réduit & 0 (c’est le seul point qui fasse
intervenir Phypothése que X est projective). Soit done ¥ un G-revétement tel
que f(¥) soit isomorphe 4 X X G ; Vinjection f : G@— G, définit une injection de ¥
dans X X @,; mais X est une variété compléte, done aussi Y, et I'image de ¥
dans le facteur G, ne peut consister qu’en un nombre fini de points (cf. {151, 84,
par exemple). Il en résulte tout de suite que ¥ est trivial sur chaque composante
connexe de X, done aussi sur X tout entier, ce qui achéve la démonstration.

Cororratre 1. Soit o lo dimension de la “composante semi-simple” HYX, 0),
de HYX, 0) (cf. n° 9). Le groupe w (X, Z[pZ) est un groupe fini d’ordre p°.

Cela résulte de ce qui a été dit aun® 9.

CoroLLAIRE 2. Une variété de dimension 2> 2 qui est une infersection compléte
n'a qucun revétement cyclique de degré p non-trivial.

Bn effet, si X est une telle variété, on sait que HYX,.0) = 0, ¢f. [14], n® 78.

ReMarqQue. 8i X n’est pas irréductible, X peub posséder des revétements
localement triviaux; ils correspondent au sous-groupe HY(X, Z[pZ) de HYX, O)F.
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17. Variante
On peut obtenir les résultats du n® précédent par une autre méthode, reposant
sur le lemme suivant:
Levme 5. Solent X une variété algébrigue, G un groupe fini, Y un Q-revéiement
de X, et x un point de X. Désignons par O, 1 anneau des germes de fonctions régulidres

au voisinage de wYz) < Y. L'anneaw O, est un anneau semi-local sur lequel opére
@G, et U'on a:

(41) HYG, 0 =0, e HYG 0)=0 pour q>0.

Le fait que HYG, O) = @, résulte de la définition d’une variété quotient
donnée au n° 13. D’autre part Panneau semi-local @, a pour anneaux locaux les
0,, y € mYx); il s’ensuit (cf. [11], p. 15) que le complété @; de ¢, est isomorphe

au produit des ¢,; comme le groupe G opére sans point fixe sur 7(x), on en déduit,
en appliquant un résultat classique de cohomologie des groupes:

42) HYG, 0)) =0 pour ¢>0.

Mais @, est un module de type fini sur @, (pour le voir, prendre pour Y une
variété affine, et expliciter @, et @), en fonction de 'annean de coordonnées de Y);
il g’ensuit (cf. [16], Annexe, par exemple) que l'on a:

(43) 0, = 0, ® 0, 1e produit tensoriel étant pris sur 0,
Comme &c est un @,-module plat ([16], loc.cit.), on déduit de (43):
(44) HY@, §}) = H(G, 0) Q 0.

Du fait que le couple {0, @y) est plat ([16], prop. 27), les relations (42) et (44)
entrainent HY@G, 0,) = 0 pour ¢ > 0, eqfd.
REMARQUES. (1) La démonstration de (42) montre en outre que I'on a:

@, = @m si a(y) ==

Autrement dit, la projection # est un isomorphisme “analytique”.

(2) En utilisant le Lemme 5, on peut démontrer Vexistence d’une suile specirale
analogue A celle de Cartan-Leray; cetbe suite aboutit & H*(X, @) et a pour terme I,
le groupe bigradué H*(G, H*(Y, O)). Cf. un mémoire de A. Grothendieck &
paraitre prochainement.

Revenons maintenant au cas G = Z/pZ. Comme la fonction 1 € @, a une trace
nulle, la relation H{G, 0,) = 0 entraine 'existence d’une fonction § € &, vérifiant:

(45) 0° =0 -+ 1 (o désignant le genérateur de Z/pZ).

A Téeriture prés, c’est 'équation (36). On remarquera que, si ¥ est irréductible,
0 est un générateur d’ Artin-Schreier de Uextension k(Y )[k(X).

Une fois démontrée Pexistence des fonctions 0, la construction de la classe de
cohomologie & associée 34 Y ne présente plus de difficultés: on commence par con-
struire un recouvrement ouvert {U;} de X, et des fonctions 0, régulidres sur
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V;=a"YU),), et vérifiant (45). Si on pose f,; =0, — 6, dans V, NV, les f;
sont invariants par @, et constituent un 1-cocycle de {U} & valeurs dans le faiscean @,
dont la classe de cohomologie n’est autre que P'élément £ cherché. Les autres
résultats de la Proposition 12 ne présentent pas davantage de difficultés. Par
exemple, le fait que F& = § se démontre en remarquant que les g, = 07 — 0, sont
invariants par ¢, donc forment une 0-cochaine de {U :} & valeurs dans @, dont le
cobord est [ — fo.

18. Revétements cycligues d’ordre p* -

Soit 7 un entier 2> 1, eb soit G = Z/p™Z; on peut identifier canoniquement G
au groupe W, (F,), ef. n° 1. Comme F, se plonge dans %, on a ainsi défini un
isomorphisme f de ¢ dans le groupe W,, = W (k). Ce dernier groupe est un groupe
algébrique, en correspondance biréguliere avee k*; ¢’est de plus un groupe linéaire:
cela se voit, soit directement, soit en invoquant [10], th. 16, cor. 4. On peut done
appliquer & W, le corollaire & la Proposition 11: si ¥ est un G-revétement de
X, Yespace ¥ X W, est un espace fibré principal de groupe structural W,
c’est-a-dire un élément de HYX, #,). Comme au n°® 16, on a done obtenu une
application
(46) S 7YX, Zlp"Zy— HY X, W)

Proros1TION 13. 8% X est une variéié projective,l application f; est un isomorphisme
de 7YX, Z|pZ) sur HYX, #,)¥.

La démonstration étant identique & celle de la Proposition 12, nous ne la répé-
terons pas; indiquons simplement que, ici encore, elle repose essentiellement sur
le fait que I’homomorphisme @ = F — 1 définit par passage au quotient un
isomorphisme de W, /G sux W ,.

Soient maintenant » et m deux entiers, avec # 2> m; on a un homomorphisme
canonique de Z[p*Z sur Z|p™Z, d’olr, d’aprés le n° 14, b) un homomorphisme
WX, Z]p"Z) — 7YX, Z[p™Z); cherchons 'image de cet homomorphisme:

ProrosrTioN 14. Soit o un dlément de wi(X, Z|p™Z) e soit & = fi(a) la classe de
cohomologie qus bui est associée. Pour que o appartienne & Pimage de nY(X, Z[p"Z),
il faut et il suffit que 6, , (&) = 0.

(Pour Ia définition de I'opération de Bockstein 8} ,,_,,, voir n° 3.)

Nous aurons besoin du lemme suivant:

Lemme 6. Soit H un A-module de longueur finie, et soit F un endomorphisme
p-linéaire de H. L’ application o — F — 1: H—> H est alors une surjection.

11 existe un entier # tel que Pon ait p"H = 0; nous raisonnerons par récurrence
sur #. Lorsque » = 1, H est un k-espace vectoriel de dimension finie, et le fait
que @ est surjectif est connu (ef. n® 9); le cas général résulte de I'hypothése de
récurrence, appliquée i pH et & H|pH.

Nous pouvons maintenant démontrer la Proposition 14:

Si o est image d'un élément § € #Y(X, Z[p*Z), correspondant & une classe de
cohomologie 7 € HYX, #",)¥, on voit tout de suite que & = Ry, d’oit évidem-
ment &} ,, (&) = 0.
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Réciproquement, soit & e HYX, # ) vérifiant Péquation précédente; il
nous faut montrer que & 8’6erit £ = R""™(x), avee 5y € HYX, # )Y, c’est-a-dire
Fy=m. Or, par définition méme des opérations de Bockstein, la rvelation
O nm(€) = 0 signifie que &= B*™(y'), avec % €HYX, #7,). De plus, la
relation F& =— & montre que B"™Fy — ) =0, ie. Fr' — 75 = V™0 avec
6 ¢ HY{X, # ,_,.)- En appliquant le Lemme 6 & HYX, #",_,,), on peut écrire
0 = F0' — ', et, en posant y = ' — V™F’, on obtient un élément vérifiant les
propriétés requises, cqfd.

CoroLLAIRE. St X n’a pas de torsion en dimension 1, le groupe wi(X, Z[p"Z)
est somme direcle de ¢ groupes isomorphes & Z[p*Z.

(Pour la définition de g, voir Proposition 12, Corollaire 1.}

Désignons par H, le groupe nY(X, Z[p"Z), considéré comme sous-groupe de
HYX, #,); Q’apres la Proposition 14, 'homomorphisme canonique

R*~1:H,—>H,

est surjectif. De plus il est clair que son noyau est VH, ;. On déduit de 13, par
récurrence sur n, que H, est un groupe fini d’ordre »”°; comme il est plongé dans
HYX, #°,), on a p"H, = 0. De plus, le composé:

R 14
H,—~H, ,—~H,

est la multiplication par p (en vertu de la formule FVRE = p et du fait que F
est Videntité sur H,); puisque R est surjectif (d’aprés la Proposition 14), ceci
entraine que H, ; = pH,, et Pon voit done que H, [pH, = H; a p° éléments.
Ceci suffit & prouver que H, est somme directe de ¢ groupes cycliques d’ordre
p", eqfd.

ReMarQUE. Lorsque X a de la torsion en dimension 1 la détermination explicite
de #4(X, Z[p™Z) peut encore se faire de manidre analogue, mais plus compliguée.
Nous nous bornerons & donner le résultat:

Soient Z1, m = 1,2, - - - , les sous-espaces vectoriels de HY{X, () définis par les
formules (6) du n° 3; soit ¢,, la dimension de la “composante semi-simple” de
ZLIZL 4, et soit + la dimension de la composante semi-simple de Z2. Soit H le
groupe abélien de type fini défini par la formule:

(47) H=732 ,(ZjpmZy~{ Z°.

Le groupe wY(X, Z/p"Z) est alors isomorphe & Hom(H, Z[p"Z); autrement, dit,
tout se passe (au point de vue des revétements eycliques d’ordre une puissance de p)
comme si la variété X avait un “groupe fondamental” isomorphe & H.

19. Courbes algébrigues et jacobiennes
Soit X une courbe algébrique irréductible, compléte, et non singulitre. Du fait
que X n’a pas de torsion, le corollaire & la Proposition 14 montre que 71X, Z[p"Z)
est somme directe de o groupes cyeliques d’ordre p™; de plus, d’aprés le n° 9,
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Ventier ¢ est égal au rang de la “composante semi-simple” de la matrice de Hasse-
Witt 4 de X, cest-d-dire au rang de A - A?--- 47" !, On retrouve ainsi les
résultats de Hasse-With [5] et de Schmid-Witt [12].

Soit en outre ¢ : X — .J application canonique de X dans sa jacobienne (pour
tout ce qui concerne jacobiennes et variétés abéliennes, cf. [19]). D’aprés un résultat
(inédit) de Rosenlicht, ’homomorphisme

¢* : HY{J, 0;)— HY{X, O)
est bijectif. D’aprés la Proposition 12 il en est done de méme de
¢t aW(J, Z[pZ)— 7\ X, Z[pZ).

Dans le langage de [8], cela signifie que tout revétement cyclique d’ordre p de X
est “‘du type d’Albanese”.

Nous montrerons ailleurs que tout revétement d’une variété abélienne A4 est
donné par une isogénie B—- A; ce point étant admis, des raisonnements classiques
montrent que 74, Z[nZ) s’identifie au dual du groupe A4, des points e € 4
vérifiant ng = 0. Appliquant ceci & J et utilisant Pisomorphisme ¢*, on en conclut
que 7YX, Z/pZ) est dual du groupe J,, lui-méme isomorphe au groupe @, du
n° 11; on retrouve ainsi le fait que le groupe G, est d’ordre p° (Proposition 10).

20. Un exemple

Prorosrrron 15. Soient G un groupe fini, et v un entter 2>1. Il existe une variété
algébrique Y de dimension r, non singuliére, qui est une iniersection compléte dans
un espace projectif convenable, et sur laguelle le groupe G opére sans poinks fixes.

De plus, dans le cas od r = 2 et G = Z[pZ (avec p = 5), on peut imposer & ¥
" d'étre une surface dans Py(k).

Nous allons construire Y en suivant une méthode due & Godeaux dans le cas
classique:

Considérons une représentation linéaire B du groupe @, et notons # -- 1 son
degré. Puisque G opére linéairement sur 511, il opbre par passage au quotient sur
P = P_(k), et la variété quotient P/G est bien définie (cf. n® 13). Nous allons tout
d’abord montrer comment Pon peut définir un plongement projectif de cette
variété:

Soit 8 la sous-algtbre de KX, - - -, X, ] formée des polynémes invariants par G;
c’est une algébre gradude, qui est de type fini sur k. Nous noterons 8, la composante
homogeéne de degré d de 8, et nous poserons:

(48) 8(d) = X574 S g

Un raisonnement élémentaire (analogue & celui utilisé dans la “normalisation
projective” des variétés) montre que Pon peut choisir d de telle sorte que tous
les éléments de S(d) soient des polyndmes en ceux de S,;. Si Fon gradue S(d) en
considérant 8, ; comme de degré m, ceci signifie que S{d) est une algtbre graduée
engendrée par ses éléments de degré 1, done peut éire considérée comme Pannean de
coordonnées projectives d’'une sous-variété Z de VYespaee projectif P,(k), avec
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8 + 1 =dim S,. 8i Pon choisit une base f,,---,f, de S,, les f, définissent par
passage au quotient une application régulidre f: P— Z.

L’application f est invariante par G et définit par passage au quotient un iso-
morphisme birégulier de P|G sur Z (nous omettons la vérification de ce fait,
qui est pénible, mais ne présente pas de difficulté essentielle). C’est done le plonge-
ment projectif cherché.

Soit maintenant ¢ I’ensemble des points y € P tels qu’il existe g € @, avee
gFeety-g=1y; soit @ = f(@). Les ensembles @ et ¢’ sont des sous-variétés
fermées de P et de Z, de méme dimension. Nous supposerons vérifiée la condition
suivante:

(49) r << n — dim (@).

On observera que P — @ est un G-revétement de Z — @', ce qui montre (en
utilisant la Remarque 1 du n® 17) que Z — @’ est une variété non singulidre.

Soit alors L une sous-variété lindaire de P, (k), de dimension égale & s — n -} 7;
si L est choisie “‘en position générale”, I'inégalité (49) montre qu’elle ne rencontre
pas @'; de plus, elle rencontre transversalement Z, ce qui entraine que l'inter-
section X = Z N L soit une variété non singulitre, de dimension r, et ne renconfrant
pas @' Posons Y = f-1(X); il est clair que Y est un G-revétement de X. De plus,
si L est définie par Pannulation de g4, -- -, g,,_,, combinaisons linéaires des f;, la
variété Y sera définie par Vannulation de ces mémes ¢,, considérés comme éléments
de B[ X, « - -, X ]; soit a I'idéal engendré par les g;; si I’on montre que a n’est autre
que Y'idéal défini par Y, il en résultera bien que ¥ est une intersection compléte.
Or, d’aprés le théoréme de Macaulay, a est infersection d’idéaux primaires g,
correspondant aux idéaux premiers p, associés aux composantes irréductibles
Y, de Y. Soit alors y € Y, et soit @ = f(y) € Z; comme, par hypothese, L est
transversale & Z en w, les g, définissent dans @, des éléments faisant partie d’un
systéme régulier de paramétres (au sens de [11], p. 29); la relation @v == @r montre
qu’il en est de méme dans @, et P’idéal local a0, est done un idéal premier, d’olt
q, = P, pour toub «, ce qui montre bien que Y est une intersection compléte.
Comme Y est non singulidre et connexe (comme toute intersection compldte,
of. [14], n°® 78, Proposition 5, par exemple), on voit en outre que ¥ est érréductible.

La Proposition 15 sera done démontrée si nous prouvons gue 'on peut toujours
choisir une représentation B de @ vérifiant (49), et de dimension 4 dans le cas
r =2, G = Z[pZ, p > b. Or ¢’est immédiat:

{a) Dans le cas général, on prend la somme directe d’un nombre suffisant (r par
exemple) de copies de la représentation régulitre.

(b) Dans le cas particulier r = 2, G = Z|pZ, p 2> 5, on fait correspondre au
générateur de G Pendomorphisme 1 -+ N de %%, oll N est défini par les formules
Ne,) == 054, 0L 1< 2, eb N(gg) = 0. L’ensemble @ est véduit an point de co-
ordonnées homogénes (0,0,0,1), et Yon a r=2,n=3, dim(@) =0, ce qui
vérifie bien Vinégalité (49), cqfd.

RemMarqQuz. La méthode suivie plus haut pour définir un plongement projectif
de P/G a une portée plus générale; en Putilisant, on peut démontrer que, si ¥
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est une variété projective sur laquelle opére G, la variété Y |G est aussi une variété
projective.

Prorosrrion 16. Soit G = Z[pZ, avec p > 5. Soit ¥ la surface de Pglk) dont
Pexistence est affirmée par la Proposition 15, et posons X = Y[G. La surface X est
une surface projective, non singulidre, vérifiant:

(50) HYX, Q) =0 e HYX,0)+0.

Puisque Y est connexe, c’est un revétement non trivial de X, done qui corres-
pond & un élément £ 5£ 0 dans HYX, 0)F. D’autre part, on montre (par le méme
raisonnement que dans le eas classique) qu’il n’y a pas de forme différentielle de
premitre espéee 5~ 0 sur une surface non singuliere de Py(k); done HO(Y, Q1) =0,
et comme HY(X, Q) est un sous-espace de HYY,Q1), il est aussi réduit & 0,
eqfd.

ReMARQUES. (1) En utilisant la suite spectrale du revétement ¥ — X {cf. n® 17),
on peut préeiser (50) et montrer que A%! = dim HY (X, @) est égal & 1; de plus,
Yoperation de Bockstein

B HYX, 0)— H¥X, 0)
n’est pas nulle.

Ceci montre que le “groupe fondamental” H de X, au sens du n°® 18, est iso-
morphe & Z/pZ.

On observera par ailleurs que le groupe des classes de diviseurs d’ordre p de X
est réduit & 0, puisque ce groupe est isomorphe & un sous-groupe de H(X, Q1)
(cf. n° 11). '

(2) Plus généralement, on peut appliquer la Proposition 15 & un p-groupe
abélien G quelconque. On obtient ainsi une variété X — Y/ dont le “‘groupe
fondamental” H est isomorphe & ¢ (cela se voit en remarquant que Y joue e role
d’un “‘revétement universel” de X, en vertu du Corollaire 2 3 la Proposition 12).
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LES CLASSES CARACTERISTIQUES DE PONTRJAGIN
DES VARIETES TRIANGULEES

Par R. Taom

Avant de nous occuper des variétés polyédrales, il nous sera utile de généraliser
quelque peu la notion de polyedre. Introduisons dans ce but la notion d’“espace
différentiable par morceaux.”

Structure différentiable par morceaux

Un espace I est dit ““différentiable par morceaux” de classe O™ g’il peut
&tre défini ainsi qu’il suit: on se donne des ouverts U” d’espace euclidien R*, n
variable, et une famille d’applications différentiables de classe O™ g,,: U%— U%;
dans ces conditions, B est le quotient de la réunion U = U,U, des U, par les
relations d’identification définies par les applications g,; (ou un sous-espace de ce
quotient).

Sur un tel espace différentiable par morceaux, on a la notion de fonction réelle
de classe O™ (et méme la notion de forme différentielle). La notion de dérivée
partielle d’une fonction peut étre définie dans chaque ouvert U,; il en résulte
qu’on peut parler, sur &, de espace D™ des fonctions de classe O™, muni dela
topologie définie par I'écart sur les dérivées partielles d’ordre 7 (r < m). De méme
pour les applications de E dans un espace euclidien. Tous ces espaces sont métriques
complets, done de Baire.

11 importe de dire tout de suite que, si 'on n’impose aucune condition aux
relations d’identification g4, 'espace £ a toutes chances de se trouver muni d*une
topologie fortement dégénérée, en général non séparée. De ce fait, il n’est pas
impossible qu’il n’existe sur B d’autres fonctions différentiables que les constantes.
D’ailleurs, certains espaces de ce type s’introduisent dans étude des feuilletages
de variétés, commme quotients des structures feuilletées.

Nous ferons sur les espaces & des hypothéses assez restrictives:

(1) Les applications g, sont des injections, partout de rang maximum; il suffira de
se donner des applications g, : UE . % les autres s’en déduisant par transitivité.

(2) On suppose que Pintersection de deux U7 est contenue toujours dans une
réunion de U" 1 de dimension inférieure.

(3) Hypothase de position générale. Soient g : UL — Uy, UE' — U’ deux injections;
si U2 n’est pas contenu dans UY’, alors les images g(U%), g(U%’) sont des sous-
variétés de U?% qui se coupent en tout point commun en position générale: En un
point @ commun & g(U%), g(U%’) les plans tangent & ces sous-variétés se coupent
suivant un g-plan dont la codimension (par rapport & Uj) est somme des
codimensions de g(U%), g(U%'). Ce g-plan est d’ailleurs le g-plan tangent au U d’inter-
section auquel appartient . De méme pour Vintersection de plusieurs g(U%)
incidents & un méme U”. ’

54
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Il est clair qu'un complexe simplicial K est susceptible d’une définition de
cette espéce: il suffit d’attacher & tout p-simplexe s, une boule ouverte B, le
contenant rectilinéairement; on prend pour K la portion de Iespace B obtenue &
partir des B, par identification en ne conservant, pour chaque B, que la portion
d’espace intéricure & s,,. Finalement, les espaces que nous considérons “généralisent”
les polyédres au sens suivant: les “cellules” U ne sont pas nécessairement homo-
logiquement triviales; ce sont seulement des variétés & bord (connexes paracom-
pactes) dont le bord peut présenter des singularités du type suivant: les cellules
qui composent le bord se coupent dans U en position générale. .Bien entenda, les
espaces ainsi obtenus sont encore des polyedres, en vertu des théorémes généraux
de triangulation des variétés différentiables (J. H. C. Whitehead [6]).

On va étendre aux applications différentiables de polyddres les théorémes de
régularisation connus pour les variétés. Enongons dans ce but un Lemme,

LeMME DE POSITION GENAZRALE. Soit () un ensemble de plans de R* {(considéré
comme espace affine); on suppose que les plans de (@) se coupent en position générale.
Soit F une fonction réelle sur @, de classe C™ sur chacun des plans de (G); alors F est
la restriction & (Q) dune fonction F, de classe O™ sur RB™.

L’extension de la fonction F en F; va se démontrer par induction sur le nombre r
des plans qui composent (G). Pour » = 1, la propriété est presque évidente: on
forme un voisinage tubulaire 7' du plan X, de rayon g, et on définit une rétraction
différentiable p : T— X sur le plan X; désignons par g(«) une fonction de classe
C®, décroissant de 1 & 0 lorsque # croit de 0 & a. Pour tout point x extérieur & 7T,
on posera F(x) = 0, pour un point z de T situé & la distance » de X, on posera
F(x) = g(u)F(p(x)). Siles dérivées d¥g/(du)* ont été supposées nulles pour u =0
ot u = a, alors la fonction #; est de classe C™ et répond 3 la question.

Supposons le lemme établi pour un systéme (G4) de (r — 1) plans, et soit (X)
un plan qu’on ajoute & (Gy). Le plan (X) coupe par hypothese tout plan de (G4) en
position générale; on pourra par suite définir sur un voisinage de (X) une métrique
riemannienne pour laquelle tout plan de (G;) coupe (X) orthogonalement; grice &
cette métrique, on définira un voisinage tubulaire 7' de (X), de rayon géodésique a,
et une rétraction différentiable normale p: T— X, telle que p(TN ¥)=¥Y N X
pour tout plan ¥ de (6,). Soit fla fonction donnée sur (@) = (G4) U X; par in-
duction il existe une fonction F, de classe O™ sur R?, qui coincide avee f sur {¢,);
formons sur (X) la fonction v = f — F'; v, de classe O™, est nulle sur 1’intersection
@, N X. On applique alors la construction précédente & la fonetion v pour X seul;
comme la rétraction p conserve (G,), on obtient une fonction w = g(u(x)) - v{p(x))
de classe C™, qui est nulle sur (¢4). Par suite la somme

F,=F+w

répond bien & la question.

ReMarquE. L’hypothése que les plans de (G) se coupent en position générale
joue un rble absolument essentiel dans cette démonstration. On obtiendra un
contre-exemple trés simple en prenant pour (@) trois droites concourantes du plan,
par exemple les axes Oz, Oy et la premitre bissectrice » = y. Une fonetion f
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dérivable sur ces trois droites n’est la restriction d’une fonction différentiable du
plan que si les dérivées de f le Iong de ces trois droites en 0 satisfont & une relation
linéaire évidente.

Point régulier; valeur régulidre d’une application

Soit f une application de classe C d’une polyédre K dans 'espace euclidien RF;
on dira qu’un point = est régulier pour Papplication f si, pour toute cellule U
contenant z, I'application f, restreinte & U, admet en  un point régulier, ie., un
point ot le rang de f est égal & k.

11 résulte de cette définition que fous les points du squelette de dimension
{E — 1) sont néeessaivement non réguliers.

Une valeur y € R* de f sera dite régulidre si 'image réeiproque f~i(y) ne contient
que des points réguliers (on aucun point!).

TaforiME DE SARD. 8% un complere K est de dimension n, ¢t si K ne comporte
qu’une infinité dénombrable au plus de cellules, toute application [ de K dans R*
n’admet de valeurs non régulidres que sur un ensemble de mesure nulle de R*, dés que
sa classe m esi Zn — & + 1.

Généralisation immédiate du théoréme classique [3].

THEOREME DE LA FIBRATION. Soit f une application de K dans RF, régulidre sur un
point O de B® ainss que sur tout point d'une boule ouverte U de centre O, de rayon r.
8¢ Capplication [ est de plus propre sur U (s.e., Pimage réciprogue de tout compact est
un compact), alors Uapplication f définit une fibration de f~(U) sur U.

On construit dans f~{U) un champ de k-plans transverses aux images réciprogues
(), et ceci dans chaque cellule Z; de K. Une telle construction est évidemment
possible pour toute cellule Z, du k-squelette; en effet Z, N f~X(U) est appliqué par f
avee rang maximum sur U, et le k-plan transverse est évidement, en tout point
de Z, 0 fU}, le plan des vecteurs tangents & Z,.

Supposons construit le champ H de Z-plans transverses sur le (r — 1)-squelette
K= §] faut montrer que la prolongation de H est possible de fagon différentiable
sur le r-squelette. Soit Z, une r-cellule; sur Z, N f~YU) les coordonnées u,, %, - -,
u,, de U peuvent étre prises comme fonction coordonnées; par suite, en tout point
z de Z, 0 f~4U) Vensemble des k-plans transverses est représenté, dans une carte
locale (uy, « -+, Uy, 9y, * * *, ¥,_) par tous les systdmes linaires de la forme:

vy =3 dfug

C’est done un espace vectoriel de coordonnées af, de dimension & - (r — k). L’en-
semble des k-plans transverses aux images réciproques constitue done un fibré sur
Z, 03 f7YTU), & fibre vectorielle. Une section de ce fibré nous est déjd donnée sur le
bord Z, par le champ H; la fibre étant contractile, la section peut se prolonger de
fagon continue sur tout Z, N fYU). Par ailleurs, en vertu du lemme de position
générale, ce prolongement pourra s’effectuer de fagon différentiable sur un voisinage
du bord, done partout.

On a ainsi établi Pexistence, dans f~1(U), d’un champ H de %-plans transverses
auximagesréeiproguesf —1(y). Ce champn’estpas, engénéral, intégrabledans chaque
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Z,; il peut néanmoins servir & définir des fransversales par le procédé suivant:
A tout point y de U associons la demi-droite Oy; dans toute cellule Z, I'image
réciprogque f—{0Oy) est une sous-variété de dimension r — k -+ 1; dans cetbe sous-
variété, le champ H définit un systéme de trajectoires différentiables I ; ce systéme
de trajectoires transversales H, permet de définir un homéomorphisme de f-0)
sur f-1y) (car, puisque f est propre, f~1(Oy) est compact, et toute trajectoire peut
étre prolongée de f~40)} a f~Yy)). L'homéomorphisme %, ainsi défini dépend
continuement de y et permet de définir un homéomorphisme global % de f~(U)
sur U X f~Y0), ce qui démontre le théoréme.

Etant donné un polyedre K on montrera, comme dans [5], qﬁe Pensemble des
applications f: K-> R* qui n’admettent pas un point donné comme valeur
réguliere forme un sous-ensemble rare de L(K; .R, m) pourvu que m soit assez
grand (maigre, si K est infini paracompact.)

Applications ¢-réguliéres sur une sous-variété

Soit N une sous-variété diff. plongée d’une variété M?; si N est de codimension
¢, on peut supposer N définie par un systéme de cartes locales du type U -— B%;
comme dans [5], un point x € K est -régulier sur N si Papplication composée
g ° f(z)— R? admet z pour point régulier; Papplication f de K dans M est
t-régulitre sur la sous-variété N si tout point de I'image réciproque f~1(N) est
t-régulier sur N.

Comme dans [5] on montera que I’ensemble des applications f de K dans M non
t-régulidres sur N est un fermé rare de L(K, V; m) si K est compact et m assez
grand (maigre si K est dénombrable. .).

REMARQUE. On sait que si f est une application simpliciale de K sur K’, Pappli-
cation f définit une fibration locale sur P'intérieur de tout simplexe de dimension
maximum de K’. Le théoréme de fibration est done connu pour les applications
simpliciales mais il parait difficile d’adapter la notion de “‘f-régularité” au cadre
des applications simpliciales. C’est ce qui justifie Pintroduction des structures
différentiables par morceaux.

Variétés triangulées

Par variété triangulée, on entend un polyédre qui est homologiquement une
variété de dimension #: i.e., les nombres de Betti locaux aubour de chaque point
sont ceux de la n-boule ouverte. Il n’est done pas nécessaire que le voisinage de
tout point soit une boule topologique.

Image réciprogue &’ une valeur réguliére. Soit V" une variété triangulée de dimen-
sionn, f: ¥ — R* une application réguliére sur 0. L’image réciproque f~1(0) est dans
ces conditions une variété triangulée de dimension (n — k).

Ceci résulte du fait qu’on peut trouver pour toub point x un systéme fondamental
de voisinages qui soient la fois saturés pour les images réciproques f(y), et un
systéme de transversales (H). En vertu des théorémes classiques sur les fibrations
d’espaces euclidiens, la fibre est une sous-variété homologique de dimension
{(n — k). (1 importe de remarquer gu’on peut définir en x une famille fondamentale
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de voisinages du type ci-dessus qui sont homéomorphes: ceci résulte du fait que
S {y) est un polyddre, donc tout point z a un voisinage conique dans f~1(y); ce qui
a pour effet que ces voisinages ont méme cohomologie que la limite induective,
done celle de Vespace euclidien EF).

Ce résultat se généralise immédiatement aux images réciproques par des applica-
tions t-régulieres. On a:

i une application f : V*—> M?® est t-régulidre sur la sous-variété N de codimension
q, Vimage réciproque f1N) est une sous-variéié homologique de codimension q.

Ce résultat s’6tend également aux variétés & bord: si Q" est une variété & bord
triangulée, de bord V, et si f: Q" est {-régulitre sur N < M, Vimage réciprogue
par f de N est une sous-variété & bord homologique X, de codimension g, dont le
bord Y est une sous-variété ¥ de V, de codimension ¢ (également homologique).

Nous allons maintenant définir entre variétés triangulées une relation d’équi-
valence qui généralise quelque peu la notion d’équivalence combinatoire.

DaFinrTioN. Variéiés J-équivalentes. Deux variétés triangulées V, V" seront dites
J-équivalentes si: (1) Elles ont toutes deux méme type d’homotopie (T}; (2)
Elles sont cobordantes et il existe une variété & bord triangulée @ admettant pour
bord VU V' (V — V' si ¥V et V' sont orientées), dont le type d’homotopie est
{1, et telle que les injections ¢: V—Q, ¢’ : V— soient des homotopies-équi-
valences.

Dans ces conditions, chacune des variétés V, V' est rétracte par déformation de
@; la construction usuelle faite sur les variétés cobordantes montre qu’on a bien 13
une relation d’équivalence; il y a transitivité. On ne connait pas d’exemple de
variétés ayant méme type d’homotopie qui ne soient pas cobordantes; par contre,
il existe des variétés (de dimension 7) qui ont méme type d’homotopie, mais ne
satisfont pas & la condition (2), et ne sont done pas J-équivalentes,

DiFmrTIoN. Sous-variéiés & structure orthogonale. On dira qu'une sous-variété W
de V", de codimension ¢, est & structure orthogonale normale, 8’il existe une
application. f de V dans le complexe M(SO(q)), i-réguliére sur la grassmannienne
@, telle que W soit 'image réciproque par f de la grassmannienne &,

Une sous-variété & structure normale orthogonale admet des classes caractér-
istigues normales (de Stiefel-Whitney et de Pontrjagin), images par f* des classes
corresopndantes de la grassmannienne & . Dans le cas ou V* est différentiable,
ainsi que f, ces classes sont les classes caractéristiques du fibré desvecteurs normaux.
Dans le cas généralisé des variétés triangulées, il n’y a plus de fibré des vecteurs
normaux au sens strict. Le plongement & structure normale orthogonale jouit de
plus de la propriété de transitivité énoncée dans le lemme:

LEMME 1. Soit P?~? une sous-variéié & siructure normale orthogonale de lo variété V*,
W~ ume sous-wariélé & structure orthogonale normale de P™7; dans ces conditions,
Wn~4=7 g5t une sous-variété & structure orthogonale normale de V*, ef cette structure o
mémes closses caractéristiques que le “joint” (ou sens de Whitney) de lu structure
normale de W dans P por la resiriction & W de la structure normale de P dans V.

Solent f: P—>M{SO@)), g: V-—> M(SO(g)) les applications qui définissent
W = fYG,), P==gYG). On peut supposer que I'application g plonge biunivo-
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quement P dans G, de telle fagon que des plans tangents & des cellules incidentes
se coupent en position générale. I’ application donnée f : P — M(SO(r)) se prolonge
différentiablement & un voisinage U de g(P) dans G,; soit f; ce prolognement
J1: U— M{80(r); on peut supposer f; {-réguliére sur G, puisque f; Uest, restreinte
& P; alors I'image réciproque par f; de G, dans U est une sous-variété Z de
codimension r dans U, donc de codimension (g -}- r) dans M(SO(g)). La structure
normale de Z dans M (S0(g)) est le joint de la structure normale induite de G, par
f1» et de Ia restriction & Z de Ia structure normale 3 G, dans M(S0(g)); I'application
g: V— M(80(q)) est ¢-régulidre sur Z, et Pon a W = g(Z). Ceci démontre la
propriété énoncée, '
La fonction =

Deux applications f, g de V™ dans M(SO(g)), t-régulidres sur ¢, homotopes,
définissent des sous-variétés W, W' images réciproques de @, par f et g qui sont
L-équivalentes au sens de{5] (il ne s’agit ici, toutefois, que de variétés homologiques).
Par suite, les index (W), «(W’) sont égaux. Ainsi: & toute classe d’homotopie
d’applications de V* dans M(S0(g)) est attachée de fagon invariante ’index des
sous-variétés réalisantes. C'est cette fonction = qui va nous permettre de définir
des classes de Pontrjagin rationnelles dans la cohomologie de V. Le résultat
précédent se généralise légérement comme suit: si V et V' sont deux variétés
J-6quivalentes (donc de méme type d’homotopie), les ensembles de L-classes de
V et V' sont isomorphes, I'isomorphisme de Ly(V) sur L,(V’) étant induit par une
homotopie-équivalence de V' sur V. Dans ces conditions, deux L-classes homo-
logues de V, ¥’ sont réalisées par des sous-variétés W, W’ qui sont cobordantes dans
la variété X de bord ¥V’ — V; done (W) = +(W’). La fonction + est ainsi un
invariant pour la classe de J-équivalence de V. En particulier, ¢’est un invariant
combinaioire pour toube variété triangulée V: en effet, deux variétés triangulées V,
¥V’ qui admettent des subdivisions isomorphes sont de ce fait J-équivalentes.

Dans [1], F. Hirzebruch a introduit une fonction +{u, v - - - w) qui attache &
tout systéme de classes de cohomologie de dimension 2 de ¥ I'index de Ia sous-
variété intersection compléte des hypersurfaces duales aux classes u, v+ --w.
Ce systéme de classes définit évidemment une IL-classe, et la fonction index
virtuel de Hirzebruch rentre ainsi dans le cas général de la fonetion 7{L,). Par suite,
cette fonction est un invariant combinatoire de V*. On verra plus tard que le
symbolisme de Hirzebruch se généralise au cas combinatoire; on pourra démontrer,
en conséquence, la relation fonctionnelle

7w -+ v, w) = v(u, w) + 7, w) — 7y, v, v + v, w)

comme dans le cas différentiable considéré par Hirzebruch.

Ceci nécessitera une définition généralisée des classes de Pontrjagin & P'aide de Ia
fonetion 7. Nous aurons besoin, dang ce bubt, d’un lemme de pure homotopie,
énoneé ci-dessous:

Levue 2. Soit K un complexe fini, de dimension n, B un complexe fini tel que
w; (B) = 0 pour §j <m. Si n < 2m — 2, Vensemble des applications de K dans B
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est muni d'une loi & addition (cohometopie), et I'ensemble des classes d'applications de
K dans B forme un groupe abélien G(K; B). 8t on désigne por € la closse des groupes
finis (au sens de 3. P. Serre [4]), alors G(X; B) esi isomorphe mod € aw groupe
Hom (H4(K; 2), H,(B; 2)).

Ou encore: G(K; BYRQ (@ corps des rationnels) est isomorphe au groupe
Hom (H* (B; @), H*(K; Q).

11 suffit de démontrer la propriété suivante: Si deux applications f, g de K dans
B induisent le méme homomorphisme f,., g4; H (K; Z)— H,(B; Z), alors il existe
un entier non nul N tel que les multiples NV - f et IV - ¢ soient homotopes.

En appliquant la propriété & la différence f — g, on se rameéne & démontrer.
8i une application f de K dans B induit un homomorphisme f, : H (K; Q)
H, (B;Q) qui est nul, il existe un enfier 20 N tel que N -f soit homotope
4 zéro.

Il est clair qu’on peut tout d’abord trouver un multiple g = N, - f tel que
Phomomorphisme ¢ induit par g sur les & homologies entiéres g, : H  (K; Z)—
H,(B; Z) soit nul. Soit 7' le cone sur K. On se propose d’étendre Papplication g de
K 4 T'; on se heurte & des obstructions qui sont des classes de H* (T, K; 7,(B)) oz
H,(K; w(B)). Or, @aprés un résultat classique en %-théorie, ’homomorphisme de
Hurewicz w(B)— H{B; Z) est un %-isomorphisme pour ¢ < 2m. 8i w(B) est
d’ordre fini m, toute classe obstruction w € HYK; m,(B)) peut étre annulée en
remplagant Vapplication g par sa multiple m - g. Si «,(B) n’est pas fini, on lui
substitue le groupe %-isomorphe H (B; Z); la classe %, image de w € HYK; = (B)),
n’est autre que I'image par g* de la classe fondamentale Hom H (B); H (B)) ==
HYB; H/(B; Z)). Par suite, cette image @ est nulle mod %, et 'extension est
possible aprés une éventuelle multiplication.

Nous sommes maintenant en mesure de définir les

CLASSES DE PONTRIAGIN RATIONNELLES. On allache & toute variété triangulée
orientée V (ainsi quw'a toute variété & bord orientde) un systéme de classes p, € HY
(V' @), univoquement définies par les axiomes suivanis:

NHp=1

(2) TrorimE pE “DUALITE’. 8i W désigne une sous-variété de V" & structure
normale orthogonale (de classes novmales n,, de classes “tangentes” g;), et si i désigne
Pingection de W dons V; on a:

@) A +p+petrp)=0+Fntayt o+ n)Ud+ g+ g

(3) ForMuLE DE L'INDEX. Pour foule wvariété iriangulée V¥, on a ~(V¥)=
L), 1; polynome (L) de Hirzebruch (cf. [17).

Pour démontrer que eces axiomes définissent effectivement des classes p,, on
procéde par induction sur indice ¢. Supposons qu’on veuille définir la classe py.
Sur les variétés de dimension 4, la valeur de p, est donnée par ’Axiome 83 = p, €
HY M%) = 3 7(M*%). On va définir p, dans les variétés de dimension >10; on peut
toujours se ramener & ce cas; en vertu de PAxiome 2, en effet les classes p; d’une
variété V et celles du produit de ¥ par une sphére 8¢ de grande dimension sont
les mémes. Sila dimension » de 1a variété ¥ est > 10, onpeut affirmer que ’ensemble
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L, des classes d’homotopie d’applications de V* dans M(SO(n — 4)) est muni
d’une structure de groupe abélien, Paddition de deux classes correspondant & la
réunion des variétés représentatives. Il existe un homomorphisme canonique & de
L, sur H,(M; Z), & cause du fait, démontré en [5], que toute classe d’homologie de
dimension 4 d’une variété peut étre réalisée par une sous-variété & structure
orthogonale normale. Soit z € H, (M ; Z); on réalise la classe z par une sous-
variété & structure orthogonale normale W*, de nombre de Pontrjagin normal ¢.
L’axiome 2 donne alors la valeur de ¢*(p,) sur W:

(2) *(pg) =37(W) + ¢,

Le second membre de (2) est évidemment un invariant de la L-classe de W, et
définit par suite un homomorphisme g de L, dans Z. Pour démontrer que cet homo-
morphisme ¢ définit un homomorphisme du groupe H,(M; Z) dans Z il suffit de
montrer que g s’annule sur le noyau Y* de ’homomorphisme h: L,— H,(M; Z). La
cohomologie de M (SO(n — 4)) comprend: un générateur U en dimension » — 4, et
un générateur X en dimension #, en coefficients rationnels. Il résulte du Lemme 2
que L, ® @ est isomorphe au produit H*4(V*; Q) ® H»V*; Q); toute classe de
L, ® Q est entitrement déterminée par la donnée des deux classes images f*(U) et
F*(X). La premiére de ces classes, f¥(U) est duale de la classe d’homologie de la
sous-variété correspondante; pour une classe de Y2 ® @, on a f*(U) = 0; par
suite Y% @ @ est isomorphe & HYV"; Q). Si V™ est connexe, Y ® ¢ n’a qu'un
générateur, qu'on peub aisément expliciter. Dans un simplexe de dimension
maximum de V%, plongeons le plan projectif complexe PC(2); une telle sous-
variété est définie par une application f: V*— M(SO(n — 4)), dont voici le type
d’homologie: Papplication f se factorise en V”—;;S"—» M(SO(n — 4)), ot h est de
v

degré 1, et ot I'application v a une type d’homologie aisé & ealouler. La classe
normale g, de PC(2) plongé dans S est donnée par la formule classiome de dualité
goit 0 = 37 + g; et Pon a v¥(X) = ¢*(g;) = —3 § (§ classe fondamentale de
H™(8™); done f*(X) = —3 V" Sur PC(2), le second membre de (2) donne par suibe:

37+ q,(PC(2)) = 0.

Le second membre de (2) est donc nul sur le noyau ¥ ® @, et la classe p, est ainsi
déterminée (c’est, en ce cas, un &lément de Hom (H,(V™), Z)).

Reste & montrer que les classes p; ainsi définies vérifient les axiomes 1-2-3.
Pour 1 et 3, ¢’est évident, Pour vérifier axiome (2), considérons une sous-variété
P de V™ & structure orthogonale normale, eb soit j I'injection de P dans ¥, ¢, la
classe (p,) normale de P dans V. Il faut montrer que, si on désigne par p%, 7, les
classes p, de P et V resp., on a :

3) ") ="+ ¢
On prend la valeur des deux membres de (3) sur une sous-variété Z* de P ¢ structure
orthogonale normale (de classe normale ¢,). On obtient:

37(Z) + (2 + ¢) =37(Z) + o1+ 0y
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en remarquant que la structure normale de Z dans V¥ est le joint de la structure
normale & Z dans P par la restriction & Z de la structure normale de P dans ¥V
(Lemme 1).

L’existence des classes p, étant ainsi établie, on montre par induetion sur P'indice
¢ Vexistence et Punicité des classes p,. Supposons done établie, pour toute variété
triangulée, P'existence des classes p,, j << 4. On définira p, tout d’abord sur les
variétés V% de dimension 4i grice & la formule de I'index (Axiome 3) +(V*) =
{@{p,), V4. Observons, de fagon essentielle, que le coefficient (rationnel) de p;
dans le polynéme L, de Hirzebruch n’est jamais nul (ef. [1]).

On détermine ensuite les classes p; dans les variétés de grande dimension n >
4¢ + 2; on peut toujours se ramener & ce cas en faisant le produit de la variété
par une sphére de dimension assez grande. Comme tout-4-I’heure, on détermine p,
d'une variété M en caleulant la valeur prise par p, sur une sous-variété X4 de
dimension 44, 3 structure normale orthogonale; on sait en effet qu’il existe une base
de T'’homologie rationnelle H,,(M; Q) constituée de sous-variétés & structure
normale orthogonale. L’axiome (2) permetira dés lors d’évaluer (i%(p,), X*)
en fonction de mombres caractéristiques tangents p; - - -p, (X*), de nombres
nOrmauX g; * g;,(X*), et de nombres mixtes Ps," " * 43, (X). Il résulte immédiate-
ment de cette expression que la valeur prise par +*(p,) sur X# ne dépend que de Ia
L-classe de la sous-variété X%, c’est-a-dire de la classe d’applications g: M —
M(SO(n — 44)) qui définit X*, De plus, cette expression, définit, par réunion des
gous-variétés réalisantes, un homorphisme du groupe L,; des L-classes dans le
groupe des rationnels Q.

Pour démontrer que cet homomorphisme définit une classe de cohomologie p,, il
suffit de vérifier qu’il s’annule sur le noyau ¥* de ’homomorphisme canonique
Ly — Hy (M5 Q). Avant de vérifier ce fait, il nous faut déterminer ¥4 @ Q.

D’aprés le Lemme 2, le groupe L,, ® @ est isomorphe au groupe
Hom (H*(M(SO(n — 43)), H*(M; Q). Or H*(M(SO(n — 41))) est 'image par
Pisomorphisme ¢* (qui augmente la dimension de n — 44) de la cohomologie de Ia
grassmarmienne G,_,,, i.e. une algdbre de polynomes § (g;, ¢y, * * - ¢;) engendrée
par les classes de Pontrjagin g, € H¥(G,_,,; Q). Un élément de L,; ® @ est done
déterming, dés qu’on s’est donné les images, par ’homomorphisme f* induit par
F i1 M — M(SO (n — 43)), de toutes les elasses ¢* (@5," " 44,), o (g;~ -+ 4,,) parcourt
tous les monomes en g; de poids total <i. En particulier, Pimage f*$*(1) donne
precisément la classe © € H* (M ; @), duale, par la dualité de Poincaré, 3 la sous-
variété X définie par f. Les éléments du noyau Y4 ® @ sont done caractérisés par
1e fait que f*¢*(1) = 0, les f*¢*(q, - - - g;) pouvant par ailleurs &tre des classes
arbitraires de H*(M). On va exhiber un systéme de générateurs pour le noyau
Y% @ @; pour tout indiee r < 4, on formera un sous-groupe Y7 de L-classes, tel
que, 8i g;, - * -, ¢;, constitue une base des polynomes de poids r (base de H*"(@)),
on ait:

f*(‘ﬁ*(qaa STy 9';,) = ?/;';,-,..‘,-, € HH'.-MT(M; Q)
avec f*(‘ls*(qila ey 9;,,,) =40
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si Sim>r

et J* (‘i’*(qa'f Tt Qj,) SRRl PR )
si 2j, <1, les 2; étant des classes de M fonctions des y; ...; supposées donnés
aPavance dontnousn’aurons pas & nous préoccuper. Il est clair, dans ces conditions,
que tout élément de Y% ® Q est combinaison linéaire d’éléments de Y%, olt 7 varie
de 1 4 4. On va réaliser les Y7 par des applications f de M dans M(SO{n — 4i)) d’un
type spécial.

Applications de type zéro

Rappelons le théortme de J.-P. Serre [9]: Etant donnée une classe de
cohomologie y € H* 444 ; Q) (n > 8i + 2), il existe un entier non nul N tel que,
pour une application b de M dans la sphére §7-%+2 de classe fondamentale s, on
ait h*(s) = N -y. On supposera cette application kb régulidre sur Phémisphere
Nord N de la sphére S*%+4 On se donne alors une sous-variété W4 de S"%,
supposée plongée dans hémisphére N. L’image réeiproque Z% = h—Y(W*) est
alors le produit topologique de Pimage réeiproque A~1(0) = V4% par W*. La
projection r de Z* sur V44 peut étre définie par un systéme de trajectoires .
orthogonales & la fibration définie par 'application %, et, dans la décomposition de
Kiinneth de la cohomologie de Z%, H*(Z4) = H¥(V44) & H*(W*), on peut
écrire, pour toute classe y de H*(V4—4), r*(y) = y @ 1. Désignons alors par ¢ et
7 les injections de V¥—4 Z%, dans M. L’'injection j peut se factoriser en:

gul B (M) S,
et I'image réciproque AV} est homéomorphe au produit 2~1(0) X N; Papplication
r: Z% >V se prolonge en une rétraction par déformation r:hYN)—» V447,
11 en résulte que, pour toute classe x € H¥*(M), on a j¥(x) = k*(u*(x)), avec
w¥(x) = (r*)(¢*(x)). Comme k*(r¥*) = (#*) il vient j*(x) = i*(x) ® 1.

La sous-variété W4 étant différentiablement plongée dans 8724, il existe une
application g : §* 444 — M(SO(n — 41)), telle que V'image réciprogue par g
de la grassmannienne @,,_,; plongée dans M(SO(n — 43)) soit la sous-variété W4,
D’ou résulte, par composition:

3
a5 s 2y 3800 — 4i))

une application f de M dans M(SO(n — 41); 1a L-classe associée sera dite L-classe
de type zéro. On va montrer que sur la sous-variété Z* = f~3@G, ..} associée &
une L-classe de type zéro, on a

(*(pa), 2*) = 0.

Désignons par 3¢, la classe de Pontrjagin tangente de W*". La classe de Pontrjagin
du fibré des vecteurs normaux est alors donnée par:

G =120
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Désignons par Dq, la classe de Pontrjagin de Z,;, par >p, celle de M. La sous-
variété Z* de M est homologue & zéro dans M, car elle est homologue & zéro dans
FYN) =N x V40, 11 faudra done montrer que la valeur de la classe j*(p,) sur
le cycle fondamental de Z4* est nulle.

Or j*(p,) est donnée par Axiome (2):

(1) 2.0%Pe) = 24 2 [2m O

Pour & <C i, on sait que les classes p, existent, et, par suite, j*(p,) = i*{(p,) ® 1.
On aura done j%(p,} = 0 pour ¢ — r < k < i, (car 3*(x) est une classe de

H*(V%4)). Aprés avoir chassé le dénominateur, et supprimé les termes de degré
>43, (1T} donne:

(4) F¥@) = 2.¢; — 1+ +5(@2) + - + 30 ) - A*Z,,

La relation (4) est supposée par induction valable pour les termes de degré <C4s;
il suffit done de montrer que, si I’on porte dans (4) la valeur de ¢, donnée par la
formule de I'index, alors la composante de degré 4i du second membre de (4)
s’annule sur le cycle fondamental de Z%. On suppose dans ce but que W¥ et
V447 gont; connexes; ce n’est pas une restriction, car on peut toujours—dans ce
calcul—se limiter & une composante connexe de V¥4, b W% sera toujours
prise connexe.

On supposera nul le premier membre de (4}, et on en déduira la valeur de ¢;;
on obtient:

3 4= 25% @) - B* 3o

Cette relation est équivalente & celle obtenue en appliquant le ‘‘foncteur multi-
plicatif” ! (au sens de F. Hirzebruch):

En appliquant au cycle fondamental de Z* = V41 x W¥, ¢t en remarquant
que j*(p;) =i*(p;) ® 1, et que les classes 7%(p,), sont, pour j <4 —r, les
classes de Pontrjagin de la variété V41,

Cg5), 2% = (5¥i_p(p,) - * Lcn), 2%
= {:(p]) - B* L (c,,), Z%)
= (li_r(p}’) . V4(z‘-—r)> (lr("m) W4r>
soit T(VHED) « (W) = 7(Z%).

La valeur de I(g;) est donc précisément celle que donne la formule de l'index,
puisque Z* est homéomorphe au produit ¥4+ x W%, Nous avons donc bien
vérifié que (j*(p,), Z*) est nul, propriété que nous devions démontrer pour
toute L-classe de type zéro.

11 reste & vérifier qu’on peut engendrer tout le noyau ¥, @ @ avec des L-classes
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de type zéro. On le voit comme suit: Rappelons d’abord que, si I’on associe & toub
mondéme de poids 7 p; - - - p; un rationnel m, ...,, il existe toujours un entier
non nul N tel que les entiers N - m; ...; soient les nombres caractéristiques
(tangents ou normaux) d une variété W*'; on peut réaliser W%, par exemple, comme
une somme de produits d’espaces projectifs complexes de dimension (complexe)
paire (cf.[1]). Cela étant, supposons qu’on veuille construire expliciternent une
L-classe de M vérifiant les relations: g*¢*(p; - - - p;) =m; ...; -y, ol les images
g*¢*(p,1- -+ p;) sont toutes multiples d’une méme classe y & H"~t4" de M. On
réalisera la classe y (ou une classe multiple N;-y) comme image de la classe
fondamentale d’une sphére 874447 puis on plongera dans §" 4447 une sous-variété
W% dont les nombres caractéristiques normaux Py, Py, sont proportionnels aux
rationnels m; ...; . On aura ainsi défini une L-classe répondant-—4& un facteur entier
prés—aux conditions demandées. Cette L-classe est de type zéro, et il est clair que
tout élément de Y7 est combinaison linéaire & coefficients rationnels de classes de
cette forme. Nous établissons ainsi que les classes de type zéro engendrent tout le
noyau Y%, Ceci démontre done lexistence des classes p,. Il reste & démontrer que
ces clagses p; satisfont aux Axiomes 1, 2, 3; la seule démonstration non triviale est
relative & I’Axiome 2; elle est entiérement analoque & celle donnée pour la classe p,,
aussi nous ne la répéterons pas iei.

Nous avons explicité la démonstration précédente dans le seul cas, ott M est une
variété compacte; si M est une variété & bord, de bord ¥, on doit remarquer que la
cohomologie H4 (M) et I’homologie H, (M) (homologie singulitre des chaines finies)
sont des espaces vectoriels duaux sur les rationnels. 11 suffit done de réaliser les
classes de H,,(M; Q) par des sous-variétés & structure normale orbthogonale; on
est ainsi ramené & étendre la théorie de la réalisation des classes au cas des vari-
&tes & bord, ce qui ne fait aucune difficulté: les L-classes d’une variété & bord M,
de bord ¥V, correspondent biunivoquement aux classes d’homotopie des applica-
tions de M dans le complexe M(SO(n — 4¢)) qui envoient le bord V sur le point “a”
compactifiant de M(80(n — 44)).

1l résulte de la démonstration précédente que les classes p, sont déberminées
exclusivement et univoquement 3 partir de la foncbion » agsociée & toute L-classe.
Il en résulte que les classes p, (en coefficients rationnels) de deux variétés J-
équivalentes V et ¥’ se correspondent par la J-équivalence. En particulier, si V eb
V* sont deux complexes simpliciaux isomorphes, leurs classes p; se correspondent
par ceb isomorphisme (invariance combinatoire des clagses de Pontrjagin).

Soit ¥ une variété (topologique) triangulée; elle admet de ce fait des classes
;581 V admet une structure différentiable (S) pour laguelle 1a triangulation donnée
est différentiable (i.e., les simplexes sont des sous-variétés différentiablement
plongées), alors les elasses de Pontrjagin de la structure (S) sont les classes p, de la
structure “différentiable par morceaux” associde & la triangulation; ces classes
sont alors des classes entiéres. Nous obtenons done ainsi:

TriorimE. Pour quw’une variété V, différentiable par morcenuz, puisse éire munie
d'une structure différentiable globale gui induise la structure diff. por morceaus
donnée, il fout que les classes p, assocites soient des classes entidres.
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Relations avec la Hauptvermutung

Soient K, K’ deux complexes simpliciaux, f: K — K’ un homéomorphisme de
K sur K’. On peut alors donner & la Hauptvermutung de la topologie les deux
formes suivantes:

Forme faible. Les complexes K et K’ présentent des subdivisions simpliciales
isomorphes.

Forme forte. Les complexes K et K’ présentent des subdivisions simpliciales
isomorphes, et ’homéomorphisme g défini par cet isomorphisme est arbitrairement
voisin de f.

Si Pon admet la forme forte de la Hauptvermutung, il en résulte que deux
variétés V, V' différentiables et homéomorphes admettent des subdivisions
simpliciales diff plongées isomorphes, et lisomorphisme entre polyddres est
arbitrairement voisin de ’homéomorphisme donuné; dans ces conditions, les classes
de Pontrjagin de ¥ et V' se correspondent par cet homéomorphisme. En admettant
done la Hauptvermutung sous sa forme forte, on en conelut que les classes de
Pontrjagin, prises & coefficlents rationnels, sont des invariants topologiques de la
variété.

Si on admet seulement la forme faible de la Hauptvermutung, on peut seulement
affirmer l'invariance des classes p, € H*(V; @) modulo un automorphisme de la
variété V.

Soit ¥ une variété polyddrale; et soient p, € H*(V; @) ses classes de Pontrjagin:
supposons que V admette par ailleurs une structure différentiable, méme sans
aueun rapport avec la triangulation initiale. La Hauptvermutung (forte ou faible)
permet alors d’affirmer que les classes de Pontrjagin (rationnelles) de ces deux
structures se correspondent; done les classes p, de la structure triangulée sont des
classes entieres.

Exeveres. Désignons par B(h, p) le fibré de base 8%, fibre S% admettant pour
invariant de Hopf %, pour nombre de Pontrjagin p,(8% = p. 8i 2 =0, le fibré
admet une section, et B(0, p) a méme cohomologie que le produit S* X 83%; la

"classe p; de cette variété est alors p - 8%; on peut par suite afficmer que les fibrés
B(0, p) et B(0, p’), olt p différe de p’ sont combinatoirement distincts.

J. Milnor a montré récemment [2] gue Ies fibrés B(1, p) (p = 1 mod 2) sont tous
isomorphes 4 la sphére 87, 'homéomorphisme ne pouvant toutefois pas, dans
certains cas, étre rendu différentiable. En ajoutant au “mapping cylinder” du
fibré B(1, p) une boule de dimension 8 dontle bord 87 s’identifie & B(1, p), J. Milnor
obtient une variété triangulée M¥ dont la seconde classe de Pontrjagin p, n’est
pas, en général, une classe entidre. Si'on admet la Hauptvermutung, cette variété
ne peut par suite étre munie d’aucune structure différentiable globale. On voit
ainsi que le conjecture—communément admise—: “Toute variété polyddrale peut
étre munie dune structure différentiable globale” est contradictoire avec la
Hauptvermutung, méme sous forme faible.

GENARATISATION AUX FIBRES, Soit £ un polyédre, p une application de F sur un
polyédre B; on suppose Papplication p homologiquement localement triviale, la
fibre p~(z) ayant la cohomologie de l'espace euclidien RX (I’image réciproque
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pHU) de tout ouvert U assez petita méme cohomologie que le produit U x RE).
Supposons B plongée dans une variété & bord ¥ dont B est rétracte par
déformation; alors la rétraction r : ¥ — B définit un fibré induit de B, Q sur Y'; Q est
également une variété & bord contenant ¥ comme sous-variété; on a dans Q et ¥
des classes de Pontrjagin; la formule de “dualité” de I’Axiome 2 permet alors de
définir dans la cohomologie de ¥ des classes de Pontrjagin normales g;. On peut voir
aisément que les restrictions 8 H*(B) de ces classes ¢, sont indépendantes de la
variété 3 bord Y choisie; on pourrait prendre en particulier un voisinage de B pour
un plonguement rectilinéaire de B dans un espace euclidien de dimension assez
grande. Les classes ¢; ainsi définies (3 coefficients rationnels) sont des invariants
combinatoires de 'application fibrée p : E— B. Si cette fibration admet SO(k)
pour groupe de structure, on retrouve les classes de Pontrjagin de la fibration au
sens usuel.
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A SPECTRAL RESOLUTION OF COMPLEX STRUCTURE

D. C. SpexcER

In order to motivate the main result of this paper, we consider the simple
special case of complex euclidean m-space C™ with coordinates z,, - * -, 2, and with
the usuval euclidean hermitian metric (which is kdhlerian). A harmonic of degree
% is a homogeneous polynomial of degree n in the coordinates z,, - - -, 2, and their
conjugates Z;, - - *, %, 'which is annihilated by the laplacian A =4 3™ ,0%(02,0%,.
We shall say that a harmonic of degree n is of type (p, 9), p +q=1=n, if it is
homogeneous of degree p in the coordinates z,, homogeneous of degree ¢ in the
%,. Given an arbitrary homogeneous polynomial u of degree n, we have the unigue
decomposition v = 3 . . %, where u,, is homogeneous of degree p in the z,
homogeneous of degree ¢ in the Z,. Since Au,, is homogeneous of degree p — 1 in the
2,, homogeneous of degree ¢ — 1 in the Z,, we conclude from the independence of
the Aw,, that Au =0 if and only if Au,, = 0 for each u,,. Hence the complex
vector space H” of harmonics of degree 7 has the direct-sum decomposition
H* =3, 4w H?? where H??is the subspace of harmonies of type (p, ). We remark
that this decomposition of harmonies is analogous to the decomposition of har-
monic differential forms according to type, but differs from the latter in that the
integers p, g are not restricted to be less than or equal to the complex dimension m.

If we consider the complex euclidean wunit ball ¥ = {leﬁLllzx!z < 1}, the
barmonics of type (p, ¢) may be characterized by the property that their boundary
values are eigen-functions belonging to the eigen-value 3g/(p + ¢+ m — 1)20f a
certain operator acting on the Hilbert space of norm-finite funetions in the bound-
ary of V where the scalar product is defined in terms of the metric induced in the
boundary. The vanishing eigen-values characterize holomorphy since the harmonics
with ¢ = 0 are precisely the holomorphic ones.

The purpose of this paper is to generalize the preceding considerations to an
arbitrary compact submanifold ¥ of an almost-complex manifold X with hermitian
metric whose almost-complex structure is integrable in a neighbourhood of the
boundary of V. It is necessary to assume that the boundary of V is smooth, more
precisely that the boundary of V is a differentiable submanifold of X which is
regularly imbedded. We establish the existence of a basis for a class of sufficiently
smooth harmonie functions in V which is bigraded according to type in the same
manner as the harmonic polynomials of complex euclidean space. The funetions of
the basis are determined by a generalization of the eigen-value property described
above, and the vanishing eigen-values characterize holomorphy. Thus we obtain
generalized harmonics of type (p, g) which we call Stekloff functions since they
generalize classical real eigen-functions studied by Stekloff, a fact which was called
to the author’s attention by M. Schiffer.

For the sake of completeness we begin in Section 1 with a general discussion of

68
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structure, in particular almost-complex structure, along lines formulated by H. K.
Nickerson and the author. We assume the definitions of local category and faithful
functor as given by H. Cartan and 8. Eilenberg in another part of this volume.
This section (Section 1) is independent of the remainder and may be omitted by the
reader.

1. Structure on a space, almost-complex structure

Let A be a subcategory of the category of topological spaces and continuous maps
which satisfies the conditions that any open subset of an object of .# is an object of
A and that the restriction of any map of .# to an open subset of its domain is a
map of A. The maps of A will be called regular maps. We remark that .4 is a
local eategory in the sense of Cartan and Eilenberg,

Let X be a topological space. For each open U < X lot .ﬂ' {U) be the sub-
category of .# consisting of objects homeomorphic to U together with the maps
connecting objeets of A (U). Let

8(U) = {g|p a homeomorphism from an object of .#(U) onto U}.
If ¥ = U, we have 8(U)— 8(V) where ¢ € 8(U) goes into (¢~¥)~1. Also let

GU)={(g, e v e8(0), g=gloy,g,9 ehU)}

Then we have the restriction map G(U)— G(V) where (p, 9) goes into
(@ Y7y V) Y. An element of G(U) is an identity if it is of the form
(g, 0),pe S(U) The product (p;, q) * (@, ¥,) is defined in (U) if and only
if ¢y = @, in which case (@, 1) > (@y, V) = (@1, ¥5). I is clear that the product
commutes with restriction so the restriction is a homomorphism in the sense of
groupoids. Finally we denote a general element of G(U) by g.

The assignments U —> G(U), U —> S(U) define preshaves on X inducing sheaves
which will be denoted by @, § respectively.

g eGU),g=(p ), ¢, v €8(U), we shall say that ¢ and p are equivalent,
and we shall denote the equivalence classes of S{(U) modulo G{U) by S(U)/G(U).
Then U — 8(U)JG(U) is a presheaf inducing a sheaf on X which will be denoted by
8/G. An A -structure on X is an element of HYX, 8/@).

A 1-cochain with values in G defined on the nerve of an open covering I = {Ui}
of X is an assignment U,; — g,; whereg,; e G(U;), U,; = U, n Uy, and (i) g, = g5
(i) gsp% ° Gsm 18 defined where g,;, denotes the image of g:; under G(U .} — Q(U ),
Uyp=U;nU;nU, The coboundary &:{g;}— {g:n} I8 deﬁned by 9=
Disp ® Tinis © Trapg» Jise € HU i), and a 1-cochain {g,;}is a coeycle if g, = 1,5, where
1, is an 1dent1ty of G(U,). Two 1-cocycles {g,;}, {7;;} are cohomologous if §; =
Gii ° us ° gﬂ, where g; € G(U ;). Then HYX, G} is defined as the direct limit of the
HY\W, Q) : HY{X, () = 13)11 HY{(Y, Q).

The coboundsry map 6* : HYX, §/@)— HYX, @) is defined as follows: let
¢ € HY(X, 8/G) be represented by {U, ;, M}, : M~ U, 0,€S8(U,), M, M4 (U,);
then 6* ¢ € HY(X, @) is represented by g;; = (@, 945} Where @, = (97 Y|Uy) L
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Let ¢, ¢ € HYX, S/G) be two .# -structures. Then ¢, € are said to be equivalent if
there exists a homeomorphism f: X — X and representations {U, ¢, M},
{V., v, .} of ¢, G respectively such that g, = p; Lo f o p; € M(U,) wheref, = f|U,.

Given an arbitrary homeomorphism (continuous) f: X — X, then

J*: HYX, §8/@) - HYX, §8/G)
(transport of structure) is bijective. Similarly f*: H{(X, &) — HYX, G} is bijective.

Let F be the group of homeomorphisms (continuous) of X onto X; then F
operates on HYX, 8/G), HYX, @) and we say that two elements of either set
are equivalent if one is transformed into the other by f*, f € F. We denote
by HYX, S|G)|F, HYX, GY|F respectively the sets of equivalence classes of
HYX, 8]G).HYX, G). Since it is clear that §*(f* ®) = f*(5* %, ® € HYX, S/®),
there is an induced map n*: HYX, §/@)[F —» H(X, @)/ F such that the following
diagram is commutative:

HYX, 8|G) ——> HYX, S|G)|F

I b
HYX, @) —> HYX,G|F

TaroreM 1.1. The maps &* and n* are injective,

The proof is straightforward and will be omitted.

If A is a Joeal category whose objects (models) are the same as those of 4 but
whose maps define a sheaf of groupoids G - containing G ,, there is a faithful
functor 7' : M — A" which induces maps such that the following diagram is
commutative:

HYX, (8/@).4) —> HYX, G.4)

l l

HYX, (3/6).) —> HYX, G.p).

The local category .# for almost-complex structure may be defined as follows.
The objects of A are pairs (M, s) where M is a subdomain of veal euclidean 2m-
space R#™ and where s : M — P X g0 isa differentiable cross-section of the bundle
P X g @ associated to the principal tangent bundle P of M, H = GL(2m, R) (group
of P), @ = GL{2m, R)/GL(m, C). By differentiable we shall always mean differen-
tiable of class C®. The map s defines a (differentiable) reduction of the structure
group GL{2m, R) to GL{m, C) (regarded as a real subgroup of GL{2m, R)), and this
reduction in turn defines a direct-sum decomposition of the eomplexified tangent
bundle CT of M, CT =T ®zC, C the trivial bundle M X €, namely: 0T =
P(CT) @ Q(CT) where Q(CT) is isomorphie to P(CT) under conjugation, Q(OT) =
P(CT). This splitting induces a direct-sum decomposition of the complex vector
space of differential forms on M according to type; projection onto the space of
forms of type (p, ¢) will be denoted by T, .. The exterior differential d operating
on the differential forms splits: d = @ -+ d where 8 is the anti-derivation of degree 1
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of the exterior algebra of differential forms which is characterized by the following
two properties: (i) for a function f, 9f = P*(df) = [1;,¢ (&f); (i) 0d + dd = 0. The
conjugate 3 of 9 is defined similarly with @* = P* = [, , replacing P* =T], ,.
The maps of the local category .# are those differentiable maps f whose induced
homomorphisms f* of the exterior algebra of differential forms commute with 0.
An element ¢ € HY(X, (3]G} ,) defines an almost-complex structure on X and, if
X is paracompact (which includes Hausdorff) we shall say that X (with structure c)
is an almost-complex manifold of complex dimension m. If 4" is the local category
for differentiable structure whose objects are subdomains of R#™ and whose maps
are all differentiable maps, there is a faithful functor 7’ : A& — A~ which induces on
X the structure of differentiable manifold and it is well-known (and easy to prove)
that X with the induced structure of differentiable manifold is orientable and has
a natural orientation. The compatible collation of the structure of the model
objects of # induces a decomposition of the space of differential forms on X;
projection onto the subspace of forms of type (p, ¢) and the splitting of the operator
d will be denoted by the same letters as for the model objects. A function which is
annihilated by 8 will be called holomorphic; the holomorphic functions obviously
form a ring. Finally let J = V. :jlﬂ(]__j_'l,0 — I1o,1); then J is an operator on the
space of 1-forms satisfying J? = —1.

On the other hand, given a differentiable manifold (X with an A -structure), an
almost-complex structure (if it exists) is defined by a differentiable cross-seetion
8: X— P X g@ofthebundle P X 5 ¢} associated to the principal tangent bundle P
of X where H and @ are as defined above. Two almost-complex structures are homo-
topicifthe corresponding maps sy, 81 : X — P X 5§} are homotopic in the usual sense,
that is if there exists a differentiable maps: X X I—> P Xz Q, I= {0 <t < 1}
which satisfies s|X X 0 = s, 6]X X 1 =s;. We denote by ¢; € HYX, S/G) the
structure defined by s, = s!X Xt

An almost-complex structure is integrable if and only if 62 = 0 (which is equi-
valent to the condition 02 = 0).

If X has an almost-complex structure, the sheaf §/G induced by the presheaf
U— HYU, (S/®) is the sheaf of germs of almost-complex structures. A germ of
(8/6),, = € X, is represented by an almost-eomplex neighborhood U whose structure,
if U is a cell, is defined by a differentiable map f: U—> @ = QL(2m, R)[/GL{m, C).
Two germs of (8/G), will be called equivalent if they are represented by almost-
complex neighborhoods U,V of X whose structures, defined by (U, ¢, M), (V, 9, N),
are connected by a homeomorphism f: U~ ¥ carrying x into @ such that g =
gLofoypisamap of A.

Denote by (8/@); the subsheaf of S/ composed of germs of integrable almost-
complex structures on X. A germ of (S/G), will be called kéhlerian if it is represented
by a kihlerian almost-complex neighborhood of .

TuroreM 1.2 (E. Calabi). ((S8/G),), is the subset of (S{G),, composed of kiihlerian

TS,
¢ The construction of a local Kihler metric is achieved by choosing a real differen-
tiable function @ in a neighborhood of @ which vanishes at x together with its
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gradient dp and which satisfies the further condition that its matrix of second
partial derivatives is positive-definite at z. Let w = —3§ ][, d/dg; then o is the
fundamental 2-form associated with a positive-definite hermitian metric in a
neighborhood of « and it can be verified that w = —} dJdp + 7(dp) where 7 is the
torsion tensor of the almost-complex structure: = = 0 if and only if 9% = 0. Thus
dw = 0, which is equivalent to the metric being kihlerian, if and only if the
structure is integrable.

2. Spectral resolution of the structure

A finite sub-manifold ¥V of a differentiable manifold X is a subdomain of X
whose closure is compact and whose boundary is a differentiable submanifold of X
which is regularly imbedded. It follows, in particular, that the boundary of a
finite submanifold V consists of finitely many connected components.

Now let V be a finite submanifold of an hermitian almost-complex manifold X
of complex dimension m with the induced almost-complex structure and metric
and assume that the structure is integrable in some neighborhood in X of the
boundaryof V. We shall denote the boundaryof V by bV ;bV is a real differentiable
manifold of dimension 2m — 1 with a riemannian metric induced from the hermit-
ian metric of X.

The hermitian metric of X induces a splitting of the tangent bundle 7 of X
restricted to a sufficiently smail neighborhood Uin X of bV, namely T =7, @ T,
where T',, is the bundle of tangent vectors along the geodesics orthogonal to 5V and
where 7', is the bundle of tangent vectors along the (2m — 1)-dimensional hyper-
surfaces orthogonal to the geodesics. This splitting defines a local-produet structure
on U, and we say that a 1-form in U is of type (1, 0) if it vanishes on the tangents to
the geodesies, of type (0, 1} if it annihilates the tangent spaces of the hypersurfaces
orthogonal to the geodesics. A differential form of degree p in U then splits
uniquely into the sum of a form of type (p, 0) (its tangential component) and a form
of type (p — 1, 1) (its normal component). Given a differential form ¢ in ¥ we shall
denote by i@, ng respectively the restrictions to bV of its tangential and normal
components.

Denote by H the Hilbert space of norm-finite fanctions in 5V, by Hy- the Hilbert
space of norm-finite functions in V, and by P, the subspace of H,, composed of
harmonic functions in ¥ which belong to the closure of the domain of the operator
d. Let W be a finite submanifold of X which contains the adherence of V in its
interior, and let @ be the Green’s operator (see [7]) of W :(Gy ¢)(y) =
(p(a), g, )y for any function @ in the Hilbert space Hy; of norm-finite functions
in W where (p, p)y, denotes the scalar product on W. Introduce the operator

@1) (@ @) = ﬁ TED @i, pek,

where dS, is the volume element of 5V. Then ¢ may be regarded either as a map
G :H— Py or as a symmetric completely continuous transformation G : H— H.
Lemma 2.1. The map @ : H—> H is injective {(kernel zero).
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Proow. Suppose that Gp =0 in H, ¢ ¢ H. Then Gg =0 In P, and in Py,_,
since Gg defines harmonic functions in ¥, W—V each of which has vanishing
boundary values (the boundary values of @ on bW vanish by definition of the
operator Gyy). On the other hand, n0Gp decreases by ¢ as the boundary of V is
crossed from ¥ into W— ¥ (Lemma 2.3.80f[5]); since n 0G g has vanishing boundary
values on either side of 6¥, we conclude that ¢ = 0 in H. We remark that the
hypothesis of the integrability of the structure near the boundary enfers into the
proof of Lemma 2.3.8 of [5],

Let T : H—> H be defined as T = nd@; then 7T'is a singular operator which has
been investigated in detail in the paper [5]. We denote the adjoint operator of 7' by
T*_1t was shown in [5] that the addition of bounded operators to 7', T'* makes both
operators regularizable in the sense of Giraud-Mihlin ({4, 6]) and this result implies
the following theorem:

TaEorEM 2.1. The operators T, T™* are bounded.

Next we show:

Levma 2.2. The operator G o T = G ° n0G is self-adjoint in H; that is G o T—=
T*o @,

Proor. We apply Green’s formula to Gp € Py, ¢ € H, and we obtain

Gp+ [ @ -dp-a3, = o309,
By passage to bV v
GndGg)— (G Ty, Gp+ f ndg) - Gop - dS,— (T* © G)gp.
Thus G o T = T* - G as stated. v
Let B : H— H be defined by
(2.2) B=G-T="T*s@Q.

Sinee @ is completely continuous and T' bounded (Theorem 2.1), we see that B is
a completely continuous, self-adjoint transformation, B : H—» H, B* = B.
Now let {1,}, {8;} be the eigen-values and eigen-functions defined by

(2.3) BB, = Ap;

where A, tends to zero as ¢ approaches infinity. We write
(2.4) B = {5,| Bf, = 1)
and adjoin the space

(2.5) A= {mii o; € H, Bmi = 0}

o obtain a complete orthonormal base {f,, o} for H, namely:
(2.6) H—BoA

Finally, let 8 == G(H) < Py,

2.7 8, =6GB)<P,, 8,=@GA)<cP,



74 D. ©. SPENCER

Wecall 8§ = 8; @ 8§, the set of Stekloff functions, and § is the subset of § consisting
of those funetions which are holomorphie in V.

Lumma 2.3, The eigen-values X, occurring in (2.3) are positive numbers.

Proor. We distinguish scalar products over V by affixing a subscript V; scalar
products in bV will carry no subscripts. Then if y, €8;, y, = Gf; € P, §; €B,
we have by Green’s formula:

(575: gyz‘)r = J;Vyi < (n E] Vo) + A8, = (GB;, n 5Gﬁz) :

_ = (B, Gn 5G13i) = zi(ﬂ» By = ii'
Thus A, > 0 which shows that 4, > 0 as stated.

We assign to each Stekloff function of 8, its corresponding eigen-value 4 where,
if y = GB, § € B, 1 is defined by (2.3) and we assign to each fumction of 8, the
eigen-value 4 = 0. The non-negative numbers 4 will be called Stekloff numbers;
their vanishing characterizes holomorphy in a Stekloff function: a Stekloff function
is holomorphie if and only if its Stekloff number is zero. In the case of the complex
euclidean ball V = {z| > |2,|* < 1}, we may choose W = €™, g(z, {) = 1/lz — {[2m—2
where Iz — Z] is the ordinary euclidean distance of the points 2, { € €™, and
we may verify that a harmonic of type (p, ¢) has the Stekloff number
Ape=13%9/(p + q +m —1)2 The bigradation of the Stekloff functions in the
general case will be carried through in §3.

Now let

(2.8) ; 0= {glpeH, T* p=0}.

Thus O spans the subspace of H which corresponds to boundary values of holo-
morphic functions in V (see [5]). The following result is obvious:
THEOREM 2.2. We have the orthogonal decomposition

(2.9) H=[TH)] o0,
where [T(H)] denofes the closure in M of the space of functions T(g), ¢ e H.

8. Bigradation of the Stekloff functions

We continue to assume that V is a finite submanifold of an hermitian almost-
complex manifold X of complex dimension m whose structure is integrable in a
neighborhood of the boundary of V.

Let + be a positive number and define

8.1) d, =7d -+ 0.

All the considerations of §2 remain valid with d, replacing 3. We shall distinguish
the operators of §2 defined in terms of d_ by affixing a subscript 7.

The operator 7', : H— H is defined to be T’ = nd,_G,[/(27 4 1), and we denote
the adjoint operator of 7' by T . The operators T',, T'F have been investigated in
detail in the paper [5] where it is shown that, for = > 0, these operators are regular-
izable in the sense of Qiraud-Mihlin ([4, 61). It is important to remark that, for
7 > 0, the space 8§, is isomorphic to € (complex numbers) and that O,, the space
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spanned by the boundary values of holomorphic functions, is also isomorphic to €.
We consider now the Stekloff numbers 1, 4, 2> 0, associated with the functions
of §_. As 7 tends to zero, each 1, converges to a Stekloff number of § and the vector
subspace of 8_ corresponding to 4, converges to a subspace of the space spanned by
the functions of 8 belonging to A =lm__, ;4. If 2 = lim A_ > 0, the space spanned
by the functions of 8 belonging to 4 is finite-dimensional.

We have the decomposition

(3.2) 8, =28,

where 8, is the finite-dimensional vector space spanned by the functions which
belong to A, v > 0, and similarly, for 7 =0,

(3.3) S= z s;,,

where 8, is finite-dimensional for 4 > 0.

‘Weshall say that two funetions f, g of 8 are equivalent if, for each sufficiently small
T > 0, there exist functions f,, g, belonging to the same 8, which converge to
[> g respectively. It is clear that this is a relation of equivalence, and to each equi-

valence class of §, there is associated a unique 1, im A_= A. Writing 9, = 4, — 4,
A =Tm 4, we have —0

(34) Ny =047 + 672 4 -+ 7* + O

where k may be any positive integer, and we associate to each equivalence class of
8, the first non-zero coefficient ¢, in the development (3.4), provided that such a
non-zero coefficient exists for some arbitrary large k. If no non-zero coefficient
exists, we assign the number 0 to the equivalence class. The real number deter-
mined in this way minus 4 will be denoted by r, and the Stekloff number 4 will be
denoted by s. We have then the decomposition.

(8.5) $=72,.5.,

and we say that the functions of §, , are of type (, s). The sum of the numbers r and
s is a generalization of the total degree of a harmonie and thus reflects the structure
of a Stekloff function.

In the case of the complex euclidean ball ¥ = {z| 3 |z,|2 < 1}, the harmonics
of type (p, q) span §, , where

7"_1 ?
T2t gtm—1)2

(3.6) B g
T 2(ptgtm—1)27

4, Homotopy and the principle of upper semi-continuity

Let X be a real differentiable manifold of dimension 2m with the two hermitian
almost-complex structures ¢,, ¢, connected by a differentiable homotopy of
structure where c, is an hermitian almost-complex structure for each f, 0 <t X 1,
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whose hermitian metric w, also depends differentiably on £. Let ¥ be a finite
submanifold of X, and let V, be ¥ with structure and metric induced from ¢,, w,.
‘We assume that there is a fixed neighborhood (independent of £} of the boundary of
V in X throughout which the structure ¢, is integrable for each {, 0 <t < 1. IEW
is a finite submanifold of ¥V containing the adherence of ¥V as compact subset, the
Green’s operator Gy, the corresponding operator G;, and the various other oper-
ators of Section 2 will vary continuously, and even differentiably, with £. We denote
dependence on ¢ by attaching a subscript.
For each {, 0 < ¢ < 1, we have the decomposition

¢1) S;,=8,,®8,,

where 8, , denotes the subspace of 8, spanned by the Stekloff functions of type
(r, 0) (holomorphic functions), 8, ; the subspace of 8, spanmed by functions of
type (7, s), s > 0. We say that the variation of complex structure is confinuous at
ty if and only if the decomposition (4.1) is continuous at the parameter point ¢, in
the sense that Him 8, , =8, ,, lim 8, , =8, , as ¢ approaches f,. We may also
define left and right eontinuity. The following result is immediate:

TuroreM 4.1 (principle of upper semi-continuity). As ¢ approaches i, lim 8, ,
< 8,4,

The foﬂowmg example shows that lim 8, , may be a proper subset of 8, , . Let
V, be the euclidean ball ¥ = {z | Sz, * < 1} with the structure ¢, of 6™ and with the
euclidean metric wy, and let V, be ¥ with the structure ¢, defined by a different-
iable homotopy such that ¢, coincides with ¢, outside the euclidean ball of radius
1/2. Define w, = T 1 (f)w,. Then, for all sufficiently small ¢ > 0, @, is a positive-
definite hermitian metric. If we make the deformation in such a way that ¢, is non-
integrable for ¢ > 0, then clearly 8, , is isomorphic to € for ¢ >> 0 while §, , is the
infinite-dimensional space spanned by the harmonics of type (r, 0); hence lim
8,,; = C is a proper subset of § .
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COMPLEX ANALYTIC CONNECTIONS IN FIBRE BUNDLES!

M. F. Amivam

Introduction

In the theory of differentiable fibre bundles the notion of a connection plays an
important role. It is therefore natural that we should investigate the corresponding
situation for complex analytic fibre bundles. It turns out that complex analytic
connections do not in general exist, and in this way we obtain an obstruction
element which corresponds in a certain sense to the curvature of a differentiable
connection. Under suitable circumstances this obstruction element generates the
characteristic cohomology ring of the bundle in a manner analogous to the differen-
tiable case.

The preceding ideas are applied in particular to a problem of Weil [12]. We show
how Weil’s main result fits into the general theory and we discuss various aspects of
the problem.

§1. Complex analytic connections

Let P be a principal complex analytic fibre bundle with a complex Lie group G as
structure group and a complex manifold X as base. Let J~ denote the tangent
bundle of P. Since G operates on P it also operates on & and we put @ = J/G.
An element of ¢ is therefore an invariant tangent vector field of P defined along one
of its fibres. @ has a natural structure of (complex analytic) veetor bundle over X,
and there is & homomorphism of @ onto the tangent bundle 7' of X induced by the
projection of P onto X. The kernel of this homomorphism is L(P), the vector
bundle over X (with fibre the Lie algebra L(G) of G) associated to P by the adjoint
representation. This can be seen as follows. The sub-bundle & of J consisting of
vectors tangential to the fibres of P is canonieally isomorphic with the product
bundle P X L{®). The action of g ¢ G is then given by (p, Vg = (pg, ad(g)™), so
that F |G = P X 4 L{G) = L{P).

Thus to every principal bundle P we can associate the exact sequence of vector
bundles over X:

(P):0—> L(P)—>Q— T—>0.

DErNTTIoN. A connection in P is a splitting homomorphism T'— @ of the exact
sequence &7 (P).

If f: T— @ is a connection in P, then @ o~ I{P) ® 7. In general however the
exact sequence &f(P) may not split, and we are led therefore to the study of
extensions of vector bundles.

1 Full details and proofs of the results stated here will be found in & paper of the same title
appearing in the Transactions of the American Mathematical Society.
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§2. Extensions of vector bundles

Let E', " be two vector bundles over X. Then an extension of & by E’ is an
exact sequence of veutor bundles over X ’

A:0>HE —>E—>E —0.

Two extensions 44, 4, of B by B are equivalent if there is an isemorphism
g : A,— A, which is the identity on &’ and E”. The classification problem is then
solved by the following result:

ProrostrioN 1. The equivalence classes of exiensions of E" by E' are in one-one
correspondence with the elements of HY(X, Hom (E”, E')).

Here E”, B’ denote the sheaves of germs of holomorphic sections of £” and E*
respectively. Hom (B, B') denotes the sheaf of germs of O-homomorphisms of E”
into E', where O is the sheaf of germs of holomorphic functions (cf. Serre [9]).

Proposition 1 follows from the general theory of fibre bundles (cf. Grothendieck
[61). We remark only that, if O—> E'—> E— E"— 0 is a given extension, ¥ is
loeally isomorphic with ' @ E”, and two different local isomorphisms differ by a
local automorphism of B’ ® E” of the form I -4 ¢, where I is the identity and
¢ : B — B locally.

§3. The obstruction element

By Proposition 1 the extension 7(P) corresponds to an element a(P) e
Hi (X, Hom (T, L(P))). If we identify Hom (T, L(P)} with L(P) ® Q! under the
canonical isomorphism? we may regard a(P) as an element of H1(X, L(P) @ &1). A
connection exists in P if and only if a(P) = 0. If X is a Stein manifold
HY{X, L(P) ® ') = 0, and so every principal bundle has a connection. The same
result holds in the differentiable case since the relevant sheaves are then fine. i X is
a compact complex manifold we shall see that ¢(P) is in general non-zero.

A case of special interest arises when @ = G.L,(C). In this case G is the group of
automorphisms of a vector space V, and L(G) = End V is the vector space of all
endomorphisms of V. If B = P X , V is the associated vector bundle it follows
that L(P) = End B — E ® E*, where E* is the dual of E. Hence, identifying the
corresponding sheaves, o(P) € HYX, End E ® 21).

§4. The characteristic ring

If P is a differentiable principal bundle, and if © is the curvature of
a connection we can construct the characteristic ring of P as follows. Let F be
an invariant polynomial of @ (which we assume to be compact), that is
F L) @z - ®@p L{G)— R is an R-homomorphism symmetric and invariant
under ad{®). Then F(@, - - - , @) is a closed differential form on X and so defines an
element of H*(X, R). By taking all the invariant polynomials F we obtain all the
characteristic ring (with real coefficients) (cf. Chern [4]).

‘We return now to the complex analytic situation. Let ¥ be an invariant poly-
nomial of G, thatis ' : L(G) @  * - ®¢ L(@)—>Cis a C-homomorphism, symmetric

2 As usual Q2% denotes the sheaf of germs of holomorphic differential forms of degree k.
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and invariant under ad(G). Then F induces a vector bundle homomorphism
F:L(P)® -+ ® L(Py— 1, where 1 denotes the trivial line-bundle. This in turn
gives rise to a sheaf homomorphism F : L(P) ® - - - ® L(P)-> 0. Using F we can
define a eup-product multiplication.

HY{X,LP) ® Q) & - - - @ H(X, L(P) ® Q) — H¥X, Q),

where k is the degree of F. We consider in particular the image of a{P) ® - - - ® a(P)
under this homomorphism, and we denote the resulting element of H¥(X, %) by
- P(a{P)). Then our main result is the following:

TeEorEM 1. Let X be a compact Kihler manifold, and G a semi-simple complex Lie
group or GL,(C). Let P be a principal G-bundle over X, and let a{P) be the obstruction
element defined by o (P). Then the set of F(a(P)) where F runs through the invariomt
polynomials of G is identical with the set of elements in the characteristic cohomology
ring of P. i

We remark first that, since X is a compact Kihler manifold, H¥*(X, %) is
canonically isomerphic with a subgroup of H*(X, (). Next, let G4 be a maximal
compact subgroup of G, Then the structure group of P may be reduced (differen-
tiably) to G,. Let ¥, < H*(X, R) be the characteristic eohomology ring of the
G-bundle obtained from P. Then, by the characteristic cohomology ring of P we
mean the ring ¢, ® ¢ < H*X, 0).

Two different proofs of Theorem 1 may be given, and we give brief indications of
- both.

(1) Let P, be a ¢4-bundle which is G-equivalent (differentiably) to P. Then it has
been shown by Nakano [8] and Singer [11] that there exists a differentiable connec-
tion in P, such that the induced connection in P has a curvature © of type (1, 1).
Moreover @ corresponds to a(P) under the Dolbeault isomorphism associated with
the vector bundle Z(P) (cf. [10]} Using this fact, the natural relation between
invariant polynomials of ¢ and those of &, and the multiplicative properties of
the Dolbeault isomorphism we obtain the Theorem.

(2) We first prove Theorem 1 for GL,{C). This is done, following Hirzebruch [6],
in three stages: (i) for line-bundles, (ii) for split bundles (i.e., bundles with the
triangular group as structure group), (iii) for general bundles. Cases (i) and (ii) are
easily proved, and (jii) reduces to (ii) by lifting to a bigger space (also compact
Kihler). The Theorem for a semi-simple group & now follows from the Theorem for
GL(C) by considering all complex analytic representations G— GL, (C) and vsing
a result of Borel-Hirzebruch {3]. This result asserts that every characteristic class
of P, may be expressed in terms of the Chern classes of the unitary bundle associated
to P, by some unitary representation of G.

Cororrary, Let X, G, P be as in Theorem 1, and suppose P has a connection.
Then all the characteristic classes of P are zero.

§5. Weil’s theorem

Let X be an algebraic curve, P a principal bundle over X. Then, by Serre’s
duslity theorem, XX, L(P) ® 1) is dual to H%X, L(P)*). In particular suppose
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that G = GL(C), and let ¥ be the associated vector bundle. Then L{P)* = End E,
and so HYX, L(P) @ £%)is dual to I' End #, the vector space of all endomorphisms
of B.

Let ' =F, @B, @+ -® F, be a Remak decomposition of E, that is each
E, is indecomposable. Then the E; are unique up to isomorphism [2], and it is easy
to show that a(P)=a(P;) ®--- @ a(P,) where P, is the principal bundle
corresponding to P;, and we regard End E, @ - - - ® End E, as a subsheaf of
End E. We may therefore suppose ¥ indecomposable. Then every ¢ € I" End £ is
of the form ¢ = AI + y, where I is the identity, 1 € 0 and p is nilpotent [2].
Finally we find

) (a(P), Ty = 2mi deg E,
(i) (@(P), p) =0.

Hence we obtain Weil’s theorem: ~

TasoreM 2, Let B = B, @ --- @ H, be a Remok decomposition of the vector
bundle B over the algebraic curve X. Let P be the principal bundle corresponding to .
Then P has a connection if and only if deg (B,) =0fori=1,---,¢q.

This form of the theorem differs slightly from that in [12]. However it is easy to
show that a principal G-bundle P arises from a representation of the fundamental
group of X : 7y (X)— G if and only if P has an integrable connection. Moreover
every connection over a curve is necessarily integrable. Thus Theorem 2 can be
rephrased as follows: P arises from a representation of the fundamental group if and
only if deg (B) =0fori=1,---,q.

§6. Higher dimensional variefies
In this section we shall consider the case when the base space X is an algebraic
variety of dimension greater than or equal to two. We denote by X, the intersection
of X with a general hypersurface of degree », and by P, or &, the restriction to X,
of the principal bundle P or the vector bundle &. We then have a standard exact

sequence of sheaves:
O0—E(—n)—>E-—~>E, —0,

where E(-—n) is the sub-sheaf of sections of F vanishing on X, and E,, is the sheaf
of germs of holomorphic sections of E,. A basic theorem {ef. [9]) asserts that
HYX,E(—n)) = 0 if ¢ < dim X and » is sufficiently large (depending on E).
From the exact cohomology sequence we then obtain, for sufficiently large »,

HYX, By~ HYX,,E,), ¢,9+1#dimX.

Thus, if a problem can be expressed in terms of cobomology groups of a vector
bundle, an induction argument for reducing the dimension of X is at our disposal.
‘We make two applications of this method.
(1) By considering the vector bundle End £ we find that, if dim X > 2 and if n is
sufficiently large
TEnd E~TEndE,
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On the other hand the structure of the algebra I" End E completely determines
whether or not & decomposes (cf. [2]). Thus we deduce the following: if dim X > 2,
and provided n is sufficiently large, B decomposes if and only if B, decomposes.

(2) By considering L(P) @ T* we find that if dim X > 3, and provided n is
sufficiently large, P has a connection if and only if P, has a conneclion.

Clearly the result in (1) becomes false if dim X =1, since X, is then a set of
points and so &, always decomposes. We shall now give an example to show that
(2) becomes false if dim X = 2. Qur example also shows that Weil’s theorem does
not generalize to higher dimensions.

Let Y be a rational eurve, Z an elliptic curve, and put X = Y X Z. We shall
identify Y, Z with the curves ¥ X 2y, ¥y X Z on X, where y,, 24 are given points.
We shall construct an extension

4:0—>[Z]— E—->[-Z]—0,

where as usual [Z] denotes the line-bundle on X corresponding to the divisor Z.
If we restrict to Z, we get the extension

O0—1—H,—>1-0,

1 denoting the trivial line-bundle on Z. This restriction of extensions corresponds
to the restriction homomorphism p : H{(X, [2Z]) — HY(Z, 0,). Now, since Z is
elliptie, HY(Z,05) is of dimension one. By examining the exact cohomclogy
sequence containing p we can show that p is an epimorphism. We choose an element
of HY(X, [2Z]) not in the kernel of p and we consider the corresponding extension
A. By construction A, is a non-trivial extension, and it is known that in this case
E , is indecomposable (cf. [1]).
Restricting 4 to ¥ we get
Ay : 0> [D]— By —[—D]—0.

where D is a point divisor on Y. Since Y is rational HYY,[2D]) = 0, and so 4 is
trivial. Thus By o~ [D] ® [—D]. Hence by Weil's Theorem £ (or rather the
corresponding principal bundle) does not have a connection, and so & does not have
a connection.

Finally, from the definition of B, we see that all the Chern classes are zero.
The properties of # thus show that Weil's Theorem does not have a generalization
to higher dimension. Moreover, if X, has the same meaning as before, B, will be
indecomposable for sufficiently large % (since E is indecomposable, and using (1)
above). Also the Chern class of E,, i.¢., its degree, is zero. Hence by Weil’s Theorem
B, has a connection. But we have alveady shown that & does not have a connection.
This shows that (2) is false if dim X = 2.

§7. Line-bhundles
We conclude by mentioning an interesting special ease of the exact sequence

S P).
Let X be an algebraic variety of dimension 7 embedded non-singularly in a
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projective space > of dimension n. Let B be the line-bundle on X corresponding to
the negative of a hyperplane section, let T' be the tangent bundle of X, and let P
be the principal bundle associated to B. Let G(r 4 1, # -+ 1) denote the Grass-
mannian of r-dimensional subspaces of . Then the embedding of X in > defines a
mapping of X into G{r + 1, » -+ 1) by assigning to each point x the tangent
projective r-space to X at x. Let W be the (r 4+ 1)-dimensional vector bundle
induced by this mapping. Then it can be shown that the exact sequence &/(P)
reduces to the following:

O—-1 >0 W—T—-0.

This sequence is due to Nakano [7] and Serre (unpublished) and is of interest
because it enables us to express the Chern classes of 1" in terms of those of W and
E (cf. [7]). The formulas obtained this way are precisely those originally used by
Todd to define Canonical Systems.

THE INSTITUTE FOR ADVANCED STUDY,
PrinoeToN, NEW JERSEY

REFERENCES

1. M. ¥. Atrvan, Complex fibre bundles and ruled surfaces, Proc. London Math. Soc. Ser. III,
5 (1955), pp. 407-434.
. M. ¥. Avrvan, On the Krull-Schanidt theorem with application to sh ; Bull. Soe. Math.
France, 84 (1956), pp. 307-317.
3. A. Borer, and F. Hirzesruvcs, Charadierisiic Classes of homogeneous spaces, Amer. J.
Maith., 80 (1958), pp. 458-538.
4. 8. 8. Cumrx, Differential geomeiry of fiber bundles, Proc. International Congress of Mathe-
maticians 1950, Vol. 1T, pp. 397-411.
5. A. GrorEENDIECK, A general theory of fibre spaces with structure sheaf, Lawrence,
Kansas, 1955.
6. F. HirzesrUcH, Neue topologische Methoden in der algebraischen Geometrie, Springer,
1956.
7. 8. Naxawo, Tangential vector bundle and Todd cononical sysiems of an algebraic variety,
Mem. Coll. Sci. Kyoto Ser. A (1955), pp. 145-149.
8. 8. Naxawno, On complex analytic vector bundles, J. Math. Soec. Japan 7 (1955), pp. 1-12.
9. J.-P. Seres, Faisceaur algébraiques cohérents, Ann. of Math. 61 (1955), pp. 197-278.
10. J.-P. 8ErrE, Un théoréme de dualité, Comment. Math. Helv. 29 (1955), pp. 9-26.
11. T. M. SineEr, The geometric interpretation of a special connection, Pacific J. of Math. (to
appear).
12. A. Wz, Generalisation des fonctions abeli 8, J. Math. Pures Appl. 17 {1938), pp. 47-87.

)




REMARQUES SUR CERTAINES ALGEBRES DE LIE

Par RaymoND Rarmw

1. Les algdbres de Lie ont pris, depuis peu, en topologie algébrique, une impor-
tance croissante (voir par exemple CHEvAari®Y and Emmnsere [2], KoszoL [3],
H. CarraxN and EmexsErG [4]).

Je présente ici quelques remarques d’un caractére élémentaire et purement
algébrique sur les algtbres de Lie.

2. Les algtbres A dont il sera question seront des algébres (éventuellement) non
associatives sur un anneau B (commutatif, avee élément unité) qui sera générale-
ment sur un corps F.

3. Dans la détermination des algébres de Lie 4 on rencontre le cas particulier

suivant
quels que solent
3.1) xy € (x, ) (m cd,yed,
ou (z, y) désigne le B-module engendré par x et y.
Une algebre A satisfaisant & (3.1) est & puissances associatives et si elle est com-
mutative elle est une algébre de JORDAN. {comparer avec Théoréme 5.1.)
4, La condition (3.1) peut s’éerire

(4.1) xy = Mz, y)z + plz, y)y-

A étant donnée, les fonetions A(x, y) et p(x, y) ne sont généralement pas bien
déterminées, Mais nous avons le

Lemme 4.1 Soit une algébre non associative d’ordre supériewr 6 n -+ 1 — & sur
un corps F' et telle guw’on ait

0<k<mn,
ay.Gg. """ . @, E{ay, -~ -, a,) {quels que soient

Qy, ", a0, de 4,
0w le premier membre figure un produit non associatif quelcongue, délerminé, ow les
parenthéses sont mises toujours de la méme fagon guels que sotent gy, * - , a,, ¢t ol le
second membre désigne le F-module engendré par a,, « - + , a,,; le premier membre peut
donc séerire
) iy g T s @)
o1 les p; sont des fonctions scalaires. (c’est & dire d valeurs dans F.) Alors parmi les
ensembles ordonnés des fonclions p:

{Pk(alﬂ Tt a’n)’ ) Pn(al’ Tt an)}
il en existe un tel que p; ne dépende pas de at =1k, - - - , n), en outre chague fonction p,
de cet ensemble-la est lindaire et homogéne par rapport & chacun de ses argu-
mentsa,(j 7).
Pour pouvoir appliquer ce lemme nous supposerons dans tout ce qui swit que B
est un corps F.
83
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11 en résulte en particulier que, pourvu que V'ordre de algdbre 4 sur F soit
supérieur & 2, on peut remplacer la condition {4.1) par la condition
4 et p linéaires

4.2) xy = Ayl + p(@)y {et homogenes

ot {A{y), p(x)} désigne celui des couples ordonnés {d(x, ), p(x, y)} qui est signalé par
lelemme. Sil'ordre de I'algébre A4 est égal & 2 ce résultat est encore vrai 3 condition
que ¥ soit différent du corps (0, 1).

5. 11 vésulte du §4 le

Tatorime 5.1. 87 dans une algébre A sur un corps F et telle que xy € (z, y) quels
que soient x ety de 4, & toui u 5~ O de A on peut faire correspondre v de A, indépendant
de w et anticommutant avec u, Ualgébre A est une algébre de Lie.

On a alors

(6.1) vy = My)x — Az)y.
Ce résultat s’applique en particulier si on sait & priori que algébre 4 est anti-
commutative (cf. fin § 3).

6. Appelons “algebre, sue F, du produit vectoriel” V'algdbre anticommutative, sur
F, dont une portion de la table de multiplication est

Table (6.1)
e | ea
4 s —€
€ Y 1

Appelons “algébre, sur F, du produtit vectoriel généralisé’ 'algbbre anticommutative,
sur ¥, définie par
Table (6.I1)

(2 !
€ e3 —Paes
ey 0 Pooge

oll &, b [, sont des éléments non nuls de F.
Tuakorimr 6.1 (I) Dans les hypothéses
(6.1) A4 est une algtbre non associative sur un corps F.

{6.2) z(y2) e (y, 2) } quels que soient x,y, 2
(6.3} P=0 de 4.
(6.4) dim 4 > 2 (dim A4 est Pordre de 4 sur F).

A est une algébre de Lie.
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(IX) 8i, avec les hypothéses ((6.1), (6.2), (6.3)), on remplace (6.4) par

6.4') (64) dimd>1
(6.43) & et b indépendants sur F entratne
a et ba indépendants sur F.

A est une algébre Lie d’ordre aw moins égal & 3 ef contenant une sous-algébre, sur F,
isomorphe & celle du produit vectoriel généralisé.
(I11) 8% en plus de ((6.1), (6.2), (6.3), (64")) on a

(6.5) Ala, @) 5= 0 pour tout & £ 0
Valgebre A est d’ordre 3 (elle est donc isomorphe & l'algébre du produit vectoriel
généralisé).
(IV) 8¢ en plus de ((6.1), (6.2), (6.3), (6.4"), (6.5)) on a
(6.6) Ma, a) est, pour tout a, un carré parfait de F.

Valgebre A est isomorphe & Ualgebre, sur F, du produit vectoriel.
7. Considérons Palgébre anticommutative o, sur F définie par

Table (7.1)
A €y €

& V161 T Vafe T Va€s i —Pi16r — Pate — Pats

ey 0 0161 - 0laly + a8y

associons-lui la matrice

% Xy &3
(7.1) P={p B B
Y1 Y2 Vs
Appelons algébre adjointe & de Palgtbre %, Palgdbre “scalaire” définie par
Table (7.1I)
] 1 €a 3
1 91 12 : s
€y I J22 9o3
€3 931 932 I3

ou les g;; sont des éléments de F tels que la matrice

(7.2) G = (g;)
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qui sera dite associée & & soit Padjointe de T' (exemple: g,, = cofacteur de a,
dans I'). Cette définition est consistante car elle est invariante par changement de base.

On remarque les propositions suivantes:

Pour guw'une algebre U soit une algébre de Lie il faut et il suffit que son algbre
adjointe soit commutative.

Pour qu'une algebre N soit isomorphe & Ualgébre, sur F, du produit vectoriel
généralisé il faut et 4l suffit que sa mairice adjointe G soit régulidre et syméirique.

Comme applications immédiates des remarques de cette section on a par exemple:

1. Dans le cas des algébres de Lie d’ordre 3 les éventualités (3.1) et (6.3) se
complétemt.

2. Laréduction des algdbres de Lie d’ordre 8 se raméne & celle, par congruence, de
la matrice adjointe G.

3. Pour qu'une algtbre N, sur le corps des nombres réels, soit isomorphe & Ualgébre
du produit vectoriel il faut et il suffit que la mairice adjointe G soit définie positive.

(C’est & dire que G soit la matrice d'une forme quadratique definie positive.)

Imsrrror pEs HaUuTES ETUDES DE DARAR
Daxrar, A.Q.F.
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GEOMETRY OF SUBMANIFOLDS IN A COMPLEX PROJECTIVE SPACE

Senne-sEEN CHERN

Introduction

In the development of algebraic topology in the last ten years the notion of
curvature has played a considerable réle. In fact, some of the basic notions of
modern topology, such as transgression and chavacteristic classes, were first
discovered in their simplest forms in differential geometry. Among relations
between curvature and characteristic classes one of the most inclusive results is the
Weil homomorphism. It can be briefly described as follows: Let p: B — M be a
differentiable fibre bundle with a compact differentiable manifold M as base space
and with a compact connected Lie group as structural group. Let a connection be
given in the bundle from which the curvature is defined. Then the real characteristic
classes of this bundle, which are elements of the cohomology ring H*(M, R),
contain as representatives (in the sense of de Rham’s theorem) exterior differential
forms which can be constructed explicitly from the curvature [511

As an example we consider the tangent bundle of a compact Riemannian manifold
with its Levi-Civita connection. Let Q,; = —Q_,, 1 < 4,§ < # (= dim of M), be the
curvature forms, Then the Pontrjagin class p, contains as representative the
exterior differential form [8]

1 . .o .
(1) W= W(?k)! 2 O(Bqs =75 s Joo * " s Jo) ‘Qii:il Acwe-A Qisk"ak'

In this formula 6y, * -, 995501, * * * > Jop) 18 wero, except when jy, - <, jy is &
permutation of ¢y, - - -, iy, and is then equal to 41 or —1, according as the
permutation is even or odd, while the summation is extended over all indices
Ty, """y bog Jp» * 7 " » Jop, from 1 to 7. h

Using this identification, we can interpret the Thom-Hirrebruch index theorem
[10] as expressing the index +(M) of a compact oriented Riemannian manifold M,
a topological invariant, in terms of an integral over M. In fact, for n = 4 or 8, the
theorem gives respectively the formulas

1
T(M)=EL9%2+Q%3+"'+Q§4, n=4,
@)

1 3
(M) = 20,4 L T{Q1Q3s + Q5Qus + Dy Q05 + -+ -} — Q5 + - - - + QF),

n=8.

1 Reference is to Bibliography at the end of this paper.
87
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In the last formula the sum in the braces is over all combinations, four at a time,
of the 8 indices.

Similarly, the recent work of Hirzebruch on the Riemann-Roch Theorem for
algebraic varieties can also be interpreted as a formula expressing the arithmetic
genus of a complex algebraic variety as the integral of a certain curvature of the
Kéhler metric of the variefy.

I propose to discuss in this paper certain aspects of the geometry of an analytic
submanifold M,, of (complex) dimension m in a complex projective space of
dimension N. The other interesting case of the study of submanifolds is that of
differentiable submanifolds in an Euclidean space, which is the object of classical
differential geometry. Although there is a certain analogy, we will see that the
problems are quite different. When the occasion justifies, we will point out the
analogies and the differences.

1. Local geomeiry of submanifolds

Let M,, (or simply M) be an analytic submanifold of dimension m in a complex
projective space Py, of dimension N. The latter has the Fubini-Study elliptic
Hermitian metric, so that M, has an induced Kéhler metric. It has curvature
forms from its Kihler metric and has relative curvatures as a snbmanifold of Py,
To describe the situation analytically, we take the unitary vector space Vy,,,i.e.,
the complex veetor space of dimension N 4 1 with a positive definite Hermitian
scalar product (Z, W) = (W, Z), Z, W V y11> Where the bar denotes the complex
conjugate of a number. ¥V, , is acted on by the group Z — pZ, p 7 0, under which
the zero vector is invariant. P, can be identified with the orbit space of ¥V ,—0
under this group. This description allows us to define an analytic submanifold
M of Py, by a vector-valued holomorphie function Z({%, - - -, ™), where {3, - - -, {™
are local complex coordinates on M, and Z is defined up to a non-zero factor.
Unless otherwise stated, the submanifold is allowed to have self-intersections. We
do suppose, however, that M, consists entirely of regular points, that is, that the
vectors Z,0Z[0L2, - - - ,0Z[3{™ are everywhere linearly independent. They span then
a projective space of m dimensions, the tangent space to M at Z. The normal space
to M ab Z is spanned by the points ¥ “orthogonal to Z, 8Z[el, - - - , 0Z[0{™:

o7 ,
3) (Z,¥)= (a-—?, Y) =0, 1< i< m,
and is a projective space of dimension N — m — 1. (We use the convention that
(V, W) is linear in the first argument, so that (AV, W)= AV, W)= (V, iAW) for
any eomplex number 4.)

An important role in the theory of relative curvature of M is played by the
“second fundamental form®’:

) By = (@Z, Y) = —(dZ, dY).

This is an ordinary quadratic differential form of type (2, 0) which is defined, for
any point Y of the normal space at Z, up to a non-zero factor. Let Z,= Z,
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Zy, +++ , Zp be an orthonormal frame of V.. Consider all orthonormal frames
with the property that Z defines a point of M and Z, Z,, - - - , Z,, span the tangent
space at Z. Then we have

(5) AZ = w4Zy + 0172y + -+ oLy, 0 ALN,

where

(6) w45+ &pys=0, Wy, = 0, 0L BZXN, m4+1Z alN.
We also find

(M O, =0,, = (B*Z, Z,) = 21 <icn®0i®i
In this notation the induced Kéhler metric on M is given by
®) ds? = 3; widy;
and its eurvabure form is
_ _ 0P, 3B,
9) O, = o A Do + Vg 2y A Doy 1 2, g x.
w()ﬂ am()k

This shows that the second fundamental form determines the intrinsic curvature
and contains more information.

If m =1, i.e., if the submanifold is an analytic curve, the tangent space is only
the first of a sequence of linear spaces I < L' © L” < - - - | the osculating spaces
of successive orders. There may be points on an analytic curve where one of the
osculating spaces becomes indeterminate; but it can be proved that such points are
isolated. For a general manifold M of dimension m in Py we consider through a
point all the curves on M. The linear space spanned by all the osculating spaces
of a given order p of these curves is called the osculating space of order p of M
at the point. In general, the osculating space of order p of a submanifold of
dimension s has the dimension

1 -1
(1) 0

For p = 1 this becomes the tangent projective space. Thus the submanifold M gives
rise to a splitting of the tangent projective space of P, into a nested sequence of
projective spaces.
2. Integral-geometric invariants

The consideration of the volume of a submanifold and of spaces associated to it
gives rise to many geometrical theorems which can be described as belonging to
integral geometry. In the case of an analytic submanifold in the projective space
this study has a particularly significant aspect, because a theorem of Wirtingar {15]
states that, for a compact (and therefore algebraic) submanifold, its volume is
equal to (27)™[m! times its order. In other words, the volume takes a double r6le
and is useful also in the study of non-compact submanifolds.
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Consider the simplest case of an analytic curve M. Suppose Z € M be a point
at which the osculating spaces of all dimensions <p are determined. Suppose the

orthonormal frames Zy = Z, Zy, - -, Zy be so chosen that Z, - * -, Z, span the
osculating space of dimension ¢ < p at Z. Then we have
(10) AZ; = w2y + 0aZy -+ + 0501440 0<iZp.

The differential form @, ;,, is significant in the sense that it is a multiple of
@oy © ;43 = Py moreover, the absolute value { pi, is an invariant of the curve
M. We will eall it the i™ absolute curvature. From the above equations we derive

(11) d(ZOA-”AZp):(woo"’_"'_'_wpp)(ZOA"'AZp)

t @y pi1(Zoh- o ALy Ay ).
If M, is compact, the integral

%
(12) % f Dy pt1 A Oppi1
Ml

is an integer, to be called the order of rank p of M. It can be interpreted geometri-
cally as a numerical multiple of the volume swept by the osculating spaces of order
p of M,. There is another interpretation, due to Santalo [13], in terms of the
Grassmann manifold of the linear spaces of dimension p in Py, which is as follows:
All the osculating spaces of dimension p of M deseribe a curve in the Grassmann
manifold, and the above integral is a numerical multiple of the arc length of this
curve. The order of rank p coincides with the invariant of the same name in H.
Weyl’s theory of meromorphic curves; it can be traced farther back in algebraic
geonetry. Exactly because of its expression as an integral, it can be defined for
non-compact curves. It plays a vital réle in the theory of Weyl and Ahlfors [1], [14].

The above considerations can be generalized to submanifolds of arbitrary
dimension. However, the details are complicated and have not been completely
carried oub. If Z deseribes M, and if Z,=Z, Z,,- -, %, are orthonormal
points spanning the tangent projective space at Z, we have

UZgNZy M-~ A Z) = (g + 91 + "+ @) (DA Zy Ae - A Zy)

(13)
o®,,
+ Disism Zmi1<ash "awT(Z" AveeAhZy yANZy (A NZ,)
The integral
m 20, 2D,\™
14 P el ¢ )
(14) (2m)™ fM (Z’"I Oy, " Owy,;

is an integer for compact submanifolds and is equal to a2 numerical multiple of the
volume swept by the tangent projective spaces of M.

T wish to remark that these integral-geometric methods are also fruitful in the
study of submanifolds of the real Euclidean space, and that they lead to results of
an entirely different nature [7]. Infact, let Mg be a compact orientable submanifold
of dimension m differentiably imbedded in a real Euclidean space Y of dimension
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N.To each point x € M} and each unit normal vector v to M} at x let G(x, v) be the
Gauss-Kronecker curvature at » of the orthogonal projection of M% into the
linear space determined by » and the tangent plane to M7 at z. Let da be the
volume element of the unit hypersphere in the normal plane to M% at x. Its total
volume is a constant given by

QAN —m)
(15) Oy—m1= TGW —m)).
The integral
(16) Kz) = f G(z, v) do

over the unit hypersphere in the normal plane is zero if m is odd. If m is even, the
integral (C,,[2Cy_4) f K{x)dV over M7% is equal to the Euler-Poincaré charac-

teristic of M.
Results of an entirely different kind can be obtained, if we consider instead of (16)
the integral

an K#*(z) = f |G (=, v)| do > 0.

We will call K*(z) the total curvature of M% at . An essential feature of a sub-
manifold in Euclidean space is the existence of a large number of differentiable
functions, namely the coordinate functions. Because of this fact the integral of the
total curvature over M7 has an absolute lower bound as given by the inequality:

(18) E*@)dV > 2Cy_,.
g

For m = 1, i.e., for closed curves, this reduces to a classical result of Fenchel,
which states that the integral of the absolute value of the curvature of a curve is
>2a.

In the general case it is possible to draw some conclusions when the integral of
total eurvature is “small.” Lashof and I have recently proved that [9]: (1) If the
equality sign holds in (18), then M’} belongs to a linear subspace of dimension
m -+ 1 and is a convex hypersurface of the latter; (2) If

(19) f R*(2)dV < 30y,

then M7 is homeomorphic to an m-dimensional sphere. Moreover, these results are

also true for immersed manifolds, when self-intersections are allowed. Intuitively
" speaking, if one considers only the absolute value of curvature, then both the
submanifold itself and its position in the Euclidean space will be sharply restricted,
when the total curvature is small.

3. Exterior differential forms on a submanifold

It is almost always significant to construct explicitly differential forms on a
manifold. We have seen some examples in the Introduction. In the case of a
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submanifold the differential forms which suggest themselves most readily from the
analytical viewpoint are Hermitian differential forms in the case of an analytic
submanifold in a complex projective space and ordinary quadratic differential
forms (for instance, the first and second fundamental forms) in the case of a
differentiable submanifold in Euclidean space. However, experience has shown that
exterior differential forms are usually of more geometric significance. Such exterior
differential forms can be explicitly given, when there are auxiliary points or
linear subspaces; they are therefore simultaneous invariants of the submanifold
and the auxiliary elements under consideration. In the case of an analytic sub-
manifold in Py we suppose furthermore that the forms are holomorphic or mero-
morphic. The following gives a few geometrical consequences which can be drawn
from the consideration of such exterior differential forms.

Let ugs first write down some exterior differential forms we have in mind. We will
be mostly concerned with a curve M, whose points have the coordinate vector
Z() such that its components are holomorphie functions of the local coordinate £
and that multiplication of the vector Z by a non-zero factor does not change the
point. If 4, B, C etc. denote fixed vectors or multivectors and dashes denote
differentiations with respect to {, then (Z, 4)/(Z, B), or, more generally,

(20) (ZAZEA-- - ANZD, DN(ZAZEN- - A ZP, B),

is a meromorphie function in M. Similarly, the forms

1) (ZAZIA---A Zir-n, ANEZANZIA - A Z? A gz, B)/(ZA <o A Z?) ()2
(22) (ZA3Z, (2, B + -+ (Z, B

are meromorphic exterior differential forms. As an example of a meromorphic
function involving higher derivatives we mention the following:

(28) (Z, A)NYt {det (Z, Z, - - - , ZONYW-Y(det (Z, Z1, - - - , 2D, B)}FHL,

Each of these functions or forms has the property that it is invariant under an
admissible change of the local coordinate on M, and under multiplication of Z by
a non-zero factor. The study of the zeros and poles of the function (20) gives the
theorem that, for compact M,, every hyperplane cuts the curve in the same
number of points. Similarly, the study of the zeroes and poles of the form (21) gives
for compact M, the Plicker formulas. These functions and forms also play a vital
réle in the theory of non-compact curves of Py, as demonsirated by the work of
H. Weyl; J. Weyl, and Ahlfors {1, 14].

The funetions and forms in (20){23) have generalizations for M, in Py. Since
we will not make any applications of them in this paper, we restrict ourselves 1o a
few typical cases. A meromorphie form in M, is given by

(24) (Z AdZA---A dZ: A)/(Z5 Bl)hl_l +e (Z’ Bx)h—la ké m

L...___Y....___.._)
k times
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of which a particular case is

(25) (ZAQZA- -+ AdZ, A)|(Z, By
[ —
k times
For m = 2 and with %, v denoting the local coordinates, a meromorphic differential
form in M, involving higher derivatives is given by

(%, A)S(Z A Zu A Zv A ZuuA Zuv A Zm:! B)

(26) ZAZ,NZ,Cp

du A dp.

For compact M,, the consideration of these forms will give relations between
invariants of manifolds generated by the osculating spaces of M, and the charac-
teristic classes of M, relations which generalize the Plicker formulas.

We wish to state some results which arise from the study of the abelian sums of
holomorphic and meromorphic differential forms of algebraic curves M,. Let d be
the order of M, and let u be a generic hyperplane. From a meromorphie form o in
M,, we construct the “abelian sum”

27) o) = Si<iza i

where o, are the forms at the points common to % and M. w(u) is a rational form
in the space of hyperplanes, and is holomorphic, if the original form  is holomor-
phie. Since the space of hyperplanes is a rational variety and has no non-trivial
holomorphic form of degree 21, it follows that w(u) = 0, if w is holomorphie and
of degree >1. Using this fact, it is possible to give a bound for the genus of an
algebraic curve of order d, which lies in Py, and not in Py_,;. The result is as
follows [4]: Let M; be an algebraic curve of order d, which lies in Py, bub not in
Py_;. Let s be the integer defined by the conditions: s=—d + 1, mod N — 1,
0< s <X N — 2. Then the genus of M, satisfies the inequality

1
(28) P < g @ — D@ — M)+ 6N —5 — 1
Thisresult was obtained by Castlenuove bytheuseof the Riemann-Roch Theorem[3].
The inequaliby (28) is the best possible in the sense that the bound ab the right-
hand side can be attained. The same method has been applied to find upper bounds
for the geometrical genera of algebraic surfaces in P,. They are 0, 1, 4, if the surfaces
are of orders 3, 4, 5 respectively [2].

Instead of cutting the analytic curve M, by hyperplanes, we can also out it by
the hypersurfaces of a given order, which belong to an algebraic system. The abelian
sam (27) can still be formed, except that the summation at the right-hand side is
now taken over all the points of intersection. of M, with the hypersurface. There
are cases in which it can be proved that w(w) is zero, even when o is meromorphic.
Results of this kind have been obtained by G. Humbert, together with numerous
geometrical applications [11]. The basis of such geometrical applications lies in the
fact that the differentials of various geometrical quantities are meromorphie
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differential forms. For instance, if z, 9, z are homogeneous coordinates in the plane,
the element of area about the origin has the expression

1
(29) do = 3 (x dy — y dx),
ﬁhﬂe the element of angle is given by

1
30) df = PR - (x dy — y dx).
Both differential forms are special cases of (22). We give in the following some
simple theorems which can be derived by such considerations.

Let M, be a plane algebraic curve, Join a fixed point O to the points where M,
meets an algebraic curve ¥, which has no common asymptotic direction with M,
(i.e. no point at infinity lies on both M, and V). The sum of areas described by the
radius vectors is zero, if ¥ remains asymptotic to itself (ie. if V varies so that it
passes through the same points at infinity and has there the same tangents).

Let t be a fixed line in the plane. Let R, S be two systems of n lines each. If the
sum of angles which the lines of R make with ¢ is equal, up to a multiple of 7, to
the sum of angles which the lines of § make with £, we say that R and S have the
same inclination. This property is obviously independent of the choice of ¢. Then we
have the theorem: Let M, be a plane algebraic curve and O a fixed point in the plane.
Let V, V' be two algebraic curves of the same order with the property that there is a
curve of the pencil V + AV’ which passes through oll the points where M meets the
circle of radius zero about O. Then the lines joining O to the points of intersection of
M, and V have the same inclination as the lines joining O fo the poinis of inlersection
of My and V'.

A much simpler theorem is the following: Let M and M’ be two plane curves of
classes m and n. The system of the mn common tangents of M and M’ has the some
snclination as the system of mn lines which join the m real foci of M to the » real foci
of M'.

The theorerns stated above have generalizations to higher dimensions.

A typical theorem for plane algebraic eurves which does not seem to have a
generalization fo higher dimensions is an identity of Liebmann, together with its
dual due to Bickland. This is concerned with the meromorphic function (23) for the
case N = 2. In this case the abeliansum as defined in (27) does not vanish identically.
But it is possible to show that w(ug) = 0, if 4, is the line joining the points 4 and B.
In other words, we have
(31) DiSi<d T IZ BP 1%, Z;, Zi} =0,
where the summation is extended over the poinfs where the line 4B meets M,
provided that it is nowhere tangent to 3, Bestricted to the real branch of the
algebraie curve, this identity can be put in a geometrically more suggestive form,
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as follows: Let J7, be a real algebraic curve of order d, and let % be a line which
meets M, in d real and distinct points p;, 1 < i< d. Let r; be the curvature of

M, at p; and r; the angle which % makes with the tangent to M, at p,. Then
7
sin® +;

(32) , Disisd

This identity is due to Liebmann [12].

The identity (31) also gives an identity due to Bicklund: Let M, be a real
algebraic curve of class m, and O a point not on the curve. Let Op;, 1 < ¢ < m, be
the tangents from O to J,, and r; the curvature of i, at p,. Then we have
(33) Sisizn e = 0.

7; Op;

Finally, it may be remarked that explicit exhibition of exterior differential forms
on a submanifold in the real Euclidean space has also numerous geometrical
consequences. It has recently been observed that many classical theorems in
differential geometry in the large can be most quickly proved by picking a suitable
differential form and using the fact that the integral of its exterior derivative over
the manifold is zero. Among these theorems are [6]: the “Unverbiegbarkeit™ of the
sphere, Cohn-Vossen’s rigidity theorem as proved by Hergloiz, the Christoffel-
Hurwitz and the Minkowski uniqueness theorems, ete. In all these problems the
importance of the notion of exterior differential forms can hardly be exaggerated.
Moreover, differential forms have their generalization in cochains, and it must be
this fact which explains the counterparts of the above mentioned theorems for
non-smooth convex surfaces.
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ESPACES FIBRES ANALYTIQUES

Par Hexngi CARTAN

Je me propose de rendre compte de résultats récents de Hans Grauert' (3
paraitre aux Math. Annalen; voir une Note aux Comptes Rendus de P'Académie
des Sciences de Paris, 30 janvier 1956). Iis conc;x;ggﬁ'essentieﬂemenﬁ les espaces
fibrés analytiques prineipaux dont lo base est une variété de Stein. Le cas out le
groupe structural est abélien [12], ou, plus généralement, résoluble [9] &tait déj
connu; de plus, Frenkel a obtenu des résultats pour certains espaces de base qui ne

sont pas des variétés de Stein.

1. Espaces analytiques holomorphiguement complets

La notion de variété analytique complexe est bien connue. Montrons cependant
comment la catégorie des variétés analytiques complexes (et des applications
analytiques) peut étre définie dans le cadre général des conférences de S. Eilenberg
(cf. ce Symposium). Prenons pour catégorie 4 de “modéles” celle dont les
objets sont les ouverts des espaces numériques complexes C%, et dont les applications
sont les applications holomorphes d’un tel ouvert dans un autre. 8i 7' : H — T
désigne le foncteur évident dans la catégorie des espaces topologiques séparés
(i.e. satisfaisant & Paxiome de Hausdorfl), 7' est fidele et définit A comme catégorie

locale. Alors la catégorie locale A {notation de Eilenberg) est celle des variétés
analytiques complexes et des applications analytiques.

Nous aurons besoin d’'une généralisation de la notion de variété analytique
complexe {cf. [1], {3]). Prenons comme catégorie 4 de modeles celle-ci: un objet de
M est un sous-ensemble M < 0" tel qu’il existe un ouvert U < €%, U = M, et des
f; holomorphes dans U, de maniére que

(#z €U, fi{x) = 0 pour tout {) <> € M.

Une “application”, dans la catégorie ., est par définition une application con-
tinue @ : M — M’ telle qu’on puisse choisir des ouverts U > M et U’ > M’ comme
ci-dessus, et trouver une application holomorphe o : U— U’ qui induise ¢. La

1 Je remercie vivement M. Grauert de m’avoir permis de prendre connaissance du manuscrit
de son travail. Dans la maniére d’exposer les résultats et la marche des démonstrations, je
prends ici quelques libertés, tout en respectant les idées essentielles des démonstrations de
Grauert. J’si cru bon d’introduire la notion d'espace fibré H-principal (§2) qui généralise la
notion classique d’espace fibré prineipal, et permet de donner leur pleine valeur aux Théorémes,
A et B de Grauert, ainsi qu’au Théordme 1 du §3. Il devient alors possible de déduire le Théoréme
A du Théoréme 1 (cf. §3). J'ai aussi infroduit un sous-espace anelytique Y qui permet
de renforcer les Théorémes 1 et 2 (voir les Théordmes 1 bis et 2 bis). Bnfin j’ai condenssd en
un seul énoneé (“Théoréme principal”, §4) des résultats techniques auxilinires établis par
Grauert.
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catégorie A étant ainsi définie, le foncteur 7' : A — T est évident; alors A est
une catégorie locale. On en déduit une catégorie locale .4 : les objets de M s’appel-
lent les espuces analyligues, les applications de # s'appellent les applications

analytiques (ou holomorphes). Tout objet de A est localement isomorphe & un
objet de #. D’autre part, la catégorie des variétés analytiques complexes s’identi-
fie évidemment & une sous-caiégorie pleine de la catégorie des espaces analytiques.

On n’a pas supposé que les modéles M soient analytiquement irréduectibles en
chacun de leurs points.

Soit X un espace analytique; une fonction holomorphe (scalaire) est simplement
ne application analytique X — C. Pour tout ouvert U < X on a Yanneau 0(U)
des fonctions holomorphes daus U; ces anneaux (lorsque U parcourt Pensemble de
tous les ouverts de X) définissent sur 'espace X le faisceau O des germes de
fonctions holomorphes. La donnée de P'espace topologique sous-jacent & X et du
faisceau 0y détermine complétement X comme espace analytique.

Soit X un espace analytique. On appelle sous-espace analyltique un sous-ensemble
Jermé ¥ < X, tel que, au voisinage de chaque point o, € Y, Y puisse étre défini
par un nombre fini d’équations f,(x) = 0, les f; étant holomorphes au voisinage de
z, (dans I'espace X). Un tel ¥ définit évidemment un objet de la catégorie A des
espaces analytiques. Le faisceau @y est le faisceau induit sur Y par le faiscean @y.

La catégorie des espaces analytiques est évidemment une eatégorie avec produits
(cf. 3° exposé de S. Eilenberg). On peut done développer une théorie des espaces
Jfibrés analytiques localement, triviaux (Ja base et la fibre étant des espaces analy-
tiques, dans le sens général qui vient d’étre défini).

8i on restreignait la catégorie # des modeles & la sous-catégorie A4 des modéles
normoux (M étant alors un sous-ensemble analytique normal dans C®), on obtiend-

rait la sous-catégorie M des espaces analytiques normaux, qui sont ceux considérés
par Grauvert; mais les résultats de Grauert s’étendent d’eux-mémes au cas des
espaces analytiques les plus généraux.

La notion bien connue de “variété de Stein” (les variétés de Stein constituent
une sous-catégorie de la catégorie des variétés analytiques complexes) se généralise
comme suit au cas des espaces analytiques:

DiwxrrioN 1. On dit qu’un espace analytique X est holomorphiguement complet
8’1l satisfait aux eonditions suivantes:

(i) Yespace topologique X est réunion dénombrable de compacts;

(ii) pour chaque point z € X, il existe une application analytique f: X -—C*
(% désignant un entier convenable qui dépend de x), qui soit non dégénérée an point
z (i.e. telle que « soit point isolé de Pensemble f=(f(x)));

(iii) pour tout compact K < X, Vensemble K des zeX tels que l f(:z:)i <
sup,.x| ()| pour toute f holomorphe dans X, est compact.

8i, dans cette définition, on suppose en outre que X est une vraie variété ana-
Iytique complexe, on retrouve la définition d’une variété de Stein (3 condition
d’utiliser des résultats de Grauert: [10], Satz B). De plus, si un espace analytique
X est conmexe et satisfaib & (ii), X satisfait & (1) (Grauvert, [10], Satz A).
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1l est évident que tout sous-espace analytique d'un espace holomorphiquement
complet est holomorphiquement complet.
DiFmxarion 2. Soit X un espace analytique. Un ouvert U < X est dit X-convexe

si, pour tout compact K < U, Pensemble Ky des x € U tels que
| /()] < sup,cx [f(9)| pour toute f holomorphe dans X,

est compact. (Remarque: la condition (iii) exprime que X est X-convexe; d’autre
part, tout ouvert X-convexe est un espace holomorphiquement complet).
Ditrmvrrion 3. Soit X un espace analytique. Un compact K < X est dit spéeial
(ou, plus exactement, X-spécial) §’il existe un systéme fini de fonctions f; holo-
morphes dans X et de constantes réelles a; < b, a; < b;, de maniére que K soit &
la fois ouvert et fermé dans Pensemble des points x € X satisfaisant aux inégalités

a; < Re(f) 0, “g{ Sm (S b;

(Re(f,) et Im (f;} désignent respectivement Ia partie réelle et la partie imaginaire
de f3).

On. utilisera les propriétés connues que voici: soit K un compact spécial; en
adjoignant au besoin aux f; de nouvelles fonctions holomorphes dans X (en nombre
fini), on peut faire en sorte que Papplication f: X — C* définie par les % fonctions
/; induise un isomorphisme d’un voisinage de K {comme espace analytique) sur
un. sous-espace analytique d’un voisinage du cube compact I’ défini, dans; Pespace
numérique C¥, par les inégalités

;S Xb, o<y b

(on note z; -+ 4y, les & coordonnées complexes d*un point de C*). Tl résulte alors de
théorémes connus ([4], th. 2 et 3) que toute fonction ¢ holomorphe au voisinage de
K peut s’écrire D (fy, -+, f.), @ étant holomorphe au voisinage du cube I
comme @ peut étre uniformément approchée (au voisinage de I') par des polynoémes
par rapport aux coordonnées complexes de l'espace ambiant O%, on voit que
toute fonction holomorphe au voisinage du compact spécial K peut Eire uniformément
approchée (au voisinage de K) par des fonctions holomorphes dans X.

Soit maintenant K un compact tel que K ¢ Soit compact. Alors tout voisinage

de K x contient un compact spécial contenant K x 1l en résulte que, si U est un
ouvert X-convexe, U est réunton d’une suile croissante de compacts spéctaux K,
tels en outre que chaque K, soit intérieur & K, . On en déduit: toute fonction
holomorphe dans U (ouvert X-convexe)est limite (uniformément sur tout compaet de
U) de fonctions oblenues par resiriction & U de fonctions holomorphes dans X.

Inversement, on voit facilement ceci: tout compact spéeial K posséde un systéme
fondamental de voisinages ouverts dont chacun est X-convexe,

2. Espaces fibrés F-principaux

Pour les définitions gui suivent, il est inutile de supposer que la base X (qui, par
hypothése, est un espace analytique) soit holomorphiquement compléte.
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Soit donné un espace fibré analytique H, de base X, dont les fibres sont des
groupes de Lie (complexes), tous isomorphes. Cela signifie qu’il existe un recouvre-
ment ouvert (U,) de X et un groupe de Lie 4, tel que ¥ puisse &tre obtenu par la
construction suivante: on forme la somme F des espaces analytiques U; X G, et on
fait le quotient de I par une relation d’équivalence R du type suivant: siz € Uy
(= U, 0 U,), on identifie le point (z, y) € U; X G au point (z, f;(x, ) € U, X G,
ot les f;; sont des applications analytiques données

Ji: Uy X G—>G

satisfaisant aux conditions suivantes: 1° f,.(x, f;(z, ¥)) = filx, y) pour = € Uy,
y € G; 2° pour chaque = € U,;, Papplication y— f;,(=, y) est wn automorphisme du
groupe de Lic &. °

E étant donné, nous noterons p : £ — X la projection du fibré X sur sa base,
ot G, = p~Yx) la fibre au-dessus du point « € X; G, a une structure de groupe de
Lie (complexe), mais il n’y a pas d’isomorphisme canonique de G, sur le groupe-
modsle G.

Donnons-nous maintenant un recouvrement ouvert arbitraire de X, que nous
noterons encore (U,), et, pour chaque couple (3, j), une section holomorphe (resp.
continue)

Ji: Uy— B,

de manidre que f,;f;,= f;; dans U, (la multiplication étant entendue au sens de
1a. loi de groupe qui existe dans chaque fibre). Autrement dit, (f;) est un 1-cocyle du
recouvrement (U,), & valeurs dans les sections du faiseeau &% (resp. du faisceau
&°) des germes de sections holomorphes (resp. continues) du fibré E; ¢ et & sont
des faiscenux de groupes. Alors les f;; permettent de construire un nouvel espace
fibré analytique (resp. topologique) P, comme suit: on prend la somme des p~1U}),
et on en fait le quotient par la relation d’égquivalence définie comme suit: si
x ep* (U,;) < E, on identifie le point x € p~(U,) au point

fi(o(x)) - e p7HU)),

la multiplication étant celle qui existe damns chaque fibre de E. Dans le fibré P,
les fibres n’ont plus une structure de groupe; toutefois, si u et v € P appartiennent
3 une méme fibre, on peut définir v qui est un point de E. Un tel espace P sera
dit E-principal; Vespace E opére ¢ droite dans P, dans le sens suivant: chaque
fibre de E est un groupe qui opere & droite dans la fibre correspondante de P.

Dans le cas particulier olt £ est un produit X X @, on retrouve la notion classi-
que d’espace fibré principal de groupe G.

On a une notion évidente d’ssomorphisme pour deux espaces fibrés H-principaux
de méme base X (et relatifs au méme fibré E): ¢’est un homéomorphisme qui induit
V'application identique de la base X eb est compatible avee les opérations (& droite)
de B; ¢l s’agit d’espaces E-principaux analytiques, on astreint en outre ceb
homéomorphisme 3 8tre analytique. L’isomorphisme définib alors entre espaces
E-principaux analytiques (resp. topologiques) une relation d’équivalence, et I'on
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peut parler de 1’ensemble des classes d’espaces E.-principaux analytiques (resp.
topologiques). D’aprés un raisonnement classique, ces classes sont en correspon-
dance biunivoque avec Pensemble de cohomologie HY(X, &%), resp. HYX, £°); si
un espace P est défini par un cocyle (f;;) d'un recouvrement ouvert % = (U,) de X,
la elasse de P est Pimage de la classe de cohomologie de (f;) par Papplication
naturelle

HY%, &)— HYX, &),

& désignant &%, resp. &°. De plus, Pinclusion de faisceaux £%— &° définit une
application
(1) HY(X, £%)— HYX, &)

qui, & chaque classe d’espaces E-principaux analytiques, associe une classe d’espaces
I -principaux topologiques.

Le résultat fondamental de Grauvert est le suivant: st X est holomorphiquement
complet, Uapplication (1) est une bijection.

Afin d’expliciter ce qu’il convient de démontrer pour établir ce résultat, faisons
un bref rappel concernant la cohomologie & coefficients dans un faisceau de groupes.
Soit & un tel faisceau sur un espace topologigue X; si % = (U,) est un recouvre-
ment ouvert de X, deux cocyles f;; : U,;— F et g,; : U,;— F sont dits homologues
g’il existe une cochaine ¢, : U,— & telle que

(2) 9i5 = (€ Yis0; dans U,;. -

Fensemble HY%, &) est, par définition, I'ensemble des classes de eocycles
homologues. Si ¥~ est un recouvrement plus fin que %, on définit sans ambigiiité
(ef. [11], p. 41) une application HY%, F)— HY{Y", F); alors HY(X, &) est défini
comme la imite divecte des HY(%, ). 1l est essentiel de remarquer que Papplication
HY Y, F)— HW(Y , F) est injective; on le prouve comme suit: soit ¥~ = (V,), eb
soit o> A(e) une application de I'ensemble d’indices de ¥~ dans Pensemble
d’indices de %, telle que Uy,, > V,. Etant donnés deux cocycles (f;), (g,) de %,
on leur associe les cocyles

Poup = Jaeyaey  Yap = Taarue)
de ¥”. Supposons qu’il existe une cochaine (y,) de 77, telle que

Vop = (Vo) "Pogyp  dams Vg

on définit alors une cochaine (¢,) de % satisfaisant & (2), comme suit: pour z € U,
choisissons un o tel que x € ¥, et considérons

Jiae(®) Va2 30,4(%);

ceei ne dépend pas du choix de e, et définit une section @ — ¢,{z) de & au-dessus de
U,, qui satisfait 3 (2).

Compte tenu de la remarque précédente, on voit que pour prouver que {1) est
bijective, on doit démontrer les deux théorémes suivants (qui expriment que (1) est
injective, resp. surjective):
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TufoREME A. Soit (U,) un recouvrement ouvert de X holomorphiquement complet.
Soient deux cocycles holomorphes

Jis:Uy—E, g;:Uy—E.
Sl existe des sections continues c;: U,— B satisfaisant & (2), 1 existe aussi des
sections kolomorphes satisfaisant auz mémes relations.

TatorEME B. Soit un recouvrement de X holomorphiquement complet par des
ouverts U,; holomorphiquement complets. Soit un cocycle continu f; : Uy;— B. Alors
il existe des sections continues o, : U,— I telles que le cocycle.

9 = () ity
soit holomorphe.

8. Homotopie entre sections d’un espace E-principal

Laissons d’abord de c¢6té Ie Théoréme B. On va transformer 'énoncé du Théoréme
A, en interprétant les cochaines (¢;) qui satisfont & (2) comme les sections d’un
espace fibré auxiliaire. Le relation (2) s’écrit en effet

¢ = JuCi @)™ = Fist i3
définissons un automorphisme 0;; de Yespace des sections U,;— E en associant &
chaque section ¢ la section f;;cg;; (cet automorphisme ne respecte pas la structure de -
groupe des fibres). Il est clair- que 'on & 8;; « 0;;, = 0,;, dans P'espace des sections
U,— B; done, en recollant les p—(U,) = # au moyen des automorphismes
6,;, un obtient un nouvel espace fibré @, de base X; toute cochaine (c,) satisfaisant”
& (2) définit une section de @, et réciproquement. Plus précisément, les sections
holomorphes de @ correspondent aux cochaines (¢;}) holomorphes qui satisfont &
{2); de méme pour les cochaines continues.
De plus, soient (¢;) et (¢]) deux telles cochaines; on &

(e te; = gij((ci)—lc_;)(gig‘)—l;
cela signifie que la cochaine (c; lc;) définit une section de espace fibré B, déduit de
E en recollant les p—YU,} par les transformations

x> g:(p(®)) - % - (gs(p(e)))*

qui respectent la structure de groupe des fibres de B; ainsi F, est un fibré analytique
dount les fibres sont des groupes de Lie (isomorphes, mais non canoniquement, aux
fibres de E), et le quotient (¢; 'c;) de deux sections holomorphes (resp. continues) de
@ définit une section holomorphe (resp. continue) de &, . Comme ce raisonnement
vaut non seulement pour X, mais pour toub ouvert U de I'espace de base X, on voit
que {méme lorsque @ n’a pas de section globale au-dessus de X), ¢ est un espace B -
principal.

11 est maintenant elair que le Théordme A résultera du théoréme plus préeis:

Tatorime 1. Soit P un espace B-principal onolybigue, dont lo base X est holo-
morphigquement complite. Alors toute section continue de P est homotope & une section
holomorphe de P.

(RemMarque. On munit ensemble des sections continues de P de la topologie de
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la “convergence compacte” (“compact-open topology”’); une homotopie dans
Tensemble des sections continues de P n’est pas autre chose qu'un chemin
dans cet espace topologique).

Le Théoreéme 1 implique évidemment que, s'il existe une section continue, il
existe aussi une section holomorphe; appliquons ce résultat en remplacant H par
E,, et P par @: on obtient le Théordme A.

On établira aussi un théordme d’approximation:

Tatoriime 2. Soit P un espace E-principal analytigue, dont lo base X est holo-
morphiquement compléte; soit U un ouvert de X, X-convexe, et soit s une section
holomorphe U — P. Si s peut éfre arbitrairement approchée (dans Pespace des sections
continues au-dessus de U) par la restriction & U de sections continues X — P, alors s
peut étre arbitrairement approchée par lo restriction & U de sections holomorphes X — P.

On notera que, méme dans le cas trivial ot P = K et ol £ est un produit X X G,
les Théoremes 1 et 2 ne sont nullement évidents. Le Théoréme 1 dit alors que toute
application continue de X dans un groupe de Lie complexe ¢ est homotope & une
application holomorphe X — Q. Et le Théoréme 2 dit que la possibilité d’approcher
arbitrairement une application holomorphe U — @ par les restrictions & U d’appli-
cations holomorphes X — @ est un probléme dont Pobstruction est purement
topologique.

Nous allons renforcer les: deux théorémes précédents: F et P ayant la méme
signification que dans les Théorémes 1 et 2, nous introduisons un sous-espace
analytique Y de la base X (X est toujours supposé holomorphiquement complet):

Trforime 1 bis. Soit f: X — P une section continue du fibré P, telle que lo
restriction g: Y —> P de f & Y soit holomorphe. Alors, dans Uespace de loutes les
sections continues de P qui prolongent g, f est homotope & une section holomorphe
X— P.

CororLATRE pU THROREME 1 bis. Si une section holomorphe Y — P peut étre
prolongée en une section continue X — P, elle peut aussi étre prolongée en une
section holomorphe X — P.

Tatorima 2 bis. Soit U un ouvert X-convexe de X. Svit f: U— P une section
holomorphe, et soit g : ¥ — P une section holomorphe telle que f et g coincident sur
Y n U. 8i f peut étre arbitrairement approckée par des sections continues X—> P qui
prolongent g, alors f peut éire arbitrairement approchée par des sections holomorphes
X — P qus prolongent g.

Le corollaire du Théoréme 1 bis va entrainer un autre résultat:

Takorkvme 3. L'espace X étant foujours supposé holomorphiquement complet,
soient f, f' : X — P deux sections holomorphes. Supposons que f et f* soient homotopes
dans Uespace de toutes les sections continues X — P. Alors il existe une application
holomorphe h:X X I— P (ot I désigne le segment [0, 1] de la droite réelle,
considéré comme plongé dans le plan complexe C), telle que

{ bz, 0) = f(=), bz, 1) = [’ (z) pour x € X,
plhlz, )y =xpowrzc X, tel.
en notant p la projection P— X,
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{(En particulier, f et f' sont homotopes dans I'espace des sections holomorphes
de P; mais le théoréme dit davantage, puisque homotopie définie par h(x, )
dépend analytiqguement du paramétre de déformation ¢ € I).

DimonstrATION DU TH#oREME 3. Nous admettons le Théoréme 1 bis, qui sera
démontré plus loin, ainsi que le Théordme 2 bis. Soit U un disque ouvert dans le
plan C de la variable complexe #; supposons que U contienne les points £ = 0 et
t =1, et identifions I & un fermé de U. D’aprés Phypothése de 'énoneé, il existe
une section confinue ¢ : X X I— P telle que

P, 0) = f(@), p(x, 1) = f'(x), plo(®, £)) = =.

Comme I est rétracte de U, on peub prolonger ¢ en une application eontinue
X X U~ P jouissant des mémes propriétés; on la notera encore ¢. L’application
(z, t)—> ((x, £), 1) est alors une section p de P X U, considéré comme fibré (B ¥ U)-
principal, dont la base X X U est holomorphlquement compléte. Considérons le
sous-espace analytique

Y'-——"XX{O,I}

de X' = X X Uj; la restriction de ¢ & Y’ est une section holomorphe. D’aprés le
corollaire au Théoréme 1 bis, il existe une section holomorphe X X U—~P X U
qui coincide avee 9 sur Y'; cette section a la forme

(w, 8) — (h(z, 1), 2),

ol 7 est une application holomorphe X X U— P. La restriction de 4 3 X X I
démontre le théoréme.

RemarquE. Nous laissons au lecteur le soin d’énoncer et de démonfrer un
Théorsme 3 bis, dans lequel intervient un sous-espace analytique ¥ de X.

4. Le théoréme principal

Les Théorémes 1 bis et 2 bis du paragraphe précédent seront déduits d’un
théoréme assez technique, qu’on va exposer maintenant. X désigne toujours un
espace holomorphiquement complet, eb ¥ un sous-espace analytique (fermé) de X;
E désigne toujours un fibré analytique de base X dont les fibres sont des groupes de
Lie complexes. Pour chaque ouvert U < X, soit &°(U) le groupe de toutes les
sections continues U —» F qui sont neutres sur ¥ N U (noter que chague fibre de B
posséde un élément neutre); F°(U) est un groupe topologigue, pour la topologie de 1a
convergence compacte; il posséde un sous-groupe fermé Z%(U), formé des sections
holomorphes U — B qui sont neutres sur ¥ N U.

Soit maintenant C un espace auxiliaire, qu’on supposera compact: ce sera Pespace
d’un paramétre ¢. Une application continue ¢: O— Z%U) n’est pas autre chose
qu'une application continue (w, t) — sz, i) de U X € dans &, telle que:

o(s(x, 1)) =, s, t)nentrepourxe ¥ nU.

Solent de plus donnés deux sous-espaces fermés N < H de C; on appellera (N, H, 0)-
application dans #¢(U) une application continue ¢ : C'— Z(U) telle que:
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1°. pour chaque ¢ € N, (¢} est la section neutre;

2°. pour chaque ¢ € H, ¢(f) € ¥*(U), c’est-a-dire est une section holomorphe.

Notons pour un instant F (U) le groupe (topologique) de toutes les (N, H, C)-
applications dans #°(U). Lorsque U parcourt I'ensemble des ouverts de X, les
groupes Z (U) constituent un préfaisceau, donc définissent un fuisceau que nous
noterons & . Tlest clair que & (U) n’est pas autre chose que le groupe HYU, &) des
sections du faisceau & au-dessus de U.

On notera que le faisceau & dépend de la donnée du fibré B (de base X), du
sous-espace analytique ¥ < X, et des espaces N, H, C.

THAEOREME PRINCIPAL. Supposons que X soit holomorphiquement complet, ei que
N soit réiracte de déformation de C. Alors, F désignont le faisceon défini ci-dessus:

(i) le groupe topologique HY X, F) est connexe par arcs;

(i) st U est un ouvert X-convewe de X, Uimage de Papplication HYX, F)-—
HYU, F) est dense dans HYU, F);

(ii) H(X, &) =0.

La démonstration de ce théoréme sera indiquée plus loin (§ 6). Pour le moment,
on va montrer comment les Théorémes 1 bis et 2 bis peuvent s’en déduire, en
prenant

C=[0,1], H={0,1}, N ={0}.

DiimonsTRATION DU THEOREME 1 bis. Soib f : X — P une section continue, dont
la restrietion ¢ & Y soit holomorphe. Chaque point # € X appartient évidemment &
un ouvert U tel que la restriction f[U soit homotope & une section holomorphe
U — P danps Pespace de toutes les sections eontinues U — P qui prolongent la
restriction g[(U N Y); on le vérifie en observant que la restriction de P au-dessus
de U est isomorphe & U X @. Ainsi, nous avons un recouvrement ouvert (U,) de X,
et pour chaque U; une homotopie

(z, ) —>filx, 1), 2eU, 0511

3

avec f;(z, 0) = f(), f;(z, 1) holomorphe, fi(x, t) = g(x) pour x € Y. Dans U, la

i3>
section f;(x, £} = fi(x, £)"If;(x, {) du fibré E est neutre pour z € ¥ N U,;, neutre
pour ¢ == 0, holomorphe pour ¢ = 1; done (f{(z, #)) est un cocyle du faisceau F.
En vertu de P'assertion (iii) du Théoréme principal, il existe une cochaine ¢,(z, t)

du faisceau &, telle que
Jifee, 1y = e (e, 1) e (., ¢) pour = € U,

Définissons, pour « € Uy, bz, {) = [, t)e,(z, )~ (rappelons que E opére & droite
dans P); alors by, £) = hy{w, £) pour x € Uy, et par suite les b, définissent une
section h(z, £} de P au-dessus de X, dépendant du parametre { €{0, 1]. On a
k(z, 0) = f(x) parce que fi(z, 0) = f(z) et c;(w, 0) =e;pourz € Y, on a Az, 1) =
g(x) parce que fz, &) == glx) et cz, i) =e; enfin, h(x, 1) est holomorphe,
parce que fi(z, 1) et ¢,(x, 1) sont holomorphes. Alors A(z, ) fournit homotopie
désirée eb prouve le théoréme 1 bis,

DiimonsTEATION DU THEOREME 2 bis. Soit K un compact donné, contenu dans U,
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On cherche une section holomorphe X — P, qui prolonge g : ¥ — P, et soit arbit-
rairement voisine, au-dessus de K, de la section holomorphe donnée f : U — P (cela
signifie que la section cherchée doit prendre sur K des valeurs qui se trouvent dans
un voisinage arbitraire de U'image f(K)). Il existe un ouvert U’ < X possédant les
propriétés suivantes: K < U, U’ est X-convexe, U’ est compact et contenu dans
U. Par hypothése, il existe une section continue ¢ : X — P prolongeant g, et arbit-

rairement voisine de f au-dessus de U’; alors les restrictions f’ et ¢’ de fet @ & U”
sont homolopes dans Uespace des sections continues, égales & g au-dessus de ¥ n U’
(on le voit en utilisant les “paramétres canoniques” dans chaque fibre de B, qui est
un groupe de Lie; noter que f'—! ¢’ est une section de , voisine de la section neutre).
D’autre part, d’aprés le Théoréme 1 bis, ¢ est homotope {dans 'espace de toutes
les sections continues X — P qui prolongent g) 4 une section holomorphe /s : X — P
qui prolonge ¢. Soit &’ la restriction de & & U'; alors f* et &' sont homotopes (dans
Tespace des sections continues U’ — P qui prolongent la restrictiondega U’ n Y).
Ainsi {15’ est une section continue U’ — K, neutre sur U’ 0 Y, et homotope & la
section neutre (dans.Iespace des sections qui sont neutres sur U’ N Y). D’aprés
Tassertion (ii) du théoréme principal, il existe une section holomorphe &k : X — E,
neutre au-dessus de Y, et dont la restriction &' & U’ est arbitrairement voisine de
f’. Alors la restriction de Ak : X — P a U’ est arbitrairement voisine de f’,
et en particulier Ak est arbifraivement voisine de f au-dessus du compact K.
Comme Ak~ est une section holomorphe de P, égale & g au-dessus de Y, le Théoréme
2 bis est établi. \

5. Démonstration du Théoréme B

Nous venons de montrer comment le Théoréme principal du §4 (qui sera établi
plus loin, §6) entraine les Théordémes 1 bis et 2 bis, et a fortiori le Théoréme A du
§2. On va maintenant démontrer le Théoréme B du §2.

Compte tenun de la définition et des propriétés de la cohomologie HY(X, &),
resp. de HY(X, &°), il suffit de prouver le Théordme B pour des recouvrements
ouverts (U;) tels qu’il y en ait d’arbitrairement fins. Dans ce qui suit, nous pourrons
done supposer que chaque ouvert U, est holomorphiquement complet et relativement
compact (en effet, tout point de X posséde un systéme fondamental de voisinages
ouverts qui jouissent de ces deux propriétés). De plus, ou supposera que le re-
couvrement (U,) est localement fins.

Soit alors f;;: U,;— E un cocyle confinw. Convenons de dire qu'un ouvert
V < X est bon &1l existe des sections continues ¢;: U; N V— F telles que ¢ Y ¢,
soib holomorphe dans U,; 0 V. Nous voulons prouver que X est bon; et nous savons
déja. que tout ouvert assez petit de X est bon.

PREMTHRE PARTIE DE LA DEMONSTRATION, On va montrer que si V est Pintérieur
d’un compact spécial K, V est bon. D’aprés le §1, K posstde un voisinage qui se
réalise comme sous-espace analytique dans un voisinage d’un cube compact I
En recouvrant chaque e6té de I' par un nombre fini d’intervalles assez petits, eb en
faisant le produit de ces recouvrements, on obtient un recouvrement ouvert fini
de I" par des cubes T', ... ,, (k désigne la dimension réelle du cube I'), qui induit
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sur ¥ un recouvrement par desouverts ¥, ... , =¥V nT, ..., dont chacun est
bon. Notons, pour chaque entier m tel que 0 m< k, V oo 1 TéUNION

U V., ... On va prouver, par récurrence sur m, que V ps sy 50 bon;
gy ® "~ g Oy

c¢’est vrai pour m = 0. La réeurrence utilise le lemme suivant:

Levme. Soit un cube compact ', dont un coté I est réunion dé deux intervalles
ouverts I' eb 1"; soient 1" et T'" les images réciprogques de I' et 1™ dans T'; on a donc
T'=T1" U7, e Uintersection TV N T est un cube. Supposons Vowvert V réalisé
comme sous-ensemble analybigue dans Uintérieur de T, et sost V' =V n IV, V" =
VT Alorssi V' et V” soni bons, V est bon.

Prouvons ce Lemme. Par hypothése, on a des sections continues ¢; : V' N U, —
E et of : V" 0 U,— E telles que c;%f,,c] = f;; soit holomorphe dans U, 0 V’, et
¢;7Yf;i6; = fy; soit holomorphe dans U, N V”. Dans U;n V' n V" on a

” —1p/ 1"
Ji= h; Filss avec b, = ¢;7c;.

Or V' n V7, comme sous-espace analytique d’un cube ouvert, est holomorphique-
ment complet; on peut done lui appliquer le Théordme 1 ( §3): il existe par suibte des
sections h,(x, f) de K au-dessus de U, N V' N V", dépendant continfiment d’un
parametre ¢ [0, 1], et telles que

15 = (&) b6 pourtout s,  hyz, 0) = hy(x),
k(x, 1) = k() holomorphe dans U, n V' n'V".

Considérons Pespace U, N V, recouvert par deux ouverts U, N V' et U, N V",
puisque A,(x) et k{x) sont deux cocycles homofopes de ce recouvrement, ils défi-
nissent deux espaces fibrés topologiquement isomorphes (d’aprés un théordme
classique sur les espaces fibrés principaux dépendant “continfment” d’un
paramétre ). Or Lespace défini par %, est trivial, puisque h; = ¢, '¢;; donc
Pespace défini par %; est trivial. Il est méme analyliquement trivial, en verf;u du
Théoréme A, puisque U, N V est holomorphiquement complet; il s’ensuit qu’il
existe des sections holomorphes 2} : U, 0 V' — K et b : U, N V" — E, telles que

b=k dans U; 0 V' 0 V"
On a done A fgh;=™ = hfph; ™ dans U, 0 V' N V" On définit alors un cocyle

% Y
holomorphe g,,y. ;N V——:;ﬂ en posan’o s = hifgh; L dans U N V', = hifhi
dans U, n V",

Il n’est pas encore certain que les cocyles f; et g,; (cocyles du recouvrement
(U;n V) de Yespace V) soient homologues; on sait seulement que, sur chacun
des deux sous-espaces ¥V’ et V7, ils induisent des cocyles homologues. Or, d’aprés le
§3, on a un fibré analytique #, (dont les fibres sont des groupes de Lie) défini par
le cocyle (g,,); et (f;;) définit un fibré (topologique) @, qui est F,-principal. La
recherche d’'un cocyle holomorphe (sur Uespace V) qui soit homologue 3 (f;;)
revient & la recherche d’un fibré analytique E ~principal qui soit (topologiquenent)
isomorphe & Q. Or @ induit sur V' (vesp. sur V") un fibré E -principal topologique-
ment frivial; on peut done définir §, comme espace E -prineipal, par un cocyle
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continu @ : V' A V" —> B du recouvrement de V formé des denx ouverts V' et V.
D’apres le Théoreme 1, la section ¢ est homotope & une section holomorphe v :
V' nV'—E, puisque ¥’ 0 V" est holomorphiquement complet; le cocyle p définit
alors un espace analytique % -principal, topologiquement isomorphe 3 ¢, et ceci
achéve la démonstration du lemme: on a prouvé que V est bon.

DEUXTEME PARTIE DE LA DEMONSTRATION. On sait que X est réunion d’une suite
croissante de compacts spéeiaux K, tels que chague K, soit contenu dans 'inté-
rieur V., de K,,,,. D’aprés la premitre partie de la démonstration, chaque ¥V, est
bon; on veut maintenant prouver que X est bon.

Puisque les U, sont relativement compacts, on peut supposer que la condition
suivante est vérifide:

(.,Ui n Vn 7& 0) = (Ue < Vn—!—l)

(car s’il n’en était pas ainsi, il suffirait d’extraire de la suite des ¥, une suite
partielle). Pour chaque 7, on a une cochaine continue ¢f : U, N V,, — K telle que

(3 :56F = g soit holomorphe dans U,; 0V,

]

puisque ¥, est bon. On a done

gy = @)y dy dans U, 0 V,,

ol dff = (1) : U, N V,— E est une section continue. Pour chaque =, la
collection des df (¢ variable) définit une seetion continue d’un fibré (analytique)
auxiliaire de base ¥V, (§3); d’aprés le Théoréme 1, cette section est homotope & une
section holomorphe. Cela signifie qu’il existe des sections continues x— df(z, #)
de ¥, n ¥, dépendant continfiment d’un parametre £ €[0, 1], telles que:

(8) g% = (d2@®) g dr() dans Uy NV, quel que soit £,
@ dH0) = (F T,
(8)  d¥1) est une section holomorphe U, N V,,— K.

Sans changer les ¢, on va maintenant remplacer les ¢f*?

¢;**1, de maniére que:

par d’autres sections

(@ g™t = (") 0"t soit holomorphe dans Uy N V443
B e"l=ctdans U, NV, _,

11 suffit de poser ¢/" " =i U,NV, 1=0;et,si U;nV,_,7#0, (ce qui
entraine U; < V), de poser

6" @) = ¢ i(a) - di(a, A)),

ol A(z) est une fonction continue, définie dans V,, & valeurs dans [0, 1], telle que
Mr)=0pourxz eV, , Az) =1 pour x¢ V,_ ;. La vérification de («) et (§) est
immédiate.

On voit maintenant qu’on peut choisir la suite des ¢f (n = 1, 2, - - ) de maniére

que ¢t =c? dans U;n V,_,; il en résulbe que cette suite, pour chaque i,
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converge vers une section continue ¢, : U;— &, et que, dans U ;, la section (¢;)"Y;¢;
est holomorphe. Ainsi le théoréme (B) est complétement démontré.

6. Démonstration du Théoréme principal

1l reste & démontrer le Théordme principal du §4. On wutilisera pour cela deux
propositions auxiliaires, qui seront établies aux paragraphes 7 et 8.

Prorosrrton 1. Soit X un espace holomorphiquement complet, et soit K un
compact X-spécial. Définissons Je groupe topologique HYK, %) comme la limite
directe des groupes topologiques HYU, &) relatifs aux ocuverts U contenant K
(on munit HYU, &) de la topologie de la convergence compacte, comme au $§4).
Alors I'image de V'application HYX, %) — HYK, F) est dense dans tout un
voisinage de Uélément neutre de HY(K, F).

Avant d’énoncer la Proposition 2, introduisens une convention terminologique:
soit K un compact spécial, réalisé comme sous-ensemble analytique d'un cube
compact I':

4 <5<, @<y <y

i =

{cf. §1). Soit ¢ un nombre tel que a; < ¢ < b,; soit I' Pensemble des points de I
tels que z, < ¢, et soit I'” Pensemble des points de T tels que #, = ¢. Alors TV,
I et IV N T sont des cubes compacts, et I' = I U T. Définissons les compacts

K'=Knl', K"=Kn1"

K’', K" et K’ n K" sont des compacts spéeiaux, et K = K’ U K”. Un tel systéme
(K, K', K") sera appelé une configuraiion spéciale.

ProrosrrioN 2. Soit (K, K', K”) une configuration spéciale. Alors tout élément
fe HYK' n K", F), suffisamment voisin de U'élément neutre, peub se mebtre sous
1a forme

f=5-r

ou f' e HYK', F), " € HY(K", F).

Nous admettons pour le moment les Propositions 1 et 2, et nous voulons en
déduire le Théordme principal. Avant de prouver les assertions (i), (ii) et (iii) de ce
théoréeme, on va d’abord montrer:

(1) si K est un compact spécial, le groupe topologique H(K, &) est connexe par
ares;

(2) si K est un compact spécial, Pimage de I'application HY(X, #) — HY K, %)
est partout dense dans HY K, F);

(3) 81 (K, K', K"} est une configuration spéciale, tout élément f € HYK' n K", F)
peut s'éerire sous la forme f* - f™1, avee f' € HYK', F), f” e HY K", F).

En fait, on va introduire, pour chaque entier % > 0, les assertions (1), eb (2),,
qui se rapportent au cas ou le compact K se réalise dans un cube compact de
dimension réelle k; on introduit aussi Passertion (8),, qui se rapporte au cas ou le
compact K’ N1 K" est réalisé dans un cube de dimension réelle k.

Pour prouver (1}, (2), et (3), il suffit d’établir (1}, (2),, et (3), pour tous les entiers
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k> 0. La démonstration va procéder comme suit: on prouvera d’abord (1)y; puis
on montrera que
D= 2)p= )= (Vgsa-

Montrons d’abord gque (1)q esi vrage: dans ce cas, K se réduit & un point z, € X,
et il s'agit de montrer que toute section de # au voisinage de x, peut, dans un
voisinage ouvert U assez petit de z,, étre déformée dans la section neutre, Considé-
rons d’abord une section de & au-dessus du point z, (et non dans tout un voisinage
de #,); ¢’est une application continue £ — f(,, t) de C' dans la fibre de I au-dessus
de z,, qui est neutre pour ¢ € N (la condition d’holomorphie en x pour ¢ € H n’inter-
vient pas, puisque z reste fixe, au point z,). Comme, par hypothése, N est un
réiracte de déformation de C, cette application est homotope & application nentre;
on a donc une application continue (¢, u)— g(f, u) de C' X I dans la fibre de &
au-dessus de x,, telle que

glt, ) —epourf e N,

glt, 0) = f(zq, t) pour t €C,

g, 1) =epour t €0,
avec la condition supplémentaire g(f, ) — e au cas ot le point 2y appartiendrait au
sous-espace ¥ de X.

11 existe un voisinage ouvert U de x, tel que, au-dessus de U, le fibré I soit
trivial, c’est-3-dire isomorphe au produit U X ¢, chaque fibre étant identifiée au
groupe de Lie G; alors les sections de E au-dessus de U s’identifient aux applications
U —> @, et en particulier la fonetion g(4, u) peut étre considérée comme prenant ses
valeurs dans G- De méme la section donnée f(x, t) du faisceau &, au voisinage de %,
peut étre considérée comme prenant ses valeurs dans G par suite (f(x,, £))~Yf(z, ?)
est défini; en outre, si U a 6té choisi assez petit, (f{(z,, 1))~Yf(x, t) est voisin de
1élément neutre, et se trouve done dans la région du groupe G o1 ’on peut identifier
G et son algébre de Lie 4(G) au moyen de l’application exponentielle. On peut alors
définir le produit de (f(x,, £)y 7 (x, i) par un scalaire pas trop grand. Posons

Oz, t, ) = g(t, u) - (1 — w)(flwo, 1) (e, §), pour 0 S w < 1.

On a Gz, t, 0) = f(z, 1), G(x, ¢, 1) = e, ce qui démontre I'assertion (1),.

Montrons que (1), entratne (2),,: en effet, soit K un compact k-spécial (i.e. réalisé
comme sous-ensemble analytique d’un cube compact de dimension réelle k).
L’assertion (1), entraine que tout élément f € HYK, &) est produit d’un nombre
fini d’¢léments de HO( K, &) arbitrairement voisins de I'élément neutre. A chacun
d’eux on applique la Proposition 1; on obtient ainsi (2),. _

Montrons que (2),, entratne (3),; soit (K, K', K"} une configuration spéciale, telle
que K’ 01 K soit k-spéeial. Soit donné f € HYK' N K, &F); daprés (2),, on peut
écrire f =g - f;, ou f, e HYK' n K", F) est arbitrairement voisin de 1'6lément
neutre et g € HYK', F). D’aprés la Proposition 2, on a

fi=f - avec ' € HYK', F), f* € HYK", F).
On en déduit f = (g + f') - f*1, ee qui prouve (3),.
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Montrons enfin que (1), ei (3), entrafneni (1),,,: soit K un compact (& -4 1)-
spéeial, et soit f € HYK, %) une section de & au-dessus d'un voisinage de K.
Chaque point A du premier ¢6té du (k + 1)-cube compact dans lequel K est réalisé
a pour image réciproque, dans K, un compact k-spécial K, auquel on peut appli-
quer Passertion (1),. Done K posséde un voisinage ¥V, (dans K) tel que la restriction
de f & ¥V, soit homotope & la section neutre; on peut reconvrir K avec un nombre
fini de tels V;, et on peut supposer que les V; sont des (% - 1)-cubes compacts
tels que Pintersection V, 0V, soit un cube de dimension . Eerivons désormais
K au lieu de ¥, et soit ft(u) e H %K, &) une section au-dessus d’un voisinage de

K, dépendant continfiment d’un paramétre » {0, 1], telle que f,(0) soit: 1a section
induite par la section donnée £, et que f,(1) soit la section neutre.

Ces homotopies f{(u) (4 = 1,2, - - -} ne coneordent pas dans les intersections
K;n K, ,;, qui sont des compacts k-spéciaux. On va maintenant les modifier
successivement, de maniére & les faire concorder, ce qui établira (1);,4. On est
ramend & un probleme élémentaire, du type suivant: soit (K, K,, K,) une configu-
ration spéciale, telle que K, N K, soit k-spécial; soit donné fe HYK, F), et
soient données des homotopies f,(u) € HYK,, F) (i = 1, 2) telles que f;(0) soit la
restriction de f, et f(1) =e. On cherche g(u) e HYK, F) telle que ¢g(0)=f et
g(1) =e.

Or (fy(w))yfy(u) € H"(K:l N K,, %) est une homotopie de ¢ & ¢ dans le groupe
HYK, n Ky, F). Cest un élément de HYK, 1 K,, F'), ob &' est un nouveau
faisceau, relatif aux espaces compacts N' < H' < ¢’ définis par

O=0XI, N=OxDU@@x{0)U@x{1), B =EHxXIHUN.

Ce faisceau &' satisfait aux hypothéses du Théordme principal, car N’ est réiracte
de déformation de 0" (vérification immédiate). On peut done appliquer & F#” Passer-
tion (3),; elle montre que

(fa))yglw) = f"(m) (" (),

ol f'(u) € HYK,, F) et f"(u) € HYK,, &) dépendent du paramdtre % € [0, 1], et
sont neutres pour % =0 et u = 1. Il suffit alors de poser g{u) == fy{(u)f' (%) an
voisinage de K, eb = fy(u)f"(u) au voisinage de K,, pour oblenir la déformation
cherchée g(u) € HYK, F); ceci résout le “probléme élémentaire,” eb par suife
Pagsertion (1),,, est démontrée.

Ainsi les assertions (1), (2), et (3) sont maintenant établies. II reste 3 en déduire
les assertions (i), (i), eb (iii) du Théordme principal {§4). Tout d’abord, (i) résulte
immédiatement de (2).

DifimoNsTRATION DE (i). On soit que X est réunion d’une suite croissante de com-
pacts spéciaux K, tels que K, soit contenu dansPintérieur ¥V, ; de K, ;. Soit f € H®
(X, F); Q’aprés (1), Vimage f,, de f dans HY(V ,,, &) est homotope 4 I'élément neutre
dans HYV,, &); seit f,(u) une telle homotopie, telle que f,(0) = f,, (1) =e.
Alors (f,(4))7Y,,1(%), au-dessus de V,, est en faibt un élément de HY(V,, F'), ol
F* désigne le faiscean défini plus haut, et relatif aux espaces N' < H' < (. En
appliquant Passertion (2} & ce faisceau, on voit que (f,(w)) Y, () peut étre
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uniformément approché, au-dessus du compact K, ; < V,, par des éléments de
de HYV, 4, F'). Ainsi, sans changer f,(x), on peut modifier f, ,(u) de manitre
que (f,(u))y Y, 1(u) soit arbitrairement voisin de Ia section neutre au-dessus de
K, ;. Nous pouvons done faire en sorte que la suite des f,(«) converge dans X,
uniformément sur tout compact; soit alors f(u) la limite: f(%) fournit 'homotopie
désirée entre la section donnée f € HYX, &) et la section neutre.

DiEMONSTRATION DE (ifi). On veut montrer que AYX, &) = 0. Or (3) entraine
facilement que HY(K, %) = 0 pour tout compact spéeial K. Il reste maintenant &
“passer & la limite”. Soient (K,,) et (V) des suites comme ci-dessus; étant donné un
recouvrement ouvert (U;) de X, et un cocyle (f;} & valeurs dans &, on a, pour
chaque #, des sections

& eHU,nV,, F)

telles que f;; = (cf) %} dans U,; nV,. On a done ¢f*{cf)™ = c}(c])™ dans
.Uy nV,, et par suite les e}y définissent une section ¢" € HYV,, F).
En utilisant & nouveau 'assertion (2) comme ci-dessus, on peut assurer la converg-
ence de la suite ¢f, ¢+, - - - uniformément sur tout compact de U, La limite
¢; € HYU,, &) est telle que

Jis = (c;) ™ ¢; dans Uy,

et par suite on a démontré que AYX, #) = 0.
La démonstration du Théoréme principal est ainsi achevée.

7. Démonstration de Ia Proposition 1

La démonstration des Propositions 1 et 2 repose, entre autres choses, sur le
principe suivant: considérons le foncteur covariant qui, & chaque groupe de Lie
complexe @, assoeie son algdbre de Lie A(G) (espace vectoriel sur le corps complexe)
et & chague homomorphisme de groupes de Lie G— @, associe Phomorphisme
correspondant d’algébres de Lie 4(G)— A(G'). La définition du fibré F, dont les
fibres sont des groupes de Lie complexes, conduit & un fibré associé A(#), dont les
fibres sont les algébres de Lie des fibres de B; A(E) est une fibré analytique & fibres
veclorielles (complexes).

Pour un groupe de Lie G, on a application exponentielle 4(G) — G, qui induit
un isomorphisme d’un voisinage de 0 dans A(E) sur un voisinage de 1’élément
neutre de G (“isomorphisme” au sens des variétés analytiques complexes). Comme
A(G)— @ est une application naturelle de foncteurs, il s’ensuit qu’elle définit une
application analytique 4(#)— E des espaces fibrés, notée exp; et que si on se
restreint & un compact K de I'espace de base X, Papplication exp: A(E) — F est
un isomorphisme d’un voisinage de la section nulle de 4(¥) sur un voisinage de la
section neutre de E (“isomorphisme™ au sens des espaces fibrés analytiques).
Désormais toute section K — F, assez voisine de la section neutre, pourra done
étre identifiée 4 une section K — A(H).

Lemme 1. Soit V un fibré analybique vectoriel (complexe) ayant pour base X un
espace holomorphiquement complet, et soit U un owvert de X, relativement compact el
holomorphiguement complet. Il exisie un systéme fini {g,) de sections de V au-dessus de



ESPACES FIBRES ANALYTIQUES 113

X, jouissant de la propriété swivante: si Y est un sous-espace analytique de X, toute
(N, H, O)-section? f(x, t} de V au-dessus de U, nulle pour x e UNY, peut s'écrire

J@, ) = 2 folw, )gef),  (weU,1€C)

ot les [, sont des (N, H, O)-fonctions scalaires,® nulles pour z €U N Y.

Démonstration: puisque U est relativement compact, et que le faisceau des
germes de sections holomorphes de ¥ est cohérent, il existe® un nombre fini n de
sections holomorphes g, au-dessus de X, telles que, en chaque point & € U, les g,
engendrent le module des germes de sections holomorphes de ¥ au point » (comme
module sur Panneau des germes de fonctions holomorphes scalaires au point x).
Soit alors #™* (vesp. ¥7°) le faisceau des germes de sections holomorphes (resp.
continues) de V, nulles sur Y'; soient O (resp. 0°) le faisceau des germes de fonetions
holomorphes scalaires (resp. continues scalaires) nulles sur Y. A chaque systéme
(f,) de n éléments de % {resp. de @) associons > f.g, € V% (resp. € ¥5); ceci
définit un homomorphisme de faisceaux

¢ (04— V7, tesp. ¢ (O V7

¢* et @° sont des épimorphismes: on le voit en utilisant une trivialisation locale du
fibré vectoriel V. Soit N° (resp. N°) le noyau de ¢ {resp. ¢°); N° est un faisceau
analytique cohérent (resp. N° est un faisceau fin), done HY{U, N*) = 0, H{U, N} =
0. II en résulte que @* et ¢° définissent des épimorphismes

Qe (HYU, 04— HYU, 4%,
@°: (HYU, 0°)" — HYU, V7).

Or (HYU, 0%)", HYU, ¥, (HXU, 0°)*, HYU, ¥°) sont des espaces de Fréchet;
@ ot @° sont des applications lindaires continues. On va leur appliquer un lemme
sur les espaces de Fréchet (cf. Appendice).

Prenons d’abord f (s, t) = 0 pour ¢ € N; on a ainsi une application continue
(nulle) N — (HYU, 0%))*. D’apres le lemme de I’ Appendice, on peut la prolonger en
une application continue

H— (HYU, 0%

qui “reléve” Papplication donnée f: H— HYU, 07). En composant ce relévement
H—> (HY(U, 09" et Tapplication naturelle (HYU, O7)*—> (HYU, %), on
obtient une application continue H — (HYU, (#°)"; en utilisant 3 nouveau le

2 Une fonction f, (x, 1} définie pour z € U, ¢ € C, continue sur U X C, eb dvaleurs scalaires,
n'est pas autre chose qu’une application continue i— (x— f,(x, ¢)) de € dans Pespace des
fonctions continues sur U & valeurs complexes, muni de la topologie de la convergence compacte.
On dit que ¢’est une (N, H, O)-fonction si, pour tout ¢ € H, I'application z— f,{x, t) est holo-
morphe, et sify(x, ) = 0 pour: € N. D’autre part, une section f de ¥V au-dessus de U, dépendant
de t € 0, s’appelle une (N, H, O)-section si f(z, £) est continue sur U X C, eb si, pour tout ¢ € H,
1a section z — f(x, t) est holomorphe, ¢t si en outre, pour? € N, ona f(z, £} = 0 pour toutx € U.

8 Fn vertu du Théordme A de [4].
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ol Az, #, u) désigne, pour chaque z, Pautomorphisme ad (f(z, ¢, »)) de la fibre
vectorielle de A(#) au-dessus du point x. Alors, si on intégre les équations (7)),
en convenant que f’ et f” sont neutres pour » = 0, on trouve des sectmns iz, 1, u) et
F'(=, t, u) de B, satisfaisant aux conditions suivantes:

J(=, t, u) est holomorphe en  au voisinage de K’;
J"(=, t, u) est holomorphe en x au voisinage de K";
' et f” sont neutres pour f € N et pour v € Y;
enfin, pour & voisin de XK' N K", on a

(11) [, b, u) = fl=, &, u) - (=, &, u).

Revenons alors & notre “probleéme fondamental”: f(x, t) est une section donnée
de F, holomorphe en x au voisinage de K' 1t K", pour chaque ¢ € H; de plus,
flz, £) est neutre pour ¢ € NV, et pour z € Y. Enfin, on suppose f(x, £) voisin de la
section neutre; il existe donec une section a(x, ) du fibré vectoriel A(E), telle que
exp (alx, ) = f(x, £); a(z, t) est holomorphe en z au voisinage de K’ 1 K", est
nulle pour ¢ € NV et pour # € Y. Soit % un paramétre réel (0 < u < 1); considérons
la section u - a(x, ) (produit de a(x, f) par le scalaire u, dans la structure vectorielle
des fibres de A(H)), et soit

fle, &, u) = exp (u * a{, £)).

On a df/ow = a(w, §) * f(=, &, u). Posons

Mz, t, w) = ad(f(x, t, u)). Supposons qu’on ait trouvé des sections a’(z, ¢, u)
(vesp. a”(x, , u)) de A(H), holomorphes en @ au voisinage de K’ (resp. de K”),
nulles pour ¢ € N et pour = € Y, telles que

(12) (=, ¢, u) = a(z, t) + Az, L, ) - a"(x, §, u) pour z voisin de K’ N K”.

Alors, par intégration, on obtiendra des sections f'(z, t, ) (resp. f"(x, £, u)) du ﬁbre
E, bolomorphes en « au voisinage de K’ (resp. de K"), neutres pour ¢ € N eb pour
z € Y, telles que (11) ait lieu pour z voisin de K’ n X”. Bn particulier, f'(x, 1, 1) et
F(x, £, 1) fourniront une solution du “probléme fondamental.”

Ainsi, tout revient maintenant & trouver a'(z, £, u) eb a”(z, #, u) satisfaisant &
(12). Soit U un ouvert X-convexe et relativement compact, contenant K’ N K”,
dans lequel la section donnée f(z, ) soit holomorphe {pour chaque ¢ € H), ainsi
par conséquent que a(x, ¢) et Alx, {, ). Reprenons les sections g, du fibré A(H)
au-dessus de U, comme dans le Lemnme 1 (§7). On a

Mz, £, u) - g (w) = Zﬁ"’aﬁ(x’ 3 u)gﬁ(m)A

ol les coefficients @,4(x, ¢, %) sont holomorphes en x pour x € U, et continus en
t e H et u €0, 1]. Llexistence d'une telle relation résulte du Lemme 1. De plus, si
flz, t) est assez voisine de la section neutre, A(x, £, 4) est un automorphisme (de la
fibre de A(E)) voisin de Pautomorphisme identique; il en résulte que la mafrice
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{@us(®, £, u)) peut étre choisie voisine de la matrice-unité.* On peut donc appliquer &
cette matrice le Lemme 2; il en résulte que 'on a

Zo: (pﬁa(p;y = (Pgr 4

ot la matrice (@,4(x, £, u)) (resp. (@,4(%, £, u))) est inversible, dépend continfiment de
t € H et w €[0, 1], et est holomorphe en x au voisinage de K’ (resp. au voisinage de
K"). Or, @aprés le Lemme 1, on a

a(m, t) == zu a‘z(a:, t)goc(x)a

les a,(x, t) étant holomorphes en z au voisinage de K’ n K", et nulles pour ¢ e N
et pour z € Y. Pour résoudre (12), il suffit de trouver des fonctions a,(x, £, 4) (resp.
ay(®, t, 1)), holomorphes en x au voisinage de K’ (resp. de K”), nulles pour f € N
et pour z € Y, et telles que 1'on ait

ay@, b, u) = a,(x, 1) + 5 @p,fc, ¢, u) e, , u)

pour = dans un voisinage de K’ N K”. Pour cela, il suffit que

(13) Dl Vo = Do Poof + Do P
Au lieu des a,, et des af, prenons comme inconnues les

’

ZM(PW o eb b = Zquay (-2

qui doivent étre nulles pour z € Y; si on pose

D Py, T, W) (@, 1) = b(, £, w)

(fonetion connue, holomorphe en z au voisinage de K’ N1 K", nulle pour 2 € Y),
Péquation (13) devient

by(@, &, u) — by, 1, u) = by{x, t, u),
et elle se résout en b et by gréce & Iintégrale classique de Cauchy.®

4 Cela résulte du théoréme de Banach {[2], théoréme 1), comme suit: les matrices du type
(Pgole; 3, w)) forment un espace de Fréchet F; soit F” Pespace de Fréchet formé des trans-
formations analytiques du fibré A(E) (au-dessus de 'ouvert U} qui sont linéaires dans chaque
fibre et dépendent continfiment des paramdtres ¢ b u; on définit une application linésire con-
tinue F— F’ en associant & chaque matrice (p,s(w, ¢, %)) la transformation lindaire A(z, 1, %)
définie par la formule du texte, et le Lemme 1 entraine précisément que Papplication F— F*
applique F sur F’. Alors le théordme de Banach enfraine que ¢’est yne application cuverte;
dong toute transformation A(z, ¢, #) assez voisine de I'identité est associée & au moins une matrice
(Pupl, £, w)) voisine de la matrice-nnité.

5 Pour cela, on observe que b.y(a:, i, u), comme fonetion holomorphe de # au voisinage de
K’ n K, est induite par une fonetion B, (x, £, 4), holomorphe en x su voisinage du cube compach
IV n T'” dans lequel Io compact spéeial K’ n K” est réalisé. Grice & Pintégrale de Cauchy, on
trouve B;,(a:, i, u) ob B;(w, t, u), bolomorphes en = au voisinage de I ot de I'” respectivernent (eb
dépendant contintiment de ¢ et u) telles que I'on aib

B(x, 4, u) — B}z, 1, u) = By(x,t,u)

pour z dans un vmsmage de IV n I'". 11 suffit alors de prendre pour b et b les fonections
induites par B ob B sur K’ et K” respectivernent.
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Finalement, le “probléme fondamental” est résolu, et on a trouvé f'(z, ¢) et
f"(z, t) pour £ € H. De plus, si la section donnée f(x, t) est assez voisine de la seetion
neutre, la solution précédente montre que f'(x, £) et f"(x, £) sont voisines de la
section neutre. Pour établir 1a proposition 2 du §6, il reste & prolonger f'(x, £) et
Sz, t) aux valeurs de ¢ €C (et non plus seulement pour ¢ € H). Or, pour ¢t € H,
on peut considérer f'(z, ) et f"(x, ) comme des sections du fibré A(E) 3 fibres
vectorielles, nulles pour x € Y. On peut done les prolonger par continuité en des
sections F'(z, t) et F"(x, t), définies pour ¢ €0, et nulles pour z € Y. Considérons
& nouveau F'(z, ) et F"(x, {) comme sections de F; le produit

F(F Y = (=, 8)

est une section de # (pour # dans un voisinage de K’ N K”), neutre pour z € ¥ et
pour ¢ € H; de plus, on peut la supposer, pour £ €0, assez voisine de la section
neutre pour que ®(w, f) puisse étre identifiée & une section de A(E). Il en résulte
qu’on peut trouver, pour ¢ €0, une section W(z, £) de E, définie pour = dans un
voisinage de K', neutre pour z € Y et pour ¢ € H, de maniére que ¥(z, ¢} coincide
avec @(z, f) quand x est dans un voisinage de K’ N K”. Posons alors

[, t) = (Y=, £))"LF'(z, t) pour & dans un voisinage de K’,
[z, t) = F"(z, t) pour x dans un voisinage de K”.
On a, pour = dans un voisinage de K’ n K”,
Sz, 1) = f'(z, 1) - (f"(=, )) quel gue soit £ € 0;

par suite f'(, {) et f"(x, £) définissent des éléments de HYK', F) et HY(K", F)
dont Pexistence démontre enfin la Proposition 2.

9. Applications

Le fait que la classification analytique des espaces fibrés A -principaux (pour un B
donné dont la base X est holomorphiquement compléte) coincide avec la classi-
fication topologique (cf. Théorémes A et B, §2) entraine des conséquences dont nous
mentionnons rapidement quelques-unes.

Soit F un sous-espace fibré analytique de &, ayant méme base X, et dont les
fibres sont des sous-groupes de Lie complexes des fibres de . Tout fibré F-principal
@ de base X définit un fibré H-principal P de méme base X (“extension du groupe
structural”): si ¢} est défini par un cocycle & valeurs dans les sections de F, P est
défini par le méme cocycle, considéré comme prenant ses valeurs dans les sections
de E.

Si un fibré E-principal P peut 8tre ainsi déduit d’un fibré F-principal, on dit
qu’on peut, pour P, resireindre le fibré structural B au sous-fibré F. 11 faut naturelle-
ment distinguer entre la restriction au sens analytigue eb au sens fopologique. Mais
si Ia base X est holomorphiquement compléte, et si P est analylique, la possibilité
de restreindre le fibré structural su sens topologique entraine la possibilité de le
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restreindre au sens analytique; en effet, le diagramme suivant est eommutatif:
HYX, #%)— HY{X, 6%

¥ v
HY(X, F°)— HYX, &),

et les fisches verticales désignent des bijections (en vertu des Théorémes A et B).

Or il est classique que la possibilité, pour P, de restreindre le fibré structural
au sous-fibré F, équivaut & 'existence d’une section s : X — P[F de I'espace P|F
(quotient de P par la relation d’égquivalence qu’y définissent les opérations de
F 3 droite), considéré comme fibré de base X. Conséquence: si le fibré P|F de base X
tholomorphiquement compléte) posséde une section confinue, il posséde aussi une
section holomorphe.

Signalons sans démonstration d’autres applications des Théorémes A et B: si
une variété de Stein est parallélisable (au sens topologique), elle Yest au sens
analytique: il existe alors un champ holomorphe de vecteurs tangents non nuls.
On a un résultat analogue pour les champs de r vectors ta,ngents linéairement
indépendants (sur le corps G’)

A ce sujet, signalons qu’on sait peu de choses sur les classes caractéristiques
d’une variété de Stein (classes de Chern, de Pontrjagin, de Stiefel-Whitney), et que
leur étude mériterait d’étre entreprise.

- 11 y aurait lieu aussi de voir dans quelle mesure I'étude qui v1ent d’étre faite
pourrait conduire & des résultats concernant la classification des espaces fibrés
analytiques-réels.

10. Appendice: lemme sur les espaces de Fréchet

Levue 3. Sozent F et F' deux espaces de Fréchet (i.e., deux espaces vectoriels
topologiques localement convexes, métrisables et complets), ef soit ¢ : F'— F' une
application linéaire continue de F sur F'. Soient &’autre part A un espace compact et
B un sous-espace fermé de A. Supposons données une application continue f' : A — F'
et une application continue g : B—> F telles que la restriction de f' & B soit égale &

Vapplication composée @ °g. Alors il existe une application continue f: A — F qm
prolonge g et satisfait 4 pof =Ff'.

DiimonsTrATION. Soit (V,,) une suite fondamentale de voisinages fermés convexes
de O dans F, telle que 2V, ; < V. Puisque ¢ est une application ouverte (en
vertu du théoréme de Banach: of. [2], théordme 1), il existe un voisinage ¥,
(fermé convexe) de O dans F, tel que ¥V, < @(¥,). On peut de plus supposer que
les V, forment un systéme fondamental de voisinages de O dans 7. ‘

Tout recouvrement ouvert (fini) de B est induit par un recouvrement ouvert
(fini) de A. Pour chaque 7, il existe done un recouvrement ouvert fini %, de 4 tel
que: 1° Vimage par f’ de tout ouvert de %, soit petite d’ordre V; 2° P'image par g
de tout ouvert du recouvrement de B induit par %, soit petite d’ordre V,,. Pour
chaque 7, il existe une partition de I'unité (A, ,);.s, sur Vespace compact A,
telle que le support de chaque fonetion %, ; soit petit @ordre %, on peut de plus
supposer que chaque k,, ; est somme d’un certain nombre parmi les fonctions %, ;
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relatives 3 la partition d’ordre » + 1. On a alors une application %,, de ensemble
d’indices J,,,; sur I'ensemble d’indices J,,, telle que &, ; soit la somme des &, ;
telles que u,(j) = 7.

Pour chaque #, et chaque indice ¢ € J,,, choisissons un point a,, ; € 4 assujetti aux
conditions suivantes: 4, ; (¢, ;) # 0, et @, ; € B&’il existe un b € Btel que &, ,(b) #
0. Soit 2, ; = f’(a,, ;) € F’; la fonction

ff’l(a) = ZieJ,‘ hn,i(a)xn,i

est une application continue 4 — #’, et on a, pour chaque a € 4,
(14) f@) —fa@) e V,.

Par récurrence sur », on choisit des y,,; € F tels que ¢(y, ;) = z,,;, de manitre
que: 1° si @, ; € B, alors y,, ; = g(a,,;); 2° on ait

(15) Yniti — Yna i € V-

C’est possible: on doit s’assurer que si le choix de ¥, ; est imposé par la condition
1°, alors la condition 2° est satisfaite; or a,, ; € B, et (15) résulte du fait que
Pimage par f du recouvrement induit par %, sur B est petite d’ordre V,. Par
ailleurs, si a,,,, ; ¢ B, on peut choisir y,,; ; de maniére & satisfaire & (15), car
Tay15 — Pnuy € Vs b @ (V,) > V¥, par hypothase.

Posons f,(@) = ;er P i(@)yy,; Alors f, est une application continue de 4 dans
F, et ¢ o f, = f.. De plus,

(16) J.lay —g@yeV, pourachB.

Quand % tend vers linfini, f, converge uniformément vers f’ d’aprés (14). La suite
fr converge uniformément, car

Jni1(@) — Fol@) = D, Pnt1,5®) Uni1; — Unu) €V

pour tout ¢ €4; on a done f, (o) — f.(@) €V, ; pour tout k>0, ce qui
prouve la convergence uniforme de la suite des f,,. La limite f de cefite suite est une
application continue de A4 dans F, qui prolonge g d’aprés (16); et la relation g o f,
= f, donne, & la limite, ¢ ¢ f = f’, ce qui achéve la démonstration.
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ON SIMPLY CONNECTED 4-MANIFOLDS

JouN MmNor!

This paper will apply various known results to the problem of classifying simply
connected 4-manifolds as to homotopy type. A complete classification is given for
those manifolds with second Betti number <7, and a fairly good picture is obtained
for the general case. But the problem is by no means solved.

The first section states results from the theory of quadratic forms. The author is
indebted to O. T. O’Meara for assistance in the preparation of this section.

In §2 the quadratic form of a 4%-manifold is defined, and elementary properties
are verified. '

In §3 it is shown (as a corollary to a theorem of J. H. C. Whitehead) that the
homotopy type of a simply connected 4-manifold is determined by its quadratic
form. The main problem is thus to decide whether or not a given quadratic form
actually corresponds to some simply connected 4-manifold.

A subsequent paper will study the more general problem of classifying 2n-mani-
folds which are (» — 1)-connected as to homotopy type.

§1. Quadratic forms

Theorems 1 and 2 of this section will surmmarize known results concerning the
classification of quadratic forms with determinant 41 over the ring of integers.

It will be convenient to define? a guadraiic form of rank r over an integral
domain D as a pair (4, ¢) consisting of a free D-module 4 of rank 7, and a non-
singular, symmetric, bilinear pairing ¢ : 4 X 4 — D. Two forms (4, ¢) and (4', ¢')
are equivalent if there is an isomorphism of 4 onto A’ which carries ¢’ onto ¢. If D
is contained in a larger integral domain D', note that every quadratic form over D
gives rise to a quadratic form over D’.

Given a basis (a,, - - - , a,) for 4, the form is completely described by the sym-
metric matrix ”qS(ai, a,j)”. This section will only be concerned with quadratie forms
over the integers such that this matrix has determinant 1.

‘We will say that a form is of fype I (properly primitive) if some diagonal entry of
its matrix is odd. If every diagonal entry is even, then the form is of type 11
{(improperly primitive). Thus (4, ¢} has type I if and only if ¢(a, a) takes on odd
values.

The index + of a form is defined? as the number of positive diagonal entries minus
the number of negative ones, after the matrix has been diagonalized over the real
numbers.

1 The author holds an Alfred P. Sloan fellowship.
2 This is compatible with the usual definition providing that 2 £ 0 in D,
3 Topologists have called 7 the “index,” although “‘signature” is the classical term.
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As examples, consider the quadratic forms corresponding to the following three

Toatrices 2 100 0000
1 210-1000

0 121 0000

1 0 01 0 012 1000
T“(o-—L)l7“(1(J = lo-101 2100
0 000 1210

0 000 0121

0 000 .0012
The first has type I and index 0; the second has type II and index 0; Whﬂe the
third has type II and index 8.

Two forms have the same genus if they are equivalent over the p-adic mtegers for
every prime p, and if they are equivalent over the real numbers. (Compare [8]
p. 106-107.)

TaeoreEM 1. The rank r, the index =, and the type (I or I) form o complete system
of tnwariants for the genus of o quadratic form over the integers with determinant +-1.
A given rank, index and type actually occur if and only if the following three conditions
are satisfied:

(1) r and 7 are integers with

—r LTy,  T==r(mod?2);

(2) for forms of type II, 7 =0 (mod 8);

(8) for forms of type I, r > 0.

The following is an immediate consequence.

COROLLARY. Every such form has the same genus as a form with motriz

diag (1, - 1,—1,--+,—1) or SJdiag(U,---,U,V,--+, V).

A form is called deﬁmze 1f 7 == -r. Otherwise it is mdqﬁmte

TaroreM 2. Two indefinite forms with determinant -1 are equivalent if aznd only
if they have the same genus. This is also true for definite forms, providing the rank
is <8.

(This theorem would definitely be false for definite forms of rank 2>9. For example
the two positive definite 9 X 9 matrices diag (1, - +,1) and diag (¥, 1) represent
forms (4, ¢) and (4, ¢') of the same genus. These forms are not equivalent since the
equation ¢a, ) = 1 has eighteen solutions, while ¢'(a’, a')== 1 has only two
solutions.) )

Proor or TueroreM 1. Letf,, f, be two forms with determinant -1 having the
same rank, index and type. Thenf, is equivalent to f, over the p-adic integers, p
odd, by Corollary 36b of [8]. They are equivalent over the real numbers since they
have the same index. Therefore (see [8] p. 39) we have 6,(f;) = ¢ {f;), which
implies that c,(f,) = ¢(f,). Now by Theorems 15 and 36 of [8], f; is equivalent to f,
over the 2-adic integers. Therefore f; and f, have the same genus.

Necussrry oF coNprrons (1), (2), (3). Conditions (1) and (3) are trivial. If fy
has type II then Theorem 33a of [8] implies that f; is equivaleut to diag (U, « + - , )
over the 2-adic integers (making use of the fact that 43 are not 2-adic squares).
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Therefore the Gauss sum (see [2]) of f; modulo 8 is positive. Now the eriterion (g)
of [2] implies that +==0 (mod 8); which proves condition (2).

The sufficiency of conditions (1), (2), (3), is an easy exercise, using the forms
mentioned in the Corollary. This completes the proof of Theorem 1.

Proor or TurorEM 2. For definite forms of rank <8, this result is due to
Hermite [6] and Mordell [12]. (For further discussion see O’Connor and Pall [14].)
For indefinite forms of type I, the result is due to Meyer [10].

For indefinite forms of type II the proof will be based on a theorem of Eichler
([4], [5]). We may assume thatr = 4, since the cases r = 0, 2 are easily taken care of.

Eichler considers a fixed quadratic form (¥, y) over the rational numbers @.
A laitice L in V is a finitely generated subgroup of maximal rank. The norm n(L)
is the fractional ideal generated by all y(xz, ) with « ¢ L. A lattice is mazimal if
no properly containing lattice has the same norm. Two lattices are similar if one
iscarried onto the other by a similarity transformation of V. An appropriate
concept of genus is defined.

Eichler’s theorem ([4] Satz 3) can be stated as follows. Two maximal latiices
having the same genus, in an indefinite vector space (V, p) of rank >4, are similar.

" To apply this theorem note that any free abelian group A4 can be considered as a
lattice in the vector space V = 4 ® €. A quadratic form (4, ¢) gives rise to a form
(V, 9). If (4, &) is of type II then it can be verified that the lattice 4 is always
maximal.

This implies that if (4, ¢) and (4', ¢') are indefinite quadratic forms of type II
and rank 2>4 which have the same genus, then they are “similar,” in the sense that
(4, ¢) is equivalent to (4’, cé’) for some constant ¢. Clearly ¢ must be 4-1. If 74 0
then ¢ must be -1, which completes the proof in this case.

For + = 0 the above argument shows that (4, ¢) is equivalent to the form with
matrix - diag (U, - - -, U). Sinee U is equivalent to —U, this completes the proof.

§2. The quadratic form of a 4k-manifold

All manifolds considered are to be closed and connected. A manifold M* is
oriented if it is orientable, and if one generator » € H, (M™) is distinguished; integer
coefficients being understood. We will say that oriented manifolds M?%, M% have the
same oriented homotopy type if there is a homotopy equivalence f: M7 — M} with
Jalv1) = vy

To every oriented 4k-manifold is associated its quadratic form (B*(M*), ¢);
where B?(X) denotes the “co Betti group” HY(X)/(torsion subgroup); and wheret

$lw,y) = (@ Uy, ).
Clearly manifolds with the same oriented homotopy type have equivalent
quadratic forms.
Luvva 1. The quadratic form of an oriented 4k-manifold has determinant 1.
Proor. (Compare Seifert and Threlfall [17] p. 252.) Consider the co Betti groups
B* B** of an oriented manifold M". The bilinear pairing ¢ : B4 X Bv? . Z

4 Here (o, §) denotes the Kronecker index of the cohomology elass o snd the homology class f.
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defined by ¢(z, ) = (x U y, v) has a determinant which is well defined up to sign.
Choose a basis yy, - - -, y, for B*?. By the Poincaré duality theorem (as stated in
[20] p. 119-120) the cap product with » defines an isomorphism of H™*(M") onto
H,(M*). Therefore the elements y,n»(t=1,---, r) form a basis for the Betti
group B,. Choose a dual basis {;} for B Then the identity (x; Uy,) nr==2,n
(y; N v) implies that ¢z, ;) = (z;, ¥, N ¥) = 6, Therefore the determinant
equals 4-1.

By a sum of two oriented n-manifolds M7, M7 will be meant an oriented #-mani-
fold M?% -- M7 obtained as follows. (Compare Seifert [16].) Choose smooth® closed
n-cells & < M}, 1= 1,2, with boundaries &7 and interiors ¢f. Choose a homeomer-
phism f, ¢} — &5 of degree —1. Now let M, | M, be the manifold obtained from
M3} — e} and M3 — e by matching the boundaries ¢} and 2} under the homeomor-
phism f. This manifold has an orientation compatible with that of M} and M%.

The sum of two quadratic forms (4, ¢) and (4’, ¢') will mean the form
(4 ® 4', ) where y((z, '), (4, 9") = $(x, 9) + ¢, ¥)-

LEvma 2. The quadratic form of a sum of two oriented manifolds is naturally
isomorphic to the sum of their quadratic forms.

The proof is not difficult. (Compare [11] p. 400.)

The index or type of a manifold M* will mean the index or type of its quadratic
form.

Lemma 3. A differentiable manifold M** which is (2k — 1)-connected has type 1L
if and only if its Stiefel-Whitney class Wy, is zero.

Proovw. Clearly M* has type II if and only if the homomorphism

Sq?* : 2%, Z,) — H¥ M*®, Z,)
is zero. The conclusion now follows from Wu’s formulas for the Stiefel-Whitney
classes. (See [22].) ‘

Remark. In dimension 4 the following albernative interpretation holds. A4
differentiable, simply connected manifold M* has type IL if und only if, for every point p,
the open manifold M* — p is parallelizable. The proof is not difficuls.

§3. Simply connected 4-manifelds

In order to simplify the proofs in this section we assume that all manifolds
considered are triangulable.

TraeoreEM 3. Two oriented, simply connected 4-manifolds hove the same oriented
komotopy type if and only if their quadratic forms are equivalent.

Proor. Whitehead has shown ([21] Theorem 2) that the homotopy type of a
finite, simply connected 4-dimensional polyhedron X is determined by the ecohomo-
logy rings H¥(X, Z,), k=0, 1, 2, - + - ; together with certain coefficient homomor-
phisms, Bochstein homomorphisms, and Pontrjagin squares. If H*(X,Z) has no
torsion, then all of this structure is clearly determined by H*(X, Z).

¥ov simply connected 4-manifold, the Poincaré duality theorem implies that

5 By “smooth” we mean that for some neighborhood U of ¢; the pair (U, ¢,) is homeomorphie
to the pair consisting of euclidean n-space R" and the unit ball in R”.
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there is no torsion. Furthermore the integral cohomologyringis completely described
by the quadratic form. Therefore the quadratic form determines the homotopy
type. Using Theorem 3 of {21] we see that the quadratic form actually determines
the oriented homotopy type.

., In view of Theorems 1, 2 and Lemma 1 this implies:

. Cororrary 1. The oriented homolopy type of a simply connected 4-manifold is
determined by its second Betii number r, its index T and its type, L or 11; except possibly
in the case of a manifold with definite quadratic form of rank r 2> 9.

(Note that the Betti number, index, and type are subject to the restrictions
given by conditions (1), (2), (3) of Theorem 1.)

REsarg. The well-known classification of 2-manifolds is somewhat analogous to
the deseription given by Corollary 1. Define the fype of a surface to be I or I
according as it is orientable or not; and let  denote the 1-dimensional mod 2 Betti
number. (That is 7 is the dimension of H,(M?, Z,) over Z,.) These two invariants
characterize the surface, and are subject to the following relations: (1) r is a non-
negative integer; (2) for surfaces of type II, » =0 (mod 2); and (3) for surfaces of
type I, r > 0. '

The most familiar examples of simply connected 4-manifolds are the product
82 X 82 and the complex projective plane P,(0). Let P,(C) denote the complex
projective plane with reversed orientation. The matrices of the corresponding
quadratic forms are U; (1), and (—1) respectively. (Here U and V will denote the
same matrices asin §1.) The following is a consequence of Corollary 1 and Lemma, 2.

CororLary 2. 4 simply connected 4-manifold of type I has the homotopy type of a
sum of copies of Py(C) and Py(C); except possibly when its quadratic form is defiwite
of ramk =>9.

(For example, the sum P,{C) 4 (8% X 82) must have the same homotopy type
as Py(C) ++ Py(0) + P,(C). The author does not know whether these two manifolds
are homeomorphic. However, it is interesting to recall that the surface Py(R) -
(8* x 8% is homeomorphic to Py(R) + Py(R) - Po(R).)

CoroLrary 3. 4 simply connected 4-manifold of type X1 with index zero has the
Jhomotopy type of & sum of copies of 82 X S2.

Corollaries 2 and 3 take care of all possible homotopy types with Betti number
7 < 7. The diseussion could be completed very neatly if we could give an example
of a simply connected 4-manifold with quadratic form V. However the following
theorém asserts that such a manifold would be rather pathological.

TreoreM or RouLiN [15). If o differentiable simply comnecied 4-manifold has
type Y1, then its tndex must satisfy

7==0 (mod 16).
(Instead of + == 0 (mod 8) as in Theorem 1.) This restriction of Rohlin applies also

$o combinatorial® manifolds, since Cairns has proved ([3]) that every combinatorial
4-manifold possesses a differentiable structure.

8 By a combingtorial manifold we mean & manifold in the sense of Newmsn [13] and
Alexander [1].
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The following example, suggested to the author by Hirzebruch, shows that the
case 7 = 16 can actually oceur. Let M* be any nonsingular algebraic surface of
degree 4 in Py(C). Then M* is simply connected, has second Betti number 22, index
—16, and has type IL.

{Exactly the same description would hold for the Kummer surfaces, studied by
Spaxnier in [18]. The relationship between these two examples might be interesting
to study.) ' )

Proor. According to a remark of Lefschetz ([9] p. 57), M* is simply connected.
Let « denote the canonical generator of H2(P4(()), and let ¢ : M% — P,4(C) denote
the inclusion map. Since M* has degree 4 we have

(i*(a?),p) = 4.

Furthermore? the Chern class of the normal bundle of M*is 1 4 45*(er). Recall that
. the Chern elass of P4(C) is (1 4+ «)* The Chern class 1 + ¢, -+ ¢, of M, cannow be
computed by the product theorem. Solving the equation ‘

(1 + oy + )1 + da%(o)) = i*(1 + )4,
we obtain
cy=0, cy= 6i*(a?).

Since the Stiefel-Whitney class W, of M* is equal to ¢, reduced modulo 2, Lemma
3 implies that M4 has type II. The Euler characteristic of M%is equal to {c,, v) = 24,
which implies that the middle Betti number » equals 22. Finally the formulas

7= (P, ¥} = 0% — 2¢4

imply that - = —16; which completes the proof.

We conclude by asking several questions. The basic question of which quadratic
forms are actually represented by simply connected 4-manifolds appears very diffi-
cult. However the following easier version would still be interesting. Which genera
of quadratic forms are represented by differentiable, simply connected 4-manifolds?
The first unanswered case of this is the following. Does there exist a differentiable,
stmply connecled 4-manifold of type 11 with index 16 and Betti number 16% A positive
answer to this question would imply that every genus compatible with the Rohlin
theorem actually oceurs.

Another interesting problem would be the following. Whick genera are represenied
by simply connected non-singular algebraic surfaces?

7 The basic reference for the following discussion is Hirzebruch [7] pp. 66-73, 85. See also
Steenrod [19] p. 212.
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AUTOMORPHE FORMEN UND DER SATZ VON RIEMANN-ROCH

FriepricHE HirzEBRUCH

Auf dem Symposium iiber “Algebraic Topology and its applications”, das in
Mexico City im August 1956 stattfand, habe ich eine Reihe von Vortrigen gehalten,
in denen die Resultate einer gemeinsamen Arbeit mit A. Borel [4] dargestellt
wurden. Ferner habe ich {iber Anwendungen dieser Resultate und des Satzes von
Riemann-Roch auf beschrinkte homogene symmetrische Gebiete berichtet, die in
der vorliegenden Arbeit verSffentlicht werden sollen. Es handelt sich dabei um
folgendes.

Die beschrinkten homogenen symmetrischen Gebiete wurden von E. Cartan [6]
klassifiziert. Einem solchen Gebiet X des € ist bekanntlich eine n-dimensionale
homogene algebraische Mannigfaltigkeit X’ in nattirlicher Weise zugeordnet (vgl.
[1}). X kann als offene Teilmenge derart in X’ eingebettet werden, daB jeder
Automorphismus von X zu einem solchen von X’ erweitert werden kann, Wenn
zum Beispiel X die Hyperkugel ist, dann ist X' der komplexe projektive Raum. Es
sei A eine diskontinuierliche Gruppe von Automorphismen von X, fiir die XJA
kompalkt ist und die abgesehen von der Identitdt nur fixpunktfreie Transforma-
tionen enthilt. Dann ist X/A eine algebraische Mannigfaltigkeit [11], und es wird
gezeigt, daBl jede Chernsche Zahl von X/A gleich dem arithmetischen Geschlecht
von XJA (vgl. [8], 8. 120/121) multipliziert mit der entsprechenden Chernschen
Zahl von X' ist (Satz 4 dieser Arbeit). Die Anregung zu diesem Proportionalitits-
satz erhielt ich aus einer Arbeit von Igusa, wo man diesen Satz fiir einen Spezial-
fall “zwischen den Zeilen” finden kann ([9], Theorerm 8). Fiir den Proportionalitits-
satz wird ein einfacher Beweis mit Hilfe des Zusamomenhangs zwischen Chernschen
Zahlen und Kriimmungstensor angegeben. Auf die Maglichkeit eines solchen
Beweises (unter entscheidender Verwendung der Formel (9)) hat mich A. Borel
aufmerksam gemaeht. Mein urspriinglicher Beweis war komplizierter und veilief
ohne jegliche Verwendung von Kriimmungstensoren. Der Proportionalititssatz
liefert merkwiirdige Beziehungen zwischen den Invarianten der komplexen Mannig-
faltigkeit X/A (Korollar zu Satz 4) und schlieBlich eine Formel fiir die Anzahl der
automorphen Formen vom Gewicht », die einen Zusammenhang mit der Darstel-
lungstheorie kompakter Gruppen ergibt (Satz 5). Auf die schwierige Frage, in
welchen Fillen Gruppen A mit den verlangten Eigenschaften existieren, wird
nicht eingegangen.

In den Bezeichnungen schlieBen wir uns dem Ergebnisheft [8] an.

§ 1. Proportionale komplexe Mannigtaltigkeiten
Fiir eine komplexe Mannigfaltigkeit X sind Chernsche Klassen ¢,(X) € H2(X, Z)
definiert. Wenn X kompakt ist und die komplexe Dimension » hat, dann ist fiir
jede Partition = (4, A5, - * -, A,) von n die Chernsehe Zahl ¢ (X) == 03, * " €y, (X)
129
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durch folgende Gleichung gegeben
0 6(X) - g = 05 (X)e, (X) * 3 (X),
wo hy das durch die natiirliche Orientierung von X ausgezeichnete Element der
unendlich zyklischen Gruppe H**(X, Z) ist.
Zwei kompakte komplexe Mannigfaltigkeiten X, X' dor Dimension # sollen

proportional heien, wenn eine rationale Zahl g 5= 0 existiert, derart, daB fir jede
Partition « von n gilt

2) (X)) =a-c (X').
‘Wir sehreiben abkiirzend
(2%) X ~aX’,

wenn X und X’ pioportional mit dem Faktor @ sind.
Da die gewohnliche Euler-Poincarésche Charakteristik H(X) gleich der
Chernschen Zahl fix 7 = (n) ist, ergibt sich aus (2) insbesondere die Gleichung

3) B(X) = aB(X").

Aus (2) ergibt sich auch, dal die Proportionalitét mit dem Faktor a entsprechend
fiir die Pontrjaginschen Zahlen gilt. Es folgt dann weiter, daB fir dis durch X und
X’ bestimmten Elemente[X] und [X']. der Thomschen “Cobordisme”—Algebra
Q@ Qgilt

4) [X]=a-[X

Zur Thomschen Algebra siehe [16] und [8]. Aus (4) erhiilt man fiir den Index 7 die
Gleichung

(5) (X) = a - 7(X’)

Zur Definition des Index siche [8], 8. 83. Wenn 7 nicht durch 2 teilbar ist, d.h.
wenn die reelle Dimension von X und X' nicht durch 4 teilbar ist, dann ist per
definitionern 7(X) = 7(X’) = 0. Ferner ist dann nach Thom [X] = [X'] = 0. Die
Gleichungen (4) und (8) sind also fiir ungerades » trivial.

Es sei X weiterhin eine kompakte komplexe Mannigfaltigkeit. Dann sind die
Zahlen y?(X) definiert. %?(X) ist die Euler-Poincarésche Charakteristik von X
beziiglich der Cohomologie mit Koeffizienten in der Garbe der Keime von holo-
morphen p-Formen. y%X) = y(X) ist das arithmetische Geschlecht. Es sei ferner
K das kanonische Geradenbiindel von X und K7 seine r-te Potenz (r ganz) im Sinne
des Tensorprodukts. Die Zahl y(X, K7), welche wir abkiirzend mit (X, r) bezeich-
nen wollen, ist die Buler-Poincarésche Charakteristik von X beziiglich der Cohomo-
logie mit Koeffizienten in der Garbe der Keime von holomorphen Schnitten des
Geradenbiindels X7. Zu allen diesen Begriffen siehe [8] und die dort angegebene
Literatur, '

Unter einer algebraischen Mannigfaltigkeit verstehen wir in dieser Arbeit wie in
[8] eine kompakie komplexe Mannigfaltigkeit, die singularititenfrei in einen
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komplexen projektiven Raum geeigneter Dimension eingebettet werden kann. Nach
dem Satz von Riemann-Roch [8] sind die Zahlen 4?(X) und y(X, ) Linearkom-
binationen der Chernschen Zahlen von X mit rationalen (von X unabhingigen)
Koeffizienten. Dabei ist zu beachten, dafl die charakteristische Klasse von K
gleich —c¢,(X) ist. Aus den vorstehenden Bemerkungen folgt der

Sarz 1. Es seien X und X’ proportionale algebraische Mannigfaltigheiten mit dem
Proporiionalititsfakior a (siehe {2), (2%)). Dann gili

1(X) =a- z"(X')
1(X, ) =a- (X', 1)
EX)=a-EX)
X) =a-(X').

In der Thomschen Algebra Q ® Q ist
[X]=a-[X]
§ 2. Homogene hermitesche Mannigfaitigkeiten

Eine komplexe Mannigfaltigkeit, die mit einer hermiteschen Metrik versehen
ist, wird kurz hermitesche Mannigfaltigkeit genannt. X sei nun eine hermitesche
Mannigfaltigkeit der komplexen Dimension n. Zu der hermiteschen Metrik gehért
ein Kriimmungstensor R, welcher fiir jeden Punkt p von X jedem Paar z, ¥ von
Tangentialvektoren in p einen komplexen Endomorphismus des Tangentialraumes
von X in p zuordnet. Es ist R(z, y) = —R(y, z). In Bezug auf ein lokales
Koordinatensystem kann R durch eine # X # - reihige Matrix (£2,,) gegeben werden,
deren Elemente Q,, duflere Differentialformen vom Grade 2 sind. Der Kriimmungs-
tensor R kann auch aufgefat werden als eine duBere Differentialform vom Grade 2
mit Koeffizienten in dem komplexen Vektorraumbiindel W iiber X, das zu dem
tangentiellen U(n)-Prinzipalbiindel tiber X vermoge der adjungierten Darstellung
von U(n) assoziiert ist. W ist das Tensorprodukt T @ IT*, wo T das tangentielle
komplexe Vektorraumbiindel von X ist. Die Determinante

6:-3 - "_1— Qrs

(6) 5

ist dann eine (vom Koordinatensystem unabhéingige) reelle Differentialform (vom
gemischten Grade) iiber X. Sie ist geschlossen und reprisentiert im Sinue von de
Rham die (totale) Chernsche Klasse von X. Vgl [7]. Fiir Vorzeichenfragen siche
[4], Appendix.

1
) T+etegt - to,e

6"8 — %" Qrs

Die ¢, sind hier als reelle Cohomologieklassen aufzufassen.
Bei der Berechnung der Determinante und in allen anderen Féllen ist ein Produkt
von Differentialformen immer im duBeren Sinne zu nehmen, Wenn X kompakt ist,
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dann ist die Chernsche Zahl ¢ (X) (vgl. §1) gleich dem Integral iiber X eines
wohlbestimmten homogenen Polynoms P, vom Grade n in den Q, . Dieses Polynom
P_ ist eine reelle Differentialform vom Grade 2n, welche auch fiir nicht-kompaktes
X definiert ist.

Nun sei X eine homogene hermitesche Mannigfaltigkeit, d.h. X besitze eine
transitive Gruppe von Automorphismen, welche die Metrik und damit auch den
Krimmungstensor invariant lassen. Ein Automorphismus ist in dieser Arbeit
immer eine komplex-analytische eineindeutige Abbildung einer komplexen
Mannigfaltigkeit auf sich. Das Volumelement » von X ist eine beziigliche der
Gruppe invariante Differentialform vom Grade 2n. Die Differentialform P, ist
ebenfalls invariant und P, Jv ist deshalb eine reelle Zahl 7,. Damit kann auch fiir
nicht-kompaktes homogenes hermitesches X (bis auf einen von 0 verschiedenen
Proportionalitidtsfaktor) von den Chernschen Zahlen von X gesprochen werden,
und es ist klar, wann X proportional zu einer kompakten komplexen Mammnigfaltig-
keit X' gleicher Dimension genannt wird. Fir die Berechnung der Chernschen
Zahlen des cartesischen Produktes zweier kompakter komplexer Mannigfaltig-
keiten aus denen der Faktoren gibt es eine wohlbekannte Formel (vgl. z.B. [8],
Lemma 10.2.1). Dieselbe Formel gilt fiir das cartesische Produkt zweier homo-
gener hermitescher Mannigfaltigkeiten.

Wir miissen jetzt iiber einige Dinge aus der Theorie der homogenen hermiteschen
symmetrischen Mannigfaltigkeiten referieren. Es werde dazu auf [6], [5], [1], [2].
[3] und auf die in [1] und [3] zitierte Literatur verwiesen. Beziiglich der be-
schrinkten homogenen symmetrischen Gebiete werde auch auf die Untersuchungen
von Harish-Chandra asufmerksam gemacht. (Vgl. [3], 16).

Eine komplexe Mannigfaltigkeit X heiflt symmetrisch, wenn es zu jedem Punkt
p von X einen Automorphismus ¢, von X gibt, der involutiv ist (d.h. o2 = Id) und
der p als isolierten Fixpunkt hat. Eine hermitesche Mannigfaltigkeit heiflt symme-
trisch, wenn die Tnvolution 0, aullerdem noch die Metrik invariant 1a8t.

Es sel G eine (zusammenhingende) einfache Liesche Gruppe, deren Zentrum nur
aus dem Einselement bestehe, und es sei H eine abgeschlossene Untergruppe von
G. Der Quotientenraum G/H ist in folgenden Fillen in natiirlicher Weise mit einer
homogenen hermiteschen (sogar kithlerschen) symmetrischen Struktur versehen.

(1) G st nmicht-kompalki. H ist eine muoximale zusammenhingende kompakte
Untergruppe von G. Das Zentrum von H ist eindimensional.

(2) G ist kompakt. H ist eine maximale zusammenhiingende echte kompakte Unter-
gruppe von Q. Der Rang von H ist moximol. H ist Zentralisotor eines esndimensionalen
Torus von G, der gleich der Zusammenhongskomponente des Einselements des Zen-
trums von H ist.

Jedes irreduzible beschrinkte homogene symmetrische Gebiet X in einem € ist
einem Raum G/H der ersten Art isomoph, d.h. es gibt eine eineindentige komplex-
analytische Abbildung von X auf G/H, die die Bergmannsche Metrik von X in die
homogene hermitesche Metrik von G/H iiberfithrt. Umgekehrt ist jeder Raum der
ersten Art einem irreduziblen beschrinkbten homogenen symmetrischen Gebieb in
diesem Sinne isomorph.
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Die folgende Tabelle liefert eine vollstdndige Aufzihlung der Réume zweiter Art.
(Vgl. [1], S. 179-180).

L U(p + ¢)/U(p) X Vlg)
I1. 80(27)/U(p)
I11. Sp(p)/U(p)
IV. 80(p + 2)/80(p) X 80(2), (p # 2)
V. E,/Spin (10) x T
VI. E,/E, X T

Diese Riume sind algebraische Mannigfaltigkeiten. (Um die Darstellung als G/H
mit einfachem G “ohne Zentrum’ zu erhalten, mufl man Zihler und Nenner
noch durch das Zentrum des Zghlers dividieren.) Uber die Réume zweiter Art siche
auch Borel—Siebenthal (Comm. Math. Helv., 23 (1949), 200-221).

Wie wir spiter sehen werden, kann jeder Raum X der ersten Art auf natiirliche
Weise als offene Teilmenge in einem Taum X’ der zweiten Art eingebettet werden
(vgl. [17), und man erhilt auf diese Weise eine eineindeutige Korrespondenz
zwischen den Riumen erster und zweiter Art, so dafl die vorstehende Tabelle auch
eine Klassifikation der irreduziblen beschriinkten homogenen symmetrischen
Gebiete liefert.

Es sei G/H ein Raum der ersten oder zweiten Art. Es sei g bzw. ) die Liesche
Algebra von @ bzw. H. Dann existiert ein Element ¢ € H mit o? = 1, derart, daB
p der zum Eigenwert -1 gehorige Eigenraumdes Endomorphismus Ad(c) von g ist.
Es sei m der zum Eigenwert —1 gehorige Bigenraum von Ad{s). Dann gilt

(8) g:b‘]“m’ [I),I):ICI), [b’m]cma [m:m]cb

Es sel Blz, y) = tr(ad(z) ° ad(y)) die auf g definierte Killingsche Bilinearform.
(z, y € q; “tr” bedeutet Spur = trace). Die linearen Teilriume § und m von g sind
dann beziiglich B orthogounale Komplemente voneinander. 11t ist mit dem Tangen-
tialraum von G/H in ey == (H) zu identifizieren. Bist bei Beschrinkung auf m definit
und zwar positiv fiir Réume der ersten und negativ fiir Riume der zweiten Art.
Ad(H) bildet m in sich ab. Ad(g) ist die Symmetrie in ey Die Form B ist invariant
unter jedem Flement von Ad(H). Deshalb liefert B bzw. —B eine homogene
Riemannsehe symmetrische Metrik fiir G/H. Der zugehorige Riemannsche Kriim-
mungstensor R ordnet dem Paar z, y € m den durch

(9) R(x, y)z = _[[xy y}a Z], zem,

gegebenen Endomorphismus von 1t zu. (Man beachte (8).) Die Formel (9) stammb
von E. Cartan, Fir einen Beweis siche [12].

Als Tangentialraum der komplexen Mannigfaltigkeit G/H im Punkte e, trégh
m eine komplexe Struktur, d.h. es ist ein Endomorphismus J von m mit JJ = —Id
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gegeben. Bekanntlich ist J = ad(h)fm fiir ein geeignetes & € B. Ferner durchisuft
exp(th) die Zusammenhangskomponente des Einselementes des Zentrums von H,
und es ist exp(wh) = ¢. Nun ist

(10) tr(ad[h, ] ° ad(s) 4 ad(x) c ad [k, ) = 0.

Deshalb definiert B bzw. — B die homogene hermitesche symmetrische Struktur
von GfH, die sogar kihlersch ist. Zu dieser kiihlerschen Metrik gehort ein Kriim-
mungstensor, der jedem x, y € m den Endomorphismus R(x, ) von m zuordnet, der
durch den Riemannschen Kriimmungstensor gegeben wird (siehe [7], 8. 114).
Rz, y) respektiert die komplexe Struktur. Also ist durch (9) auch der Kriimmungs-
tensor (L), der zur kéhlerschen Metrik von G/H gehért, gegeben.

Der kihlerschen Metrik von GH ist eine geschlossene reelle Form o vom Grade 2
zugeordnet (vgl. z.B. [8], 15.6). Fur Réume erster Art ist die Form y =
(2miy 372 Q,, ein positives Vielfaches vonw, fiir Riume zweiter Art ein negatives
Vielfaches von . Das kanonische Geradenbiindel K hat —e¢, (représentiert durch
) als charakteristische Cohomologieklasse. Also ist K fiir Réume erster Art positiv
im Sinne von Kodaira (vgl. z.B. [8], 8. 187), withrend fiir Riume zweiter Art K~ in
diesem Sinne positiv ist. Nach einem fundamentalen Satz von Kodaira [11] kann
man daraus wieder die Tatsache erhalten, daB die Riume zweiter Art algebraische
Mannigfaltigkeiten sind.

Es sei X = G/H ein Raum erster Art. Wir wollen nun dariiber berichten, wie
X ein Raum X’ der zweiten Art zugeordnet wird. Es sei wieder g die Liesche
Algebra von G und § die von H. Dann haben wir die Zerlegung (8): g = § -+ m,
die eine Cartan Zerlegung von g ist. (Vgl. Mostow, Bull. Amer. Math. Soc. 55 (1949)
969980 und Memoirs of the AMS, 14, 1955.) Da G kein Zentrum hat, ist die
komplexe Brweiterung C(G) wohldefiniert. 0(Q) hat die Liesche Algebra ¢ =) +
i + m - ém. Es sei ¢’ die zur Lieschen Unteralgebra g’ = § -- i von ¢ gehérige
zusammenhingende Untergruppe von C(G). Dann ist ¢ kompakt, einfach und
ohne Zentrum, enthilt H, und X' = G'[H ist der gesuchte Raum zweiter Art.
In analoger Weise kann man umgekehrt von einem Raum zweiber Art zu einem
Raum erster Art gelangen.

Das Blement ¢ € H, das die Symmetrie von X liefert, lefert auch die Symmetrie
von X’. Wenn wir i’ = im setzen, dann ist ¢’ =1 4 m’ diezu X' = G'[H gehérige
Zerlegung (8). Nun ist m’ mit dem Tangentialraum von X* im Punkte e} = (H)
zu identifizieren. Das Element h €}, das die komplexe Struktur von m Lefert,
liefert auch die vonm’. Ordnet man x € m das Element iz € m’ zu, dann erhilt man
einen Isomorphismus der komplexen Vektorrdume m und m’. Wendet man (9)
sowohl auf X als auch auf X’ an, dann sieht man, dass bei diesem Isomorphismus
der zur kihlerschen Metrik von X gehdrige Kriimmungstensor in das Negative des
zur kihlerschen Metrik von X' gehorigen Kriimmungstensors iibergeht. Obwohl
X nicht kompakt ist, sind fiir X als homogene hermitesche Mannigfaltigkeit
Chernsche Zahlen (bis auf Proportionalitit) definiert. Es folgt aus (7), dass X und
X' proportional sind.

Sarz 2. Jedem Raum X der ersten Art ist ein Rauwm X' der zweilen Art in
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natiirlicher Weise zugeordnet, und man erhilt so eine eineindeutige Korrespondenz
zwischen Riwmen erster und zweiter Art. X und X' sind proportional!

Die komplexe Liesche Gruppe C(G) operiert komplex-analytisch auf X’ = ¢'[H.
Es gibt nimlich eine abgeschlossene komplexe Untergruppe L von C(G) mib
G NL=GnL=H Man erhilt einen natiirlichen Homdomorphismus von
X’ auf O(G)Y/ L, welcher mit der Operationen von @ und den komplexen Strukturen
vertraglich ist (vgl. [2]). Dann hat man auch eine natiirliche Einbettung von
X = G/H in X’ = C(G)}L, welche mit den Operationen von ¢ und den komplexen
Strukturen vertréiglich ist. X wird hombomorph auf eine offene Teilmenge von X’
abgebildet. Jeder zu G gehorige Automorphismus von X lésst sich also zu einem
solchen von X' erweitern (G < C(&). .

§ 3. Beschriinkte homogene Gehiete

Es sei X ein beschrinktes Gebiet im €”. Die Gruppe A(X) der Automorphismen
von X ist, verseben mit der Topologie der kompakten Konvergenz, eine Liesche
Gruppe. Mit A (X) werde die grofite zusammenhingende Untergruppe von %(X)
bezeichnet. Eine Untergruppe von (X) ist genau dann diskret, wenn sie eine
diskontinuierliche Gruppe von Automorphismen von X ist. (Vgl. [1] und die dort
angegebene Literatur).

Es sei nun A eine diskrete Untergruppe von H(X) mit den folgenden Eigenschai-
ten.

- 1. Der Quotientenraum XA ist kompakt.
b 2. Kein von der Identitdt verschiedenes Element von A hat einen Fizpunkt in
X.

Die kompakte komplexe Mannigfaltigkeit ¥ = X/A ist dann bekanntlich eine
algebraische Mannigfaltigkeit, deren kanonisches Geradenbiindel K positiv im
Sinne von Kodadra ist ([11], S. 41). Zur Terminologie vgl. auch 8], 8. 137. Wenn X
einfach-zusammenhéngend ist, dann universelle Uberlagerung von X/A zu X
komplex-analytisch homdomorph, und die Gruppe der Decktransformationen ist
zu A isomorph.

Eine holomorphe Funktion f auf X heiit automorphe Form beziiglich A vom
Gewicht r, wenn fiir alle 2 € X und v € A gilt:

(12) flyz) =3, 7(@) - f@),

wo j,(2) die Funktionaldeterminaten der Abbildung y an der Stelle 2 ist. Die
antomorphen Formen vom Gewicht 7 bilden einen komplexen Vektorraum,
welcher isomorph ist dem Vektorraume der holomorphen Schnitte des Geraden-
biindels K% iiber ¥ = X/A. Es bezeichne IL(X, A) die Dimension dieses Vektor-
raumes, d.h. IT(X, A)ist die “Anzahl” der komplex-linear-unabhéingigen automor-
phen Formen von X bezitiglich A vom Gewicht r. Da K positiv ist (im Sinne von
Kodaira), verschwinden nach einem Satz von Kodaiva ([10]; vgl. auch [8], Sdtze
18.2.1 und 18.2.2) die Cohomologiegruppen von ¥ mit Koeffizienten in der Garbe
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der Keime von holomorphen Schnitten von K% in den von 0 verschiedenen Dimen-
sionen, falls » > 2, und in den von » verschiedenen Dimensionen, falls r g —1,
Also ist

X, A)=0 firr < —1

MyX, A) =1
Hl(X: A) = In
IIAX, Ay = y(X/A, vy firr>2.

(13)

Hier bezeichnet g, die “Anzahl” der holomorphen #uBleren Differentialformen
(Formen erster Gattung) vom Grade j iiber ¥ = X[/A. In anderen Worten: g;
ist die “Anzahl” der holomorphen duleren Differentialformen vom Grade § iiber X,
welche automorph sind beziiglich A.

Wir wollen das beschrinkte Gebiet X jetzt als homogen voraussetzen, d.b.
A(X) soll transitiv sein. Jedes Element von W(X) 1Bt die Bergmannsche Metrik
von X invariant, also ist X homogen hermitesch (sogar kihlersch). Die Chernschen
Zahlen von X sind also bis auf Proportionalitit wohl definiert. Da die hermitesche
Metrik auf X/A durch die von X induziert wird (A habe wieder die Bigenschaften 1
und 2, siche (11)), ist X proportional zu X/A. Jeder Chernschen Zahl entspricht eine
invariante dulere Differentialform P, vom Grade 2» auf X. Wenn v das Volumen-
element der Bergmannschen Metrik bezeichnet, dann ist P_[v eine Konstante.
Wir erhalten so

SATz 3. Hs sei X ein beschrinkies homogenes Gebiet des €, und A, A, seien
diskontinuzerliche Gruppen von Automorphismen von X, die beide die Higenschaften
1 und 2 haben (11). Dann sind ¥, = X|A;und Y, = X[A, proportionale algebraische
Mannigfaliigheiten und zwar gili

vV
(14) Y, ~ T,—: Y,
wo Vo bew. V, das Volumen von Y, bzw. Y, beziiglich der Bergmannschen Metrik
von X ist. Fiir Yy, Y, gelten alle Relationen von Safz 1. Wegen (13) gilt insbesondere
Siir die Anzahlen der automorphen Formen vom Gewicht r

(15) Vo I(X, A) = Vy - TI(X, A,)  firr>2.

Nun werde zusitzlich vorausgesetzt, daff das beschrinkte homogene Gebiet X
anch noch symmetrisch ist. Dann ist X cartesisches Produkt X; X X, X +-- X X,
von irreduziblen beschrinkten homogenen symmetrischen Gebieten. (Siehe §2).
Jeder Faktor X, ist ein Raum erster Arbt: X, — G, [H,, wo G, nicht-kompakt,
einfach und ohne Zentrum ist. Jeder Raum X, ist proportional zu einem Raum
X; = GifH, zweiter Art, wo G kompakt, einfach und ohne Zentrum ist. Wir
ordnen X die homogene algebraische Mannigfaltigheit X' = X] X X; X - -+ X X,
zu. X kann als offene Teilmenge in X’ eingebettet werden. Bekanntlich isb

Wy X)=0G; X Gy X -+ X G,
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und somit kann jeder (zu W (X) gehorige) Automorphismus von X zu einem
Automorphismus von X’ erweitert werden (vgl. den Schluss von §2). Der Satz 2
liefert

(16) X proportional zu X',

Es sei A wieder eine diskontinuierliche Gruppe von Automorphismen von X mit
den Higenschaften 1 und 2, siehe (11). Aus (16) und der Proportionalitét von X und
XA folgt, daB die algebraischen Mannigfaltigkeiten X /A und X’ proportional sind:

XA ~a- X,

Zur Bestimmung der Proportionalitdtskonstanten @ erinnern wir daran, daf die
Zahlen k?? von X’ verschwinden, wenn p £ ¢. (Vgl. [4].) Daraus folgh, dafBl das
arithmetische Gesehlecht y(X') gleich 1 ist (vgl. [8], Satz 15.7.1), was auch aus der

' Tatsache gefolgert werden kanm, dafl X’ rational ist (Goto), und was sich auBerdem
auech noch daraus ergibt, daB das kanonische Geradenbiindel von X’ negativ im
Sinne von Kodaira ist. Nach Satz 1 ist

LX[A) = - 3(X) = a.

Der Proportionalititsfaktor ¢ kamm auch durch die Chernsche Zahl ¢ bestimmt
werden:

o = HX/A) : HX).

Da die erste Chernsche Klasse von X/A negativ, diejenige von X’ dagegen
positiv im Sinne von Kodaira ist, folgt, daBl e fiir gerades » positiv, fiir ungerades
n negativ ist (n = dimy X). Wir haben damit bewiesen.

Sarz 4. Jedem beschrinkten homogenen symmetrischen Gebiet X des C" ist eine n-
dimensionale algebraische Mannigfaliighkeit X' zugeordnet. Wenn A etne diskontinuier-
liche Gruppe von Automorphismen von X ist, fir die X|A kompakt ist und die
abgesehen von der Identitit nur fiwpunkifreie Tronsformationen enthill, dann ist
X/[A eine algebraische Mannigfaltigheit, und es gilt die Proportionalitit

X/A ~ y(XJA) - X',

wo y(X[A) das arithmetische Geschlechi von X[A ist, welches fiir gerades n positiv
und fiir ungerades n negativ ist.

Um den Satz 4 konkret anwenden zu kinnen, werde kurz iiber die Berechnung
einiger Invarianten der algebraischen Mannigfaltigkeit X’ referiert. Fiir die
erforderlichen Informationen iiher kompakte Liesche Gruppen siche etwa den
Bericht von Samelson (Buil. Amer. Math. Soc. 58 (1952}, 2-37).

Wir haben X’ = @'/H, wo G das direkte Produkt der kompakten einfachen
Gruppen Gy, - -+, @, und H das direkte Produkt der Gruppen Hy,--+, H, ist
(H; = ).

]’)ie E;Ier-Poincarésche Charakteristik B(X') ist der Quotient der Ordnung der
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Weylschen Gruppe von ¢ durch die Ordnung der Weylschen Gruppe von H.
Fiir Typ I-VI (siehe §2) ergeben sich fiir £(X') die folgenden Werte

L (p + q)Y/plg!
1L 291
I17. 27 .
(17) IV. p + 2 fiir gerades p; und p - 1 filr ungerades p
V. 27
VI. 56.

Die Bettischen Zahlen 5,(X’') kénnen mit Hilfe der Formel von Hirsch berechnet
werden (vgl. A. Borel, Ann. of Math. 57 (1953), 115-207). Sie verschwinden fiir
ungerades 7, Die zweite Bettische Zahl von X' ist gleich s, der Anzahl der irreduzi-
blen Faktoren von X'. Aus dem Verschwinden der Zahlen A?YX’) fiir p £ ¢
folgert man

(18) boy(X') = WXy = (—1y ¢ (X").

Nach der Formel von Hodge (vgl. [8], Satz 15.8.2) ergibt sich daraus fiir den
Index +(X")

(19) X'y = 2% o (—1) by, n = dimg X'.

Wegen (19) erméglicht die Formel von Hirsch auch eine Berechnung von +(X’).
Fiir irreduzibles X’ ergibt sich 7(X’) = 0 auBler in folgenden Fillen

L X =U@p-+29Up) X 0@, (X)= ([g] + r)! / [%’] It

(20) IV. X’ = SO(4k -+ 2)/S0(4k) X 80(2), =~(X')=2
V. X' = E,/Spin(10) X T, T(X)=3.

Die vorstehend zusammengetragenen Informationen geben dem folgenden
Korollar einiges Interesse.

KororraR zU SAtz 4. Es set X etn beschmnktes homogenes symmetrisches Gebiet
des ©". Es sollen A und X' dieselbe Bedeutung wie in Saiz 4 haben. Ferner sei b,
die r-te Bettische Zahl. Dann gil

HX[A) = (—1P2(X[A) - by(X) # 0,
ZHE[A) = —s - 7(X]A) # 0,
wo s die Anzahl der trreduziblen Fakioren von X ist. Ferner gil
E(X[A) = x(X[A) - B(X’)
T(X[A) = »(X/A) - 7(X')



AUTOMORPHE FORMEN UND DER SATZ VON RIEMANN-ROCH 139

E(X[A) ist positiv fiir gerades n und negotiv fiir ungerades n. Wenn wenigstens
einer der irreduziblen Faktoren von X eine zugehirige algebraische Mannigfoliigheit
hat, die nicht zu den in (20) aufgezihlien Typen gehdrs, dann ist w(X[A) = 0. Anderen-
Jalls ist 7(X[A) > 1.

§ 4. Einiges fiber kompakie Liesche Gruppen (vgl[4]).

Es sei (¢ eine kompakte Liesche Gruppe und p eine Darstellung von G in einem
komplexen Vektorraum V. Es sei T e¢in maximaler Torus von @. Dann ist ¥ eine
direkte Summe :

V=H;+ E,+---+ E,,

wo Ey der komplexe Vektorraum aller unter T festen Vektoren ist und wo die
E; (1 < j < s) eindimensionale komplexe Unterrdume von V sind, die als ganzes
durch jedes Element von 7' in sich iiberfithrt werden. 7' operiert auf E,, und man
erhilt so Homomorphismen

p; : T—T(1)

Es sei § die Liesche Algebra von 7' () ist ein reeller Vektorraum). Die Liesche
Algebra von U(1) sei mit R identifiziert und zwar so, dafl die Abbildung exp:
R— U(1) jedem ¢ R das Element ¢ & U(1) zuordnet. Dann bestimmt p, eine
lineare Abbildung 27a; von § in R. Mit §* werde der duale Vektorraum von §
bezeichnet. Das Element 0 € h* (mit der Vielfachheit dimy Fg) und die Elemente
a; €h* (1 < j < s) heiBen die Gewichte der Darstellung p.

Von jetzt an werde @ als halbeinfach vorausgesetzt. Die Gewichte der Iso-
tropiedarstellung von T im komplex erweiterten reellen Tangentialraum von
GIT im Punkte ey = (1) sind die Wurzeln von G. Die Wurzeln von @ sind 2m
Elemente +4-a,, +-a,,- ¢, ta, €bh*, wo 2m die reelle Dimension von GT ist.
Der Vektorraum §* ist in natiirlicher Weise mit der Cohomologiegruppe HY{ T, R)
zu identifizieren. Man hat ferner einen Isomorphismus-auf

v : §* = HYT,R)—> H3G/T,R),

wo y die negative Transgression im Faserblindel (G, G/7T, T') ist. Es seien jotzb
Gy, "7, Oy, € 5% = HYT, R) die positiven Wurzeln von @ bexziiglich einer fest-
gewihlten lexikographischen Anordnung von h*. Dann besitzt Gf T genau eine homo-
gene komplexe Struktur, derart, da8 die Gewichte der Isotropiedarstellung von 7'
im komplexen Tangentialraum von @[T im Punkte e, = (T') gleich a4, -+, g,
sind. Mit dieser komplexen Struktur ist G/T" eine einfach-zusammenhingende al-
gebraische Mannigfaltigkeit. Die (totale) Chernsche Klasse von G/T' {als Cchomo-
logieklasse mit 1eellen Koeffizienten) ist durch folgende Formel gegeben

@ e(G]T) = (1 + pa,)(1 + yag) - - - (1 + ya,,).

Die Cohomologiegruppe HXG/T, Z) ist eine Untergruppe U von HEGT, R).
Ordnet man jedem komplex-analytischen Oeradenbitndel F iiber G/T seine
charakteristische Klasse (erste Chernsche Klasse) f = ¢,(F) € U zu, dann erhilt
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man einen Isomorphismus 3 der Gruppe der Isomorphieklassen von komplex-
analytischen Geradenbiimdeln iiber @7 auf U. Mit (,) werde das durch die negative
Killing-Form auf §) und damit aueh auf b* induzierte skalare Produkt bezeichnet,
W (Weylsche Kammer) sei die Menge aller x € H¥G/T, R) mit (pz, a,) > 0 fiir
1< j < m, und W sei das Tnnere von W, d.h. die Menge aller x € W mit (p ™ , a,)
> 0 fiir 1 £ j < m. Die Menge der (Aquivalenzklassen von) irreduziblen unitdren
Darstellungen von g = Lie Algebra von G (oder in anderen Worten der universellen
Uberlagerung von @) entspricht eineindeutig der Menge U n W. Dem Element
feUn W entspricht die Darstellung mit Hauptgewicht v f. Wenn fe Un W,
dann ist y f ein Geradenbiindel mit den folgenden Eigenschaften

22) H(GT, yf) =0 firj>0
(22%) 2(GIT, y7Yf) = dimg HYG[T, y7Yf)

(23) dimg HYGYT, y~Yf) = Grad derjenigen irreduziblen Darstellung von g,
welche das Hauptgewicht y1f hat.

(22) ergibt sich daraus, daB f 4+ ¢ (G/T)=f+ vla, + -+ +a,) e W und daB
die Elemente von W positiv im Sinne von Kodaira sind (vgl. [2], [10] und [8], Satz
18.2.2). Nach der Definition von y folgt dann (22*). Die Formel (23) kann durch
direkte Konstruktion der f zugeordneten Darstellung als Darstellung im Raume
HYGIT, y7If) bewiesen werden (A. Borel—A. Weil, siche einen Vortrag von J. -P.
Serre im Seminar von N. Bourbaki, Mai 1954; vgl. auch die Untersuchungen von
J. Tits, Sur certaines classes d’espaces homogénes de groupes de Lie, Acad. Roy. Belg.
CL Sei. Mém. Coll. 29 (1955), no. 3).

Die Formel (23) kann (unter Benutzung von (22*)) auch durch Berechnung von
2(GT, yf) nach dem Satz von Riemann-Roch bewiesen werden [4], wobei man die
Formel von H. Weyl fiir den Grad der Darstellung mit Hauptgewicht yp~f zu
verwenden hat [17].

(22*) und (23) ergeben fiir f — 0, dass das arithmetische Geschlecht #(G)T)
gleich 1 ist.

Es sei K eine Untergruppe von G mit maximalem Rang (@ > K > 7). Wir
setzen voraus, dass GJK eine homogene komplexe Struktur zulift. Dann ist G/K
mit dieser komplexen Struktur eine einfach-zusammenhiingende algebraische
Mannigfaltigkeit, und K ist der Zentralisator eines in 7T enthaltenen Torus.
(Vgl. [2], Goto, Amer. J. Math. 76 (1954), 811-818 und Wang, ibid. 1-32.) Mit
b werde weiterhin die Liesche Algebra von T bezeichnet. by, - -+, b, €b* seien
die Gewichte der Isotropiedarstellung von K im komplexen Tangentialraum von
G/K im Punkte e, = (K). Hier ist » = dimg G/K. Eine lexikographische Anordnung
von ¥ heisse vertriglich mit der komplexen Struktur von G/K, wenn die by, - -+, b,,
positive Wurzeln von @ beziiglich dieser Anordnung sind. Eine derartige vertrig-
liche Anerdnung existiert immer [4]. Zu ihr gehdrt eine homogene komplexe
Struktur von GfT und eine von K/T'. Mit diesen komplexen Strukturen erhiilt
man das komplex-analytische Faserbiindel (G/T, G/K, K/T, p). Wir bezeichnen die
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positiven Wurzeln der vertriglichen lexikographischen Anordnung wieder mit
@3, " * Q. Die by, -+, b, sind dann genan diejenigen der @;, welche nicht
Wurzeln von K sind. Die by, - + -, b, heiflen deshalb komplementire Wurzeln von
@ relativ K beziiglich einer mit der komplexen Struktur von G/K vertriglichen
lexikographischen Anordnung. Wie in [4] gezeigt wird, hat man die folgende
Formel fiir die (totale) Chernsche Klasse von G{K (mit reellen Koeffizienten).

(24) P*e(G[K) = (1 + yby)(1 + yby) - - - (1 + yb,)

Wir setzen b = by 4 by -+ - -+ + b,. Also ist ypb = p*c,(G/K), und wir erinnern
daran, daB —c¢,(G/K) die erste Chernsche Klasse des kanonischen Geradenbiindels
von GfK ist. Wir wollen nun die Zahl x(G/K, —r) fiir r 2> 0 berechnen (siche §1).

Zunichst folgt aus multiplikativen Eigenschaften des arithinetischen (Toddschen)
Geschlechtes ([4], vgl. auch [8], Satz 21.2.1) und aus ¥(K/T) =1, dass

XOK, —r) = y(G|K, —1) - y(K[T) = 3(G|T, y™(p(rb))).
Man rechnet nach [4], daB & € W. Aus (22*) und (23) folgt dann

(25) x(GYK, —r) == Grad der irreduziblen Darstellung von G (bzw. einer Uber-
lagerung von &) mit Hauplgewicht b = r(by + by -+ - -+ 4 b,).

§ 5. Automorphe Formen

Es sei X ein beschrinktes homogenes symmetrisches Gebiet des C”. Es sei A eine
diskontinuierliche Gruppe von Automorphismen von X, die wieder die Eigen-
schaften 1 und 2 von §3, (11), haben soll, d.h. X/A soll kompakt und A fixpunktfrei
sein. Wir wollen jetzt eine Formel fiir die Anzahl IT {X, A) der automorphen
Formen vom Gewicht r angeben. Wegen (13) beschrinken wir uns auf den Fall
r > 2. Aus Satz 1 und Satz 4 folgt dann

(26) (X, A) = 7(X[A) - (X', 1), (r=2).

Hier ist X’ wieder die X zugeordnete algebraische Mannigfaltigkeit. (Vgl. §3). Es
ist wohlbekannt, daB II (X, A) ein Polynom in r vom Grade » ist. Wir miissen das
Polynom %4(X’, ) berechnen, das nur von X und nich{ mehr von A abhingt. Fiwr
algebraische Mannigfaltigkeiten ¥, und ¥, gilt:

27) UYL X Yo 1) = (¥, 1) > (Yo, 1),

wie man etwa aus [8], Satz 12.1.1, entnehmen kann. Da fiir beschrinkte homogene
symmetrische Gebiete X; und X, die aigebraische Mannigfaltigkeit (X, X X,)
gleich dem cartesischen Produkt von Xy und X ist, konoten wir uns also wegen
(27) bei der Berechnung des Polynoms y(X’, r) auf den Fall beschréinken, wo X
irreduzibel ist. Wir werden das vorldufig aber nicht tun.

Nach dem Serreschen Dualititssatz [13] ([8], S. 120, (14)) ist

(28) X', )= (—1)" (X", L — ).
Die algebraische Mannigfaltigkeit X' = G'[K ist ein Raum, wie er am Schlu
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von §4 betrachtet wurde. (In §3 wurde H an Stelle von K geschrieben). Fir
r > 2 ist %(X’,1 —7) nach (25) gleich dem Grad einer gewissen irreduziblen
Darstellung. Wir erhalten so aus (26) und (28) den

Sarz 5. Hs sei X ein beschrinkies homogenes symmetrisches Gebiet vm G, Es sei
X' die X zugeordnete homogene algebraische Mammigfaltigheit (X' = G'|K mit
@ kompakt, halbeinfach und ohne Zentrum). Hs seien b(1 < k < n) die kom-
plementdren Wurzeln von G relativ K beziiglich einer mit der komplexen Strukiur von
G'[K vertrdglichen lexikographischen Anordnung (§4), d.h. die b, sind die Gewichte
der Isotropiedarstellung von K im komplexen Tangentialraum von &'|K im Punkie
ey = (K). Bs sei b= 3%_.4 by Gegehen sei nun eine diskontinuierliche Gruppe A
von Automorphismen von X, fiir die X|A kompalkt sei und die abgesehen von der
Identitiit nur fixpunkifreie Tromsformationen enthalte. Dann ist die Anzahl IL(X, A)
der automorphen Formen von Gewicht r fiir r 2> 2 durch folgende Formel gegeben

(29) (X, A) = (—1)" x(X[A) - grad (&, (r — 1)B), (r=2).

Hier bezeichnet grad (@', (r — 1)b) den Grad derjenigen irreduziblen Darstellung von
G (oder einer Uberlagerung von G, welche das Hauptgewicht (r — 1)b hat {“Haupt-
gewicht” ist im Sinne einer mit der komplexen Strukiur von G'[K wvertriglichen
lexikographischen Anordnung gemeint). y(X[A) ist das arithmetische Geschlecht der
algebraischen Mannigfalitgheit X[A. Es ist also

X(X/A) =1 _gl +gg— e +(—~1)ngn:

wo g, die Anzahl der komplex-linear-unabhingigen dusseren holomorphen Differential-
Jormen vom Grade § ist, welche in X definiert und dort automorph sind beziiglich A.

Es seien jetzt ay , - - -, 0, wieder die positiven Wurzeln von G’ beztiglich einer
mit der komplexen Struktur von &' [K vertriiglichen lexikographischen Anordnung,
und es sei @ ihre Summe. ) sei wieder die Liesche Algebra des maximalen Torus
T(T' < K< G)und (,) das durch die negative Killingform auf h* induzierte
skalare Produkt, Nach der Formel von H. Weyl ([17], Kap. IV, Satz 5) hat man

@

(80)  gred (&, ¢ — 1)) =TI ( (§ T (r—1)b, a,.) / (g , aj))

Nun ist (b, a;) = 0. wenn a, eine Wurzel von K ist (vgl. [4], Chap. IV). Deshalb
vereinfacht sich (30) wie folgh

(@1) grad (@, (r — 1)b) = [[f=s ((g— + (r —1)b, bk) / (§ bk))

(31) ist ein Polynom in 7 vom Grade n. Nach Satz 5 ist es fiir r > 2 gleich
(—1"HAX, A)y(X[A). Nach den Bemerkungen, die im Zusammenhang mit
Formel (27) gemacht wurden, geniigh es, dieses Polynom fiir irreduzibles X zu
berechnen. .

Es sei also X ein irreduzibles beschrinktes homogenes symmetrisches Gebiet.
X' ist dann eine algebraische Mannigfaltigkeit & /K von einem der Typen I-V], die
in §2 angegeben wurden. Wir betrachten die von Borel-Siebenthal (Comm, Math.
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Helv. 23 (1949), 200-221) studierte explizite Einbettung von K in ¢ (siehe in der
Tabelle loe. cit. 8. 219 unter G;,_; X T'). Wie in [4], Chap. IV, gezeigh wird, gibt es
auf G'/K genau zwei homogene komplexe Strukfuren, diese sind vermdge eines
Automorphismus von ¢ dquivalent, und man kann bei der Berechnung nach
Formel (31) annehmen, dass die a; die positiven Wurzeln beztiglich einer beliebigen
lexikographischen Anordnung sind, fiir die die Summe zweier komplementiirer
Wurzeln b;, b; niemals eine Wurzel von G ist. Wir erhalten so (ebwa unter Verwend-
ung der in [14], 8. 218-129, angegebenen lexikographischen Anordnungen und
Wurzeln und unter Ausnutzung expliziter Formeln, die sich in [17], [18] finden) fiir
r=>2:
L X' =T(p + g)fUp) X T(g)

p+q—i—j {0§i§p'—1
prg—i—j~ 1<j<g¢q

Fiir p = 1 und ¢ = n ist X die Hyperkuogel im 0%, und X’ ist der komplexe pro-
jektive Raum P,(C). In diesem Fall ist o

TLE &) = (1 - (0 F DY),

TIAX, &) = (1) »(X/A) - T

AII. X = sb(zp)/U(p)
2r —1)p—1) +4 +i

&+ J

TL(X, A) = (=) y(XJA) TTosi<jzp—1
L. X' = Sp(p)/U(p)

Ar — 1 1 . .
TL&X, A) = (—1)#240 (X]A) Thsizizs (r )(pi —l-‘:j) +i4j

In diesem Fali ist X dquivalent zur Siegelschen oberen Halbebene im Gip(zi)
(siehe [15]).

IV. X' =§0(p + 2)/S0(p) x 80(2)
TLX, A) = (—1)? y(X/A) ((’1"; 1) I (TP))

r
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SOME HIGHER ORDER COHOMOLOGY OPERATIONS

By W. S. Massey 1

1. Introduction

Before discussing higher order cohomology operations in general, it is perhaps
worth while to briefly review first and second order cohomology operations. First
order cohomology (or universally defined cchomology operations) are usually
defined as follows: Let G' and G be abelian groups, and let m and » be non-
negative integers. A first order cohomology operation associated with (G, '; m, n) is
a function 7" which assigns to each space X (of some suitable category of spaces)
a mapping of cohomology groups:

Ty : HYX, G)— HYX, &).

The only requirement imposed on the functions T’y is that they commute with
the homomorphisms induced on ecohomology groups by continuous mappings of
spaees; no algebraic properties are assumed. It is readily proved that such cohomo-
logy operations are in 1-1 correspondence with the elements of the Eilenberg-
MacLane cohomology group HY(@G, m; G'); see Serre, [4]. A great deal is known
about first order echomology operations. We shall only be incidentally concerned
with them in this lecture.

Next, we shall give two examples of second order cohomology operations,
without trying to define precisely what is meant by a second order cohomology
operation. First, there is the operation introduced by J. Adem in {1] to give the
homotopy classification of maps of an (n - 2)-dimensional complex K into an
n-sphere. The domain of this operation is the kernel of the Steenrod square,
8q? : HYX, Z)— H™*(X, Z,), and the range is the co-kernel of the homomorphism
Sq? : HY*(X, Z,)—> H™*3(X, Z,). This operation is matural with respect to
homomorphisms induced by continuous maps.

Our second example of a second order cohomology operation is the “triple
product” (see [5]). Let X be a topological space, and let u € H?(X), v € HYX),
w € H"(X} be cohomology elasses of X with coefficients in an associative ring. If
the cup products w-» and v-w are zero, then the iriple product {u,», w) is
defined and is an element of the factor group.

Hover Y X)f[y - HH-YX) + HPHYX) - o],

Since this operation will be important in what follows, we will give the details of

1 This lecture is a report on research done while the author was partially supported by grant
‘from the National Science Foundation of U.S.A.
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the definition. Choose representative cocycles u’, »’, and w” for u, v, and w respec-
tively; the conditions % -9 =0 and »-w = 0 imply the existence of cochains
@ and b such that ‘
@ - v = §(a), v - w’ = i(b).
Now form the cochsain
2 =a-w —4@ b

{(where, as usual 4" = (—1)%’; we will use this notation throughout this paper)
an easy computation (using the associative law) shows that 6(z) =0, ie. 2 is a
cocyele, Let z denote the eohomology class of 2'. By definition, z is a representative
of (u, v, w). Altering the choices made in the definition, changes the cohomology
class z, but it will always be an element of the same coset of the sub-group
[u - HH™4(X) + H?H1(X) - w]; moreover, by making suitable choices in the
course of the construction, we can obtain any cohomology class of this coset.
This operation is also natural with respect to homomorphisms induced by
continuous maps.?

These two examples illustrate the idea of a second order cohomology operation
of m variables; it is a collection of functions 7'y defined for each topological
space X; if uy, %y, = *, um are cohomology classes of X (with prescribed degrees
and coefficient groups) which satisfy certain conditions expressed by the vanishing
of first order operations, then 7'y (uy, - - -, %,,) is defined, and it is a subset of
some cohomology group of X. It may or may not be a coset of a subgroup. The
only condition imposed on the functions 7'y is that they be natural with respect
to the homomorphisms of cohomology groups induced by eontinuous maps.

Although the time is probably not ripe for giving a precise, general definition
of an » order echomology operation, it is fairly elear what kind of an object
such an operation will be. It is defined on a cohomology class or a set of cohomology
classes which satisfy certain conditions expressed by the vanishing of cohomology
oper&tmns of orders 1,2, - -+, n — 1; and if is required to be natural. There is a
vague resemblance to the successive differential operators of a spectral sequence.
We should also expect that many different sequences of operamons,of orders from
1 to » will exist, and that these different sequences of operations will be in 1-1
correspondence with certain objects having auxiliary mathematical structure
(e.g. Postnikov systems3 or, in the examples that follow, ordered abstract
mmphcml complexes).

It seems quite likely that higher order cohomology operations will be of great
jmportance in many problems of algebraic topology in the future. For example,
the successive obstructions to the extension of a continuous map can probably
be expressed in terms of higher order operations.

. 2'The suthor wishes to acknowledge that the idea for the definition of the triple product
originated in a eonversation he had with A. Shapire at a Topology Conference in Chicago
in 1950.

3 For the use of Postnikoyv systems in defining higher order cohomology operations, ses &
paper by F. P. Peterson to appear in Trans. Admer. Math. Soc., Vol. 86, Sept., 1957.
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The aim of this lecture is to give some examples of higher order cohomology
operations. These examples are defined in a purely algebraic way from the cochain
ring of a given space; the definition is of a construetive nature. It is possible to
study their algebraic properties, and in certain cases, to make computations.
It is hoped that these examples will serve as models for further work in this field.

2. Provisional definition of some highér order operations

It is possible to generalize the “triple product” defined above to a “quadruple
product.”’? Let C* = >, (¢ denote the cochain ring of the space X with coeffi-
cients in some associative ring, and let H* = >, H* denote the cohomology
ring of X. Suppose that u,, %,, 45, and u, are cohomology classes on X which
satisfy the following conditions:

(1) 1 Uythy = Uglhy = Uglty = 0,
(2) (g, oy Ug) == 0, (g, g, uy) = 0.

We may now try to construct a new cohomology class as follows: For each
cohomology class u,;, choose a representative cocycle a,;, 1 < ¢ < 4. On account
of condition (1), we may choose cochains by,, byy, and by, such that

3 Oby = ayay, ébzs = Golty, Obgy == @gy

Making use of condition (2), we may almost {(but not quite) assume that by,, bss,
and b,, are chosen so that there exist cochains ¢, and ¢,4, such that

4) 0¢y93 = b1gls — @;bys 0Cg34 = bayg@y — @gbsy -
Now form the following cochain:
2 = Cyapglty — 512534 + @463

An easy computation, using (3) and (4), shows that §(z') = 0, Le. 2’ is a cocycle.
Let z denote its cohomology class. By definition, the quadruple product,
(%4, Uy, Ug, Uy), is the set of all possible cohomology classes one can obtain by this
construction, If », is of degree p;, 1 < 1< 4, then {uy, u,, 4g, #,) is & subset of
H*, where n = p; -+ py + p3 + ps — 2. In general, it is not a coset of any
subgroup.

The above definitions are not quite correct. In general, it is not possible to
choose cochains ¢;4g, and ¢y, 80 as to satisfy both of the conditions listed in (4);
by proper choice of the b;;’s one can satisfy either condition separately, but not

* The quadruple product was developed independently by G. Hirsch for the purpose of
computing the echomology ring of a fibre space. The author has benefited from correspondence
with Hirsch and from the privilege of reading several of his unpublished manuseripts. Hirsch’s
work on this subject will be published in the Proceedings of the Colloguium on Algebraic
Topology held at Louvain, Belgium in June, 1956. [4dded in proof: See the paper entitled
“Certaines opérations homologiques et la cohomologie des espaces fibrés,” Colloque de
Topologie Algébrique Tenu & Louvain les 11, 12, et 13 juin 1956, pp. 167-180.]
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both simultaneously. To get around this difficulty, it is necessary to strengthen
condition (2) slightly in the following manner: For any four cohomology classes
Uy, ** , U, which satisfy conditions (1) above, we define a subset of the direct
product AP Pet2a—1 s prateste—1  denoted by ((uy, %g, %g), (s, Ug, U,)), 88
follows: Choose representative cocycles gy, * - -, @, and cochains by, b5, and by,
so as o satisfy condition (3). Then

Y’ = bygty — Gibyg,

2’ == boyay — Gabyy,

are cocycles; let y and z denote their cohomology classes. By definition, ((uy, %, %5),
{uy, Ug, 1,)) is the set of all ordered pairs (y, z) one can obtain by this construction.
One can show by an easy calculation that ((uy, %,, %g), (%, %5, %,)) is a coset of a
certain subgroup of HFit P71 5 FPytstry—1

Using this definition, condition (2) above should be replaced by the following
condition:

29 (0, 0) € ((1q, Ug, ug), (g, Uy, Uy))-

Then one can carry out the construction given above for (uy, ug, %3, #,). The
quadruple produet as thus defined would be considered as a third order cohomology
operation. It is obviously natural with respect to homomorphisms induced by
continuous maps, and is a homotopy type invariant of the space X.

These definitions can be readily generalized to define an n-tuple produet,
(g, Uy, = = , 1, Which is an (n — 1)t order cohomology operation of » variables.
We will now write down the necessary formulas for constructing the quintuple
product, {uy, - -+, uy), leaving the formulas for the general case to the reader.

Let uy, %,, * * + , %5 be cobomology classes which satisfy the following conditions:

(5) Uglhy == Uolly == Uglhy = Uyt =0,
(6) (0, 0, 0) & ((ey, Uy, Ug), (g, U, Uy), (Ug, Uy, Us)),
(7) (0, 0) € (Cuy, Ug, Uy, Uy), (g, Us, Uy, Us))-

Here the operations used fo express conditions (6) and (7) are modifications of
the triple product and gquadruple product respectively, similar to the modification
of the triple product used above to express condition {2"). Under these conditions,
the quintuple product (u,, - -+ , uy) is defined, and it is a subset of the cohomology
group H", where n=p, -+ +*- + p5; — 3. Reprosentatives of (uy,-:-,u;) are
constructed aecording to the following scheme: Let ¢, be a representative cocycle
for #;, 1 < i< 5. On aceount of conditions (5), (6), and (7), there exist cochaing
Bygs " "+ 5 Bags Croms * * * > Causs Fyages dosss such that the following conditions hold:

8) Obyg = s, ** * , Obys = a0,
9) 86195 = Bygly — Gybog, ** * ; OCga5 == b3ty — Agbys,
(10) Odyg3q = Cyp5tty — bigbay + 109345

o545 = Cogas — oabas + GoCass-
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Now form the cochain

2 = dyagats — CG1a3by5 + bysfass — Buagys-
A computation shows that 2’ is a cocycle; its cohomology class z is a representative
of (uy, + ==, ug). )

It is evident that this procedure leads to formulas of increasing complexity
which are not easy to handle. Moreover, the operations thus defined do not have
nice algebraic properties. It does not make sense to ask whether or not they are
multilinear. Even (u;, #,, %3, #,) need nob be a coset of any subgroup.

In order to avoid these difficulties, the author has developed a different approach
to these higher order cohomology operations. However, this new approach is much
more abstract. The preceding paragraphs may be considered as motivation for
this new method.

3. Absiract sheaves on a complex

In order to describe this new method we first need to discuss a slight generaliza-
tion of homology with local coefficients. Although this generalization is un-
doubtedly well known, to our knowledge it has never been published in the
explicit form in which we need it.

Let K be an abstract cell complex as defined, for example, by Lefschetz, [3],
Chapter III.

DrwinrrioN. An abstract sheaf® & on K consists of a pair of functions (&, I)
such that G assigns to each cell o of K an abelian group G{o), and I assigns to each
pair of cells o, 7 of K such that ¢ << 7 a homomorphism.

I(o, ) : G{1)— G{o).

These homomorphisms are required to satisfy the following two conditions:
(a) For any cell o € K, I{c, ¢) is the identity map G{c) — G{o)-
(b) For any three cells o, 7, and p of K such that ¢ << 7 <C p, the following
transitivity condition shall hold: I(s, 7) ° I(r, p) = I(o, p).
The following example of an abstract sheaf is very important in what follows.
Let K be an ordered abstract simplicial complex, and let B be an associative ring.
For any p-simplex ¢ of K, define

Glo) = @™3(R)

the tensor product (over the ring of integers) of (p -} 2)-factors, each equal to R.
If 0% is a p-simplex, and o? * denotes the face obtained by omitting the 5t vertex
(when the vertices are arranged in the given order), define I(o?7%, 0?) by the
formula

TP, 07) 2y @ 2, @ " @ Fyyy) =T @ *** @ ;1 ® (T%y03) B Tyyp ® *** @ Tpyy

for any elements wy, < -+, ,,; € Rand 0 < i < p.

5 J., -P. Serre has suggested that it would be more appropriate to call these objects “abstract
co-sheafs.”
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This formula may be extended by linearity to all of ®?+2(R), and then by
using condition (b) above, the definition of I(s, 7) is uniquely determined for any
pair of cells which are incident.

This definition can be easily remembered by using the following mnemonie
device: In the expression #;, @ * - - @ 2,,,,, the symbol “®” oceurs (p + 1) times."
Imagine the occurrences of this symbol numbered from 0 to p, reading from left
to right. Then corresponding to the omission of the ith vertex of ¢?, one omits the
t2 occurrence of the symbol “®”.

The abstract sheaf & — (@, I) thus obtained on K we will call the abstract
sheaf on K canonically associated with B.

If K is an arbitrary abstract cell eomplex, and ¥ = (G, I) is any abstract sheaf
on K, then we may define homology of K with coefficients in Z by a rather obvious
procedure. First, one defines the g-dimensional chain group, C (K, ) to be the
direct sum of the groups G{c?) for all p-cells o7 of K. Then one defines a boundary
operator @ : O (K, 9)—C, (K, %) by the following formula:

o(a) = D [r?1: %] - (721, o%){a)

for any o € Q(o®), where the summation is over all {p — I)-cells 771 of K, and
[7?1 : 67] denotes the incidence number. As usual, one can prove that 603 =0,
and hence the homology groups H (K, %) can be defined.

4, Definition of the new cohomology operations

Let X be a topological space for which it is desired to define the new cohomology
operations, and let A denote an associative ring which is to be used as a coefficient
ring for cohomology. Denote by

P*=Epgof"

a suitable associative, graded ring of cochains for X with coefficients in A. For
example, we could take the singular or Alexander-Spanier cochains of X. If X
were a simplicial polyhedron, we could use ordinary simplicial cochains. Or, if X
were a differentiable manifold and A were the ring of real numbers, we could take
I'* to be the algebra of exterior differential forms on X. We will denote the
coboundary operator by

§:I'7» T2

as usual. Later on we will wish to assume that I'* does not have a unit; this may
be achieved by choosing a basepoint and taking cochains of X modulo the
basepoint.

First of all, one must choose an ordered abstract simplicial complex K; for
different choices of K, different sequences of higher order cohomology operations
will be obtained. If convenient, one may choose K to be augmented, i.e. let K
contain a unique simplex of dimension —1, the empty simplex.

Let ¥ = (@, I) denote the abstract sheaf on K which is canonically associated
with the ring I'*, and let C, (K, %) be the group of chains of K of degree p with
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coefficients in the sheaf &. To define ¢ and C (K, %), one only makes use of the
ring structure of I'*; the fact that I'* is graded and has a coboundary operator &
leads to additional structure on C (K, %), as follows: In the first place, the graded
structure on I'* leads to a graded structure on G(¢?) = Q2+¥(I'*) aceording to
the usual rules for the graded structure on a tensor product. Then this graded
structure on each group-G(o?) gives rise to a graded structure on the direct sum

O, (K, 9) = 5 G(o?)

in a trivial way. We will use the following notation to indicate the graded structure
on C (K, )
C(K, D) = 2,004 K, 9).

An element of CL(K, &) will be said to be a co-degree q and of degree p. Note that
the boundary operator ¢ preserves the co-degree, i.e.

In the second place, the existence of the coboundary operator § on I'* enables
one to define a coboundary operator (which we will also denote by 8) on the group
@(o®) = Q¥¥I™) by the usual convention for defining the coboundary operator
on a tensor product. Then this coboundary operator can be extended in the obvious
way to a coboundary operator on the divect sum O,(K, %) = > ((c?). This extended
coboundary operator we will also denote by 6: C,(K, %)— C(K, %). The following
two faets about this extended coboundary operator are of importance:

(a) O preserves degrees and increases co-degrees by one unit, i.e.

S[CLK, D)] = CLYK, D).

(b) 6 and 0 eommute, ie. 00 =0°4J.
The verification of these two facts is routine.

If we now let O(K, %) denote the direct sum, > O (K, ¥), it is clear that the
ordered triple {O(K, %), 0, 0} is a bi-complex (see, for example, Cartan and
Eilenberg, [2], Chap. XV). As is usual when one has a bi-complex, one ean define
two different filtrations on O(K, %), and these filtrations lead to two different
spectral sequences. We will only be interested in the increasing filtration on
C(K, ) which is defined by means of the degree:

FICK, 9)] = 2,;<,04K. 9).

The resulting spectral sequence of bigraded groups with differential operators
will be denoted by {,B(X, K, A),d;},1=1,2,8,--.

The successive differential operators, dy, dy, dy - -+, are the new cohomology
invariants which it was our purpose to define.

5. Identification of the first term of the speciral sequence

For the sake of simplicity, assume that A is a field. Then we may identify
H*(@"T*) with Q"[H*(I'*)] for any integer » > 0; this is a special case of the



152 W. S. MASSEY

well-known faet that with a field for coefficients, the operations of taking tensor
products and of taking derived groups commute with each other. Under this
assumption, we assert that

1E(X» K: A) - Zng(Ki g’)y

where 9’ = (@', I is the abstract sheaf on K canonically associated with the
ring H¥*(I'*) = H*(X, A); furthermore, the differential operator d; may be
identified with the boundary operator g :C,(K, 9')—C, (K, ¥'). These state-
ments follow directly from well-known faects about the term (1 E, d,) of the spectral
sequence of a differential filbered group, in case the filtration is defined by one of
the degrees in a bi-complex (see Cartan and Eilenberg, [2], Chap. XV).

6. Some examples

As a first example, consider the case where K consists of an ordered, augmented
1-simplex and all its faces. Then ;B(X, X, A) has terms of degrees +1, 0, and —1
only, as follows:

degree 1: H¥(X) @ H¥(X) @ H*(X)

degree 0: [H¥*(X) ® H*(X)] + [H*(X) ® H*(X)] (direct sum}

degree —1: H*(X).

The differential operator d, decreases the degree by 1 unit. It may be described
on generating elements of these groups as follows:

dy(Tp ® @1 ® Tg) = [(Tg* ;) @ Xy, —Tp @ (1 - %))
G ® Y1, 20 ® %) =Yo % + %" %-
It may be shown that if x,, ), #, € H*{X) are eohomology classes such that
di(2y ® 2, @ 7,) =0,
ie. zgry; = 0 and x2y = 0, then
Aoy ® By ® Tg) = (Tg, &> Tp)

modulo a certain subgroup of H*(X). It is at this point that one wants to assume
that the ring H*(X) does nof have a unit (as mentioned above). If H*(X) has a
unit, then d, is identically zero.

This example may be generalized by taking K to be the complex consisting of
an ordered, augmented n-simplex and all its faces. Then there are terms of
all degrees from —1 to = inclusive in B(X, K, A); the term of degree n is
Q" HH*(X, A), and the term of degree —1 is H*(X, A). Suppose that z, ® x,
® -+ ® &,,, is a decomposable element of @*H2H*(X, A) such that the (n -+ 2)-
tupe product {(®y, &y, - * *, %, is defined. Then

dfTg ® B, ® * -+ @ &yyy) =0

fori=1,2,--,m, and d,_4(re ® + * + @ x,,) is also defined, and (xy, -+, 2,,3)
is a subset of d, ;(%y ® - - - ® ®,,4), where the latter is considered as a coset of
some sub-group of H*(X).
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This makes clear the sense in which the spectral sequence {;B(X, K, A), d;}
generalizes the mmultiple products described in § 2. Naturally, in all these examples
one must assume that H*(X) does not have a unit in order to avoid trivialities.

7. General properties of the spectral sequence

In this section we will briefly list some properties of the spectral sequence
JZ(X, K, A),i=1,2,3,---. Most of them are rather obvious.

(1) For fixed K and A, the operation of assigning to each space X the spectral
sequence { B(X, K, A), d;} has all the usual naturality properties, e.g. a continuous
map of Y into X induces a homomorphism of the spectral sequence ,E(X, K, A)

" into the spectral sequence E(Y, K, A), ete. From this fact, it follows readily that
this spectral sequence is an invariant of the homotopy type of a space.

A similar argument shows that the definition of the spectral sequence ,E(X, K, A)
does not depend on the ehoice of the cochain ring I'*; for example, if the space X
is a simplicial polyhedron, we may use either the nsual simplicial cochain ring of X,
or the ring of singular cochains of X, and the end result will be the same, If X is
a differentiable manifold and A is the field of real numbers, then we may use
either the Alexander-Spanier cochains of X or the algebra of exterior differential
forms on X, and the result will again be the same.

(2) For different choices of K, one obtains different spectral sequences for any
given space X. It is not clear whether or not all these different spectral sequences
are equally important. It is even conceivable that a certain special collection of
complexes K may be “universal” in the sense that knowledge of the spectral
sequences {,H(X, K, A)} for K in the special collection determines {E(X, K, A)}
for any complex K.

(8) If K is n-dimensional, then the differential operator d; = 0 for 4 >n 4 1,
and

ﬂ+2‘E(X’ K’ A) = OOE(X: Ky A)-

8. Examples of spaces X such that the spectral sequence
{,B(X, K, A)} is non-trivial
The following example shows that given any integer n (no matter how large)
it is possible to choose a space X and a complex K such that d,, 7 0 in the spectral
sequence { H(X, K, A), d;}. .
Let & be an integer greater than 1 and let

Y=8v8,v---v§,

be the union of k spheres with a single point in common. Let p; > 0 be the dimen-
sion of the sphere 8, 1 < 4 < k&, and let «; be the element of the homotopy group
,(Y) represented by the inclusion map §;— Y for 1 < jZ % Form a space X
by attaching a cell ¢ to Y by a map representing the multiple Whitehead product
[ogs [®gy [* * = [0z, 0] - - -1; the cell ¢ is assurned to be of dimension 2 — & -+ 3 p,.

Let K be a complex consisting of an ordered, augmented simplex of dimension
k — 2 and all its faces. Choose A to be any commutative ring with a unit, e.g. the
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ring of inbegers. Let I'* denote the ring of singular cochains of X modulo a point
with coefficients in A.

Under these conditions one may prove (by an induction on %) that in the spectral
sequence {#(X, K, A), d;}, the differential operators d; =0 for 1 < ¢ <k — 2,
while d;,_; 7~ 0. The proof is too long and involved to be given here.

Note particularly the case where all the spheres §; are of dimension 1; then X
is a 2-dimensional cell complex. Henee one may construct examples of spaces
which are highly non-trivial with respect to these operations, yet are only
2-dimensional.

Using a procedure due to R. Thom, one may imbed the space X in a compact
orientable manifold M such that X is a retract of M. It follows from naturality
that in the spectral sequence { (M, K, A), d;} we have

dyy 7 0.
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THE GENERALIZED PONTRJAGIN COHOMOLOGY OPERATIONS

By EmerY TaoMAs

1. The Pontrjagin »™ powers

The cohomology operations described in this note are generalizations of the
Pontrjagin square cohomology operation [5, 8]. They are defined using the method
developed by N. E. Steenrod [6]. Besides describing the’ properties of the new
operations, an example is given of information obtained using these operations
which is not given by present ecohomology invariants.

The Pontrjagin square cohomology operation is the funetion

§B2 : HZﬁ(K; Z2m) - H4ﬂ(K; Z4m)a

where H"(K; @) denotes the ™ cohomology group of a complex K with coefficients
in a group @, and Z, denotes the integers mod s. The Pontrjagin square has the
following properties: for u € H**(K; Z,,,),

(-1 PoS*(u) = f*Py(w),
(1.2) N Poltt) = u?, (2-fold cup-product)

where f* is indueed by a map f: L— K, and 7, is induced by the natural homo-
morphism 7, 1 Z,,,— Z,,,.

In its simplest form the generalization of the Pontrjagin square is a function P,
defined for each prime number p, such that

Byt H*K; me)‘—)Hzp"(K; Zﬁ%)'

The functions %, have the following properties [7]: for » e H*(K; Z,,) and
veH®(K; Z,),

(1.3) P, S*(w) =1* P,(u),
(14) NP (u) = u?, {p-fold cup-product)
(L.5) B — v) = P(u) — P,v)s (p odd)

where 17, is induced by the natural homomorphism Z,s,—>Z,,. Property
(1.5) does not hold for p = 2; in this case there are two additional terms, each of
order two [4]. Property (1.3) expresses the topological invariance of the functions
$B,. That is, the functions are cohomology operations, which we term the Ponirjagin
P powers. Tt is clear from property (1.4) that these operations are non-trivial,
gince the p-fold cup-product is non-trivial. A simple example to illustrate this is the
following.

Denote by M, the infinite complex projective space. Then, HXM _; Z) is cyclic
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infinite (Z = integers). If u is a generator for this group, the cohomology ring

H*(M ; Z) is a polynomial ring in the generator ». Set ‘
w, = image w in H¥M ; Z,.) (r > 1).

Then,

(1.6) B(u,) generates H(M ; Zyr),

a cyclic group of order p™1.

Qur real interest, of course, lies in the question of whether these operations give
any new information wnobtainable by previous cohomology invariants. To show
that they do, I construct an example of two complexes K and K’ which known
cohomology invariants fail to distinguish as to homotopy type, but which the
operation P, does distinguish. The example is a mild- generalization of an analo-
gous result given by J. H. C. Whitehead [8] for the Pontrjagin square. For simplicity
only the case p — 3 is given here.

Let M be the complex projective plane. We can regard M as a CW-complex,

M =820 ¢4,

where the 4-cell ¢ is attached to the 2-sphere 82 by the Hopf map S? — 82 Now
8% is a fibre bundle over M with fibre SL. Hence, 7,(M) ~s m,(S%) (r = 1). Let b
denote the projection §%— M. Set § = homotopy class of b. Then, § generates
m(M) ~ Z

Using the complex M and the class § we construct new complexes M(r) (r = 0,

- +) as follows: define
M(r) = M U éb,
r

where the cell e$ is attached to M by a map f, of 8% to M such that f, e#f. If
=1 and we choose f; == b, then M(1) is simply the 3-dimensional complex pro-
jective space.

The complexes K and K’ are now defined by choosing two specific values of r:
namely, » = 3 and r = 0. Notice that the 2-skeleton of M () is simply a 2-sphere,
for all r. To this 2-sphere we attach a three cell, ¢3, by a map of degree 3. Then,

K=M{3yUe, K =HMO)Ud

Any cohomology invariant which is to distinguish X and K’ must have its
value in the six-dimensijonal eohomology groups, sinee the five-skeletons of K and
K’ are identical. Consider the cohomology invariants going from dimension 2 to
dimengsion 6. These are:

(i) the cup-product cube, mapping H¥(X; Z,) to HYX; Z,),
(ii) the operation PB,, mapping H3(X; Z,) to HYX; Z,),
where X = K and K’. Now,
HYK; Zy == 0 = H¥K'; Z),
H¥K; Zg) ~v 2, = HYK'; Z),
HY(K; Z)~ Z ~ HYK'; Z).
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Let « and u’ generate respectively the groups H¥X; Z,) and v, ¢" generate res-
pectively the groups H4(X; Z) (X = K, K'). Then,
4% = 3v (mod 3) =0, %'3= 0 (mod 3)==0;
Py(u) = 3v (mod 9) £ 0, Pj (1) == 0" (mod 9) =0.

Hence, even though the cup-produet rings of K and K’ are isomorphie, the operation
B, is different and so the complexes are not of the same homotopy type. Similarly,
one can show that the cohomology invariants from dimensions 3 and 4 to di-
mension 6 arve all zero?

2. Extension of the Operations 3,

In a later paper J. H. C. Whitehead extended the definition of the Pontrjagin
square to take coefficients in an arbitrary abelian group [9]. Independently,
Filenberg and MacLane also obtained such a generalization [2]. By using an
algebraic device defined by Eilenberg and MacLane [3], the operations 5, can also
be extended.

Let II be an abelian group. Define a commutative, graded ring I (IT) as follows
(see [3; §18]): I'(Il) has as generators the elements y,(z) for each non-negative
integer ¢-and element x € II. These generators have the following relations:

2.1} Vo) y{®) = (1, 8) 7,4},
(2.2) ?t(m +4= Zr+s=t 7)1'(“7) ys(y)’
(2.3) yolx) = 1,

where (7, s) denotes the binomial coefficient (r 4 s)!/(r! s!). Assign degree 2¢ to the
generator y,(z), and let

T'yII) = subgroup of I'(II) of elements of degree 2¢.
Using the ring I'(l1) as a ring of coefficients and restricting the group II to be
finitely generated, we generalize the operations P, as follows: a sequence of
operations P == [B,]2, is defined such that

B, : H*(K; I) — H2(K; T'(I1)).

Define a cup-product, written ', relative to the pairing given by multiplication in
" .the ring T'(II). Using this cup-product the above operations satisfy the following
relations: for u, v € H¥(K; 1),

(2.4) P (w) " Py(u) = (r, 8)P,..(w),
(2.5) Pulw + v) = Zppoms Bolwr) - Bolo),
(2.6) Polw) =1; Py(u) =,

2.7 B f* ) =f* Bylw).

where 1 is the unit of the cohomology ring of K with integer coefficients.

1 The example is easily extended to give a similar result for any prime p. We now take M to
be the complex projective space of (p — 1) complex dimensions. M(r) is defined in the same
way; and we choose the values of # to be » = p! and r = 0. The coefficient p! is needed to kill
off the images of eyclic reduced powers using primes less than p.
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However, comparing properties (2.1)~(2.3) with (2.4)-(2.6) we see that the
relations satisfied by P are precisely those satisfied by the generators of I(II).
Henee, we can define a ring homomorphism

2.8) P* : DHK; IT)) — H*(K; T(I)),

by PB* 7.0) = iaPifu),
where H¥(K; I'(I1)) = > H™(K; I'(I)}, and %, is induced by the ineclusion homo-
morphism of I'(Il) into T'(I1).

If the group Il is Z , then the group I' (Z ) is isomorphic with Z ;. In this case
the functions %, in the sequence B coincides with the Pontrjagin p™ power
defined in §1. Also, B, coincides with the operation defined by Whitehead and by
Eilenberg and MacLane [9], [2].

The ring I'(Il) is an example of a ring with divided powers, a concept introduced
recently by H. Cartan (see [1; chapter 71). The relations (2.4)—(2.6) are some of the
properties possessed by divided power functions. Eilenberg and Cartan have
suggested the possibility of using the funetions P to define divided powers in the
cohomology ring of a space with coefficients in a ring with divided powers. It seems
likely that this can be done: if so, it would do much to show the underlying nature
of the functions %B,.

Applications of the operations B, should lie along two lines: first, using these
operations to label specific elements of the cohomology groups of the K(II, »)
spaces; and secondly, generalizing applications of the Pontrjagin square. Such
applications include the caleulation of certain obstructions, and an expression for
the first Pontrjagin characteristic class mod 4. Thus, applications of the operations
should initially be sought in these directions.

UnzversiTy oF CALIFORNIA,
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FUNCTIONAL HIGHER ORDER COHOMOLOGY OPERATIONS

By FraNkLIN P. PErBRSONTS2

1. Introduction

One problem we would like to investigate is the following: if f: X — ¥ and
g: Y — Z are non-trivial (in the sense of homotopy), when is the composition
gf : X — Z non-trivial? To be more specific, suppose g is shown to be non-trivial
by a functional primary cohomology operation (in the sense of Steenrod [18])
taking z € H*(Z) into a non-zero element y € H*(Y), and suppose f is similarly
shown to be non-trivial by a functional primary eohomology operation taking y
into a non-zero element z € H*(X). We may ask, when is the operation z into 2 a
homotopy invariant of gf? If the answer is ““yes,” then gf is non-trivial. In this
paper, we derive sufficient conditions for an answer of yes.

We first sketch a method of deriving an exaet couple containing higher order
cohomology operations as higher derivations from a given Postnikov system.
We then give two equivalent algebraic constructions for defining functional
operations corresponding to such exact couples. The first method generalizes the
method introduced by Steenrod for defining functional ,primary cohomology
operations and the second is introduced in order to prove the composition theorem
referred to above. For applications and complete details, the reader is referred
to [10].

2. The exact couple coming from a Postnikov system

We shall use the following notation. Let #(X; Y) denote the set of homotopy
classes of maps ¢ : (X, 4y)—> (Y, #,), where 2y € X, y, € ¥, and Y is an arcwise
connected space. Let 87X denote the # reduced suspension of X [12; p. 656];
let X denote the #*® space of loops on X.

A sequence

SLL',- ‘}51—1

e ¥V —> Y  —> Y, o>
is called an exact sequence of spaces if the induced sequence

-
s a(X; Y,)iﬁ»rr(X; Y, >
is exact (kernels are well-defined as #(X; Y) has a distinguished element rep-
resented by the constant map at y,).

Let p : £ —> B be a fibre space with fibre F. There is a map ¢ : 1B— F such that
the following lemma holds.

1 The author was a postdoctoral National Science Foundation fellow during the preparation
of this paper.
* This paper summarizes the results of [10].
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5 , r—1; r—1;

Levmas 21, - > " FPS"BS>"B—s™F 573F 5 ... > F > Bis
an exoct sequence of spaces.

Let P = (K(m, n),0; X,05---; XD, ™ ...) be a Postnikov system
(4] and [11]). This means that 6 € H(K(nm, n); Q), - - -, 6™ e H (XD Glm),
where z = ¢! and K(w, n) denotes an Bilenberg-MacLane space of type = and #,
that p™ : X0® - X(m-1) js a fibre map with fibre K(G'™,¢'™ —1) and
k-invariant 6™, and that g™ <« . Applying Lemma 2.1 to each of
the fibre spaces pt™ : X™ — Xn—1) we obtain an exact couple of spaces as in
Figure 1.

j’lll ”i

X B ke -1 B X
Ve Ve
1 r ’ ”
cix Y g, ¢ —1) el X'ﬂK(G”, 7
I Ve
ip w 6’ ;o
> Kmn—1)>EKGq¢—1) 3 X5KE, )
¥ e ]
<=+ = pt. — K(m, n) — K=, n)— K{G, q)
Fig. 1.

Applying the funcbor X — n(K; X) to each space in this exact couple of spaces,
we obtain an exact couple (4, €}, where f is induced by p'™, g by 6™, and k by
'™, In order to insure that the 4 terms are groups, we must make the assump-
tion that the Postnikov system 9 represents a space of loops; we assume this
throughout the rest of the paper.

Notice that d = gh: HYK; w)—» HYK; @) is a homomorphism defined for all
spaces K which commutes with induced homomorphisms; ie., d is a primary co-
homology operation. We define d,, : C,,— C,,, where (4,,, C,)) denotes the m®®
derived exact couple, as the (m - 1)-ary cohomology operation coming from the
Postnikov system P. This definition is motivated by known examples of secondary
operations [1; p. 728], by the fact that it generalizes the notion of a primary
cohomology operation, by the fact that operations coming from the cohomotopy
exact couple [8] are higher order cohomology operations in this sense, and by the
heuristic feeling that an m-ary cohomology operation should be defined on the
kernel of an (m — 1)-ary cohomology operation with values in the cokernel of an
{m — 1}-ary cohomology operation [6; p. 343].

3. Functional cohomology operations: generalization

of the Steenrod method

Let us first recall the method of Steenrod for defining functional primary
cohomology operations [13]. In doing so, we point out an equivalent method of



FUNCTIONAL HIGHER ORDER COHOMOLOGY OPERATIONS 163

Then f"k(a) = kf"(a) = kh"(u) = h"k(w) = 0. Hence we may define dy,({u}) =
(B"y (@) € 0”. It is easily checked that d ; is well-defined.
In general, if d,, ;, =0, ,dy; =0, we define for m > 1
dpz: Cp—>C"
as follows: Let @ €4” be a lifting of u m-stages. Then f"k(a) = kf"(a) =
K1 i({u}) = 0. Hence we may define d,, ,({u}) = (") h(a) € C".

We apply our algebraic formalism to the same situation as in §3. Let (47, 0”) be
the exact couple for K, (4", C") be the exact couple for L, and let & = a*. d,,,, is
our second definition of the functional m-ary cohomology operation corresponding
to the given Postnikov system .

The equivalence ® of §3 generalizes to an equivalence between A, and d,,,;
it is not one to one in the algebraic formalism, but is in the application due to a
special assumption. )

Our first definition may also be applied to the higher order cohomology operations
constructed by Massey [7] in order to define the corresponding functional opera-
tions. Unfortunately, the equivalence theorem doesn’t hold in that case.

We now state a theorem which shows that functional m-ary cohomology opera-
tions are sufficient to decide whether or not a given map a : L— K is homotopic
to a constant when L is a finite dimensional CW-complex, and K is a space of
loops (this is a generalization of the usual notion of “stable range”). Let B be the
set of higher order cohomology operations coming from the exact couple correspond-
ing to the Postnikov system for K.

TraroreM 4.1. a is homolopic fo a constant if and only if all functional cohomology
operations coming from o and operations in B are zero.

§. The composition theorem

‘We now state our composition theorem; the proof is quite easy using the second
definition. This theorem shows that under certain conditions, the composition of a
functional m-ary cobomology operation and a functional n-ary cohomology
operation is a functional (m -+ n)-ary cohomology operation.

Let a: L— K and b : M — L. Then we have functional cohomology operations
defined by a*, denoted by d,, ,, and defined by 5¥, denoted by d,,, (both coming
from the exact couple corresponding to a given Postnikov system ).

Turorem 5.1. When both sides are defined, d,\ pop = Gy Cpyge

If both @ and & are non-trivial, then is the composition ab non-trivial? In order
to apply Theorem 5.1 to this problem in a particular example, one must construct
a Postnikov systera which will contain d,, and d,, at the appropriate levels.
Examples of the computations necessary to apply Theorem 5.1 appear in [10];
Adem [2] has a different approach which may be viewed as the case m = n =1 of
Theorem 5.1.

6. Duality

Hilton [5] has indicated that there exists a certain duality in homotopy theory.
Motivated by this idea, we are led to the dual of a Postnikov system, where the
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definition; our algebraic constructions generalize these two methods to funetional
higher order cohomology operations.

Let a: L— K. Let M = K U, CL, where CL denotes the cone on L, attached
to K by a. Let b : K — M be the inclusion, and ¢ : M — SL be defined by collapsing
K to a point. Then the sequence

L—>K—>M—>SL§—¢>ZSK-—> —>S’K§§S'M—>---

is & coexact sequence of spaces in the sense that the induced sequence

Sro# e
o> a8 M; Y)——> a8 K; Y) > > w(K; Y) > w(l; Y)

is exact. Let 0: K(m, n)— K(@, q) be a given additive cohomology operation.
Then we have a commutative diagram with exact rows and columns (where X is
the space constructed in §2).

a'*
H"YK; 7)— HYL; 7)
{19 ]
£
HYEK; )% HY(L; @)
' v
a¥
m(K; X) — n(L; X)
V {
H YK, m % H"—l(L ) S o ) Li¢ H”(K % % B )
410 10 ) 10 16
H YK, G) H‘l*l(L G) HQ(M G’) H‘-Z(K G) — Hq(L )
Fig. 2.
Let u € H*(K; =) be such that a*(u) =0 and O(u) = 0. Define
0,(x) € H*1 (L; G)/(Tm a* + Im 1§)
by
Oou) = (c*)~10(0*)(u).
This is essentially the definition of Steenrod. By going up and to the right instead
of down and to the left, we may define 0, (u) € H*Y(L; @)/(Im a* + Im 10) by

0, (w) = wta# p(u).
These two definitions are equivalent in the sense that there is an automorphlsm
@ of a subgroup of H*Y(L; @)/(Im a* 4 Im 10) such that @b, (u) = §,(u); @ is

given by
. & — wla¥ p %0 1c*,

In §4 we will generalize this second definition to functional higher order cohomology
operations,
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We now give the algebraic formalism for our generalization of the Steenrod
method. Let (4, ("), (4, €), and (4", C") be exact couples, and let i ; (4, C")—
(4, 0) and j : (4, C)— (4", ") be couple maps. Assume

%
0> (47, C") > (4, 0) 2> (47, ") >0
is exact in the sense that
P
0—>0' >0 500
is exact. By the vsual algebraic construction [3; p. 40], we get an exaeb triangle,
%
=0,
Ay s Ty
41
where A ({u}) = (5yd(j)"Y(u) for u € 0" representing {u} (. If A; =0, then

i J
0—> (45, 07) > (4, Cy) 33 (47, 00— 0

is exact in the above sense and we may repeat the process. In general, if A, =0,
-+, A,,_; =0, then we may define

A,, : 0y — C, such that

)
¢ -0,y
DX Hjm
Con
is an exact triangle.

In our application, (4", ¢) is the exact couple for L coming from the Postnikov
system B, (4, C) is the exact couple for M, (4", C") the exact couple for K, ¢ = ¢*,
and j==56% We define A, to be the functional m-ary cohomology operation
corresponding to the given Postnikov system . It should be noted that in our
application, all exact couples are bigraded, and that AL® might be defined without
assuming all ADZ, are zero; this can be done but is very complicated.

4, Functional cohomology operations: the second method

‘We first give the necessary algebraic formalism. Let (4", 0") be an exact couple.
w €C” can be lifted m-stages if there exists an element a € A” such that »"(u) =
(F")™@a). u can be lifted m-stages if and only if d(u) =0, d,({u})=0,---,
dm—l({u}) = 9-

Let k: (47, O")— (4", ") be a couple map. We assume %k : 0" — C" is zero,
For convenience, set 0”7 = 0”[Im ¢g”. We now define a sequence of operations,
Qe

Define
dyp: C1—C"

as follows: Let u € 0" represent {u} € C. Let a € 4” be a lifting of u one stage.



164 FRANKLIN P. PETERSON

building blocks are spaces having a single non-vanishing cohomology group, and
where the analogue of the k-invariants are elements of the generalized homotopy
groups of the partially constructed space (generalized homotopy groups as in
[9; p. 279]). Using this, we can construct an exact couple whose derivations are
higher homotopy operations; all the algebraic constructions of this paper carry
over and we have functional higher order homotopy operations and a corresponding
composition theorem.

UntversiTy or CHIcAGO
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COHOMOLOGY OPERATIONS!

By N. E. SrEENROD

1. Introduction

Speaking roughly, cohomology operations are operations which, when applied
to cohomology classes of a space, produce other cohomology classes. Examples are
plentiful. The simplest is addition: if u, v are elements of the g-dimensional eohomo-
logy group HYX; ) of the space X with coefficient group @, then v + v e HYX; G).
Another is the cup-product: if » € H*(X;G) and » € HYX;G"), then u—v €
B (X; @ ® G'). Again, if 5:G— G is a homomorphism, then # induces a
homomorphism 7, : HY(X; @) — HYX; @), and this operation is referred to as a
coefficient homomorphism. Next is the Bockstein-Whitney coboundary operation.
It is associated with an exact coefficient sequence 0— ¢ — G- G"— 0, and is
a homomorphism 6% : HYX, G")— He(X; G’). These four will be referred to
as the elemeniary operations.

Less elementary are the eyclie reduced powers [12]

Sqt : HYX; Z,)— H¥HX; Z,),
3”;', : HYX; Z,)— Hor2- (X 7 ).

Here p is an odd prime, and Z, is a cyclic group of order p. Related to these
operations are the Pontrjagin square

Po : HYX; Zyp)— H* (X ; Zyppa)s
and its generalization to odd primes p found by Thomas [15]
EB,’D . Hq(X; Zﬂk) —> HPG(X; Z:pk.;.;[).

It is clear that many more operations can be built by composing the ones above
in various ways, e.g.,

is & ecohomology operation of 3 variables. It is the main contention of this article
that it is highly probable that the operations listed above generate all others by
sueh compositions. Precise results supporting this view will be given.

This is & semi-expository article in which we will review most of the known facts
with some mild improvements, and present a few new ones. The main novelty lies
in the treatment of cohomology operations of several variables, and in the reduction
theorem of §5. In addition to the papers referred fo above which present specific
cohomology operations, there are three published accounts treating the subject

1 Work supported in part by U.8. Air Force Contract AF 18(600)-1494.
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from a general view-point. These are by Eilenberg and MacLane [10], Serre [11],
and Cartan [6].

It is important to note that we are restricting our attention to cohomology
operations which are defined over the entire cohomology group and not to just a
part. These are sometimes called primaery operations as opposed to secondary
operations which are defined only when some primary operation is zero (see the
articles of Adem and of Massey).

At the end of this article a brief discussion is given of komology operations the
import of which is that, although they exist, they are not as interesting as cohomo-
logy operations.

2. The general concept of echomology operations

If a dimension ¢ and a coefficient group G are specified, then the ¢ cohomology
group with coefficient group @ is a contravariant functor H% ; G) defined on the
category of spaces and continuous mappings with values in the category of groups
and homomorphisms. Precisely, if X is a spaes, then HY(X; G) is a group, and if
f: X — Y is a mapping, then f* : HYY; G) — H4X; G) is a homomorphism called
the induced homomorphism. The latter satisfies the two axioms required in. the
definition of functor: first, if f: X — X is the identity, then f* is the identity;
and second, if f: X — Y and g : ¥ — Z, then (gf}* = f¥*g*.

Briefly, a cohomology operation of one variable is a natural transformation of
one such functor into another. To be precise, a cohomology operation 7' is associated
with a pair of dimensions (g, 7) and a pair of coefficient groups (¢, ¢’), and 7T is a
natural transformation of HY( ; @)into H7( ;G"). That is, for each space X, T'y is
a function

Ty: HYX; () — HY(X; &)
such that, for each map f: X — Y, the commutativity relation

Tef*=f*Ty
holds in the diagram

Ty
HYY; Gy —> H'Y; @)

ol
Tx
HYX; @) = B7(X; @),

For fized (g, G; r, G’), the set of all such operations is denoted by O(g, G; », @'). If
8§ and T are in O(g, G; r, G'), we define their sum by

(S + TNxu= Sypu 4+ Tyu, u e HY(X; Q).

Then O(g, G; r, G') is an abelian group.

It must be emphasized that Ty is not required to be a homomorphism. For
example the Pontrjagin square is not 8 homomorphic operation. However it is &
quadratic operation. The Pontrjagin cube is cubic, ete. It is shown in §6 that each
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cohomology operation of one variable satisfies some algebraic identity, i.e., it is
a k™ power operation for some integer k. But it is important that the definition of
cohomology operation imposes no restriction on the algebraic nature of the function
T'y. It is a consequence of this generality that HY( ; @) and H*( ; G’) must be
regarded as functors whose range category consists of abelian groups and arbitrary
funetions from one such to another. This is necessary if 7' is to be a natural trans-
formation in the strict sense. '

The operations listed in §1 satisfy the above definition except for addition and
cup-product which are cohomology operations of 2 variables. To define the general
notion of a cohomology operation 7' of & variables, we must suppose given k - 1
dimensions gy, -+, g, r and corresponding coefficient groups G4, -+, G, G
Then, for each space Y and elements u, e H%(Y; G)), t=1,-- kT assigns:an
element

Tluy, -+ -, u,) e H(Y; G)

such that, for each f: X — Y, we have
f*T(u'la ST, 'u’k) = T(f*'u’l, Tt !f*ulc)

This implies that T’ is a natural transformation of the cartesian product of the
functors H%{ ; @) into H( ; &').

In the case of the cup-product, the operation is bilinear, and therefore the map-
ping of H?(X; &) x HYX; @")— H*YX; @ @ &) extends to the tensor product
H? @ H?— H" % 1t is a somewhat paradoxical fact that the simplest operation of
2 variables, namely addition, is not bilinear.

The composition of cohomology operations is defined in the obvious way. For
example, if 7' is the operation of & variables described above, and if 7'; is an
operation on ! variables whose range functor is H%{ ;@,), then

T(Ty(wy, + =5 0p), g, - =+, Uy)

is an operation of k& - [ — 1 variables.
If T’ is an operation on k variables, as deseribed above, and if ¢; = ¢, and
G, = G, then an operation 7" on k — 1 variables is obtained by setting

Tugs wgy * =+ 5 tgg) = T(thy, Uy, Uy ** 5 Uy y).

We refor to T as a restriction of T'. Tt is understood that one may restrict on any
pair of variables having the same domain functor.

A collection of eohomology operations is said to generate all operations if each
cohomology operation can be built out of the operations of the collection by a finite
number of compositions and restrictions.

The msin problem under disucssion can now be formulated: Find a simple
collection of cohomology operations which generates all others.

Once a system of generators has been found, there arises an important subsidiary
problem: Find a basés for the relations that the generciors satisfy. A velation of course
is an identity of two operations built from the generators in formally distinet ways.
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The operations mentioned in §1 satisfy many important identities. For example,
% - v is bilinear and associative, & is linear, and

P ) = Jsjpe Pt Po.

Additional identities can be found in [12], and in the papers of Adem [1, 2, 3,] and
Cartan [5].

8. The complexes K(=x, n) of Eilenberg and MacLane

If 7 is an abelian group and » > 0 is an integer, then a space Y is said to be of
type K(wr, n) if it is arewise connected and all its homotopy groups are zero except
m,(Y) which is isomorphic to «. For example, a circle is of type K(Z, 1) where
Z = integers (it is covered by a line which is contraetible space). Also the infinite
dimensional real projective space is of type K(Z,, 1) (it is covered twice by the
infinite dimensional sphere S, whose homotopy groups are zero). Another example
is the complex projective space of infinite dimension. It is of type K(Z, 2) since it is
the base space of a fibration of S® by circles, i.e., by fibres of type K{Z, 1). There
are spaces, in fact CW-complexes, of type K(w, n) for any prescribed (7, #).

If Y is of type K(m, n), then the Hurewicz theorem asserts that the natural
map ¢ : 7, (¥)— H,(Y)is an isomorphism. So ¢ is defined and is an element of
Howm(H (Y), w,(¥)). Since H,_,(¥)= 0, it follows that the natural map

HYY; 1,(Y))— Hom(H (Y}, 7, (T))

is an isomorphism. The element uy € H™(Y; 7,(Y)) corresponding to ¢ is called
the fundamenial class of ¥ (see [13; p. 187]). Then for any space X and any map
f: X — Y, the element f*u, € H*(X; 7,(Y)) is defined and depends only on the
homotopy class of f. The importance of the K(w, n) spaces is expressed by the
following known result:

3.1. If Y is of type K(w, n), and X is a complex, then the assignmenito eachf : X — ¥
of f*ug, defines a 1-1 correspondence between the homotopy classes of maps X—Y
and the elements of H*(X; w,(Y)).

A proof of this proposition in the geometric case can be found in [8; p. 243, Th. IT]
and for the purely algebraic case of semi-simplicial complexes see [10; pp. 520-521].
In essence the argument is the one used by Hopf in classifying the mappings of an
n-complex into an n-sphere, A corollary is that, within the realm of CW-complexes,
any two spaces of the type K(m, n) have the same homotopy type, and therefore
their homology and cohomology groups depend only on (w, n). Because of this
H"(Y; @) may be written H(xr, n; §').

The importance of K(w, n) spaces to the study of cohomology operations is seen
as follows. Let 7": A9 ;G)— H™( ;&) be a cohomology operation of one variable
as indicated. Let Y be a K(G, q) space. Then 7' may be applied to the fundamental
class u, € HY(Y; @) to give an element Tuy ¢ H'(Y; G'). Now, if (¢, @) and (r, &)
are fixed, we may regard T'u, as a function of 7', and then we have a mapping of all
cohomology operations relative to (g, @ r, &) into H(Y; G') = H(G, n; &'). Then
we have.
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3.2. The assignment T — Tu, defines an isomorphism between oll cohomology
operations O(q, G; v, G’} and the elements of H'(G, q; G').

This result is due to Serre [11; p. 220] and independently to Eilenberg-MacLane
[9]. The proof runs as follows: Suppose 7, T’ are two operations such that Tu, =
T'uy. Let X be a complex, and v € HYX; G). Then there is a map f : X — Y such
that 4 = f*u,. Therefore

Tu= Tf*uy= f*Tuy=f*T"uy= T"f*uy = T"u.

Thus T and 7" coincide on complexes. Now let w € H(G, n; G'). We must construct
a T such that Tuy; = w. Let X be a complex and v € HYX; &). Select f: X — Y so
that f*u, = u, and define Tu = f*w. If g: X' — X and u and f are as before,
then fg : X' — Y is such that (fg)*u, = g*u. Hence

Tg*u = (fg)*w = g*f*w = g*Tu;

and therefore T' is natural. That Tu,—= w follows by choosing # = %, and f=
identity. This proves the proposition within the category of complexes. To obtain
the extension of the result to thesingular theory, one applies the result for complexes
to the geometric realization of the singular complex of a space.

The preceding result for operations of 1 variable generalizes to k variables quite
readily. Consider cohomology operations O of k variables relative to (g, - * -, ¢4, 73
Gy, -+, G1,G"). Let Y, be a space of type K(G,¢,), andset Y= Y; X ++- X ¥,.
Let ¢, : ¥ — Y, be the projection; and let v, € H%( Y ; G,) denote the fundamental
class. The generalized result is as follows:

3.3. The assignment to each T' € O of the element T(d¥v,, - -+, ¢¥v,) e H'(Y; &)
defines an isomorphism between O and HT(Y ; G).

To prove this, let X be a complex, and u; € H%4(X; ¢)). Choosea mapf; : X — ¥,
such that ffv, = u,; and let f : X— ¥ be the map whose components are(fy, * - * , i),
ie., ¢,f=f;. Suppose T, T" € O are such that

T(dFvy, -, dvy) = T'(Pfve, -+ -, droy).

Apply f* to both sides, use the naturality of 7' and 7", and the relation f *¢J = f¥
to abtain T'(uy, - - -, ) = T'(vy, - -+, v,); and therefore 7' = 7”. On the other hand,
ifwe H7(Y; G')is given, we can define a corresponding 7' by T'(u,, - - - , u,) = f*w.

4. Characterizations of operations in special cases

The preceding results will now be applied in certain cases to obtain complete
information as to the possible cohomology operations. We shall restrict attention
in this section to operations of one variable. Asin §3, Y will denote a K(6, q) space.

4.1, The operations O{0, G; 0, G') are in 1-1 correspondence with the functions
Jrom G io G'.

The space Y of type K(G, 0) can be taken to be @ itself considered as a discrete
space. Then HYY; ¢') is a direct sum of copies of G, one copy for each point of .
This implies 4.1.
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4.2, If r > 0, then 00, G: r, Gy = 0, i.e., it consists of the single operation which
18 identically zero.

With Y as above, we have H7(Y, G') = 0 for all » > 0,

4.3. If ¢ > 0, then O{g, G; O, &) ~ ', i.e., each such operation is constant.

In this case Y is connected, and we have a natural isomorphism HYY; @) ~ G

44 If r > 0 and T € 0(q, G; r, &), then T(0) = 0.

Referring to the proof of 3.2, we have only to choose the map f: X — ¥ to be a
map into a single point, then f* maps H"(Y) into zero,

45. Ifg>r>0,then O(g, G; 7, @)= 0.

By the Hurewiez theorem, #,(Y) = 0 for i <C g implies H(Y; 'y = 0 for i < ¢.

4.6.If g = r > 0, then Og, G; q, &) isisomorphic o the group of all homomorphisms
G — &', i.e. each such operation is induced by a coefficient homomorphism.

By the Hurewicz theorem, &= #,(Y)~ H(Y), Hence the group
Hom(H (Y}, @’) may be identified with Hom(G ). By the universal coefficient
theorem, the natural map

HYY; @'y — Hom(H (Y), @)= Hom(G, &)

is an isomorphism since H, (¥)= 0. Thus any w e HY{Y; ¢') may be identified
with a homomorphism 7 : @— @'. The fundamental class %, is the identity map
G'— @; hence composing with # gives #,4u, = w.

47. Ifr > q=1and G = Z, then O(1, Z; r, &'y = 0.

This follows from the fact that a circle is a K(Z, 1) space.

4.8. Let ¢ = 2 and G = Z. If r is odd, then O2, Z; r, @) = 0. If r = 2m is even
and positive, then each T € O(2, Z; r, G') is an m™ power followed by a coefficient
homomorphism.

In this case, we take ¥ to be the infinite dimensional complex projective space.
Its cohomology ring over % is the polynomial ring generated by the fundamental
class u, of dimension 2. Then H7(Y; @')= 0 when r is odd, and H2™(Y; ') s
Hom(H,, (Y), G'). Since the m-fold power w§ generates H>*(Y), as an element of
Hom(H,, (Y), Z) it gives an isomorphism H, (¥) ~ Z; hence any element of
Hom(H,, (Y), G') can be factored into this isomorphism followed by a homo-
morphism Z— G".

4.9. Let =1, r > 0, and G = Z,. Then each T € O(1, Zy; v, G') is generated
by cup-products, Bockstein-Whitney coboundaries and coefficient homomorphisms.

The real projective space of infinite dimension is of type K(Z,, 1). It must be
shown that the fundamental class #, generates all others using the three types of
operations. We will assume two facts as known. First, there is a cellular decomposi-
tion of Y with exactly one cell ¢, in each dimension 4, with the boundary relations
Oeyy = 2e,; 5, 08y, 5 = 0. Secondly, the cohomology ring modulo 2 of ¥ is the
polynomial ring generated by u,. Now any w € H*(Y; ') is characterized uniquely
by its Kronecker index w- ¢, € G'.

If 7 is odd, we must have 2w - ¢, = 0 since w is a cocycle (recall that dw - ¢, , =
w - Oe,q = w+ 2e,). Since u} - e, = 1 modulo 2, it follows that #,u} = w where
7+ Zy—> @' sends 1 into w - ¢,..
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Now let r = 2m be even. Let §* be the Bockstein-Whitney coboundary associated
with the coefficient sequence 0—> Z— Z— Z,—> 0. Then 0e,,, = 2e,,, ;, and
uf™ 1. ey, =1 modulo 2 imply (§*uZ™!)-e,, ==1. And, finally, we have
7:0*uZ 1 = w where 7 : Z— @’ sends 1 into w - e,,.

The conclusion of 4.9 also holds for ¢ = 1 and G = Z; for any integer k > 0.
The argument is essentially the same using the infinite dimensional lens spaee in
place of the projective space.

The preceding results, albhough striking in their generality, must be regarded as
only the first and most rudimentary facts. We have used only the simplest proper-
ties of the K(m, n) spaces. In recent years Eilenberg, MacLane, Cartan and Serre
have obtained far-reaching results concerning the cohomeology of these spaces.
We will conclude this section by stating some of their results (without proofs), and
interpreting these in terms of cohomology operations.

4.10. Let ¢ > 0 and r=q + 1. Then each element of Olg, G5 ¢+ 1, &) is a
Bockstein-W hitney coboundary operafor.

This was proved by Eilenberg-MacLane [10; pp. 528-529]. They establish the
isomorphism

HuY((G, q; &) ~ Extabel (G, &)
so that each w € H¥ corresponds to a unique abelian group extension 0 — G’ —
G@" — @— 0. And then they verify, for the corresponding %, that §*uq= w.

4.11. If ¢ > 0, r > 0, G 13 finitely generated, and @' = Z,, then each element of
O(g, G; r, Z,) is generated by addition, cup-product, Bockstein-Whitney coboundaries,
and the squaring operations Sq.

This result is due to Serre [11]. It is a corollary of explicit computations of the
cohomology ring H*(@, q; Z,) for G = Z, Z, and Zx. For example H*(Z,, q; Z,) is
the polynomial ring whose generators are all admissible iterated squares of the
fundamental class ‘

Sqir Sqs - - - Sqfr u,
where admissible means that

By 2 g, By = Qgy 0 by 2 2,

and
i — Dhe <4
4.12.If ¢ > 0, r > 0, G is finitely generated, and @' = Z, where p is an odd prime,
then each element of Olg, @; v, Z,) is generated by addition, cup-product, Bockslein-
Whitney coboundaries, and the eyclic reduced p™ powers F*:.
This result is due to Carftan [4]. As in the case p =2, it is based on explicit
computations of H¥(G, q; Z,) for G = Z, Z  and Z 3.

5. The reduction to operations of one variable
with eyclic coefficients
We shall restrict consideration to cobomelogy operations (of any number of
variables) whose coofficient groups are finitely generated. Let € denote the family
of cyclic groups each of whose orders is either infinite or a power of some prime.
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5.1. Each cohomology operation, whose coefficient groups are finitely generated,
can be expressed as a composition of the following ones: addition, coeffictent homo-
morphisms, cup-products with coefficient groups in C, and cohomology operations of
one variable with coefficient groups in C.

This gives a two-fold reduction. First, we can reduce from % variables to 1
variable using only two explicit operations of 2 variables namely: addition and
cup-product. Secondly, the only operations needed which involve general coefficients
are addition and coefficient homomorphisms. The problem of finding a basis for
cohomology operations is thereby reduced to finding a basis for operations of one
variable with coefficients in C.

As a first step in proving 5.1, let us show that the operations of addition, coeffi-
cient homorphisms, and those operations, whose ferminal coefficient group is in C,
generate all operations. Let 7" be an operation whose terminal coefficient group
¢ is finitely generated. Then G’ is a direct sum ;G where G €C. There are
homorphisms f; : G — G and g, : G;— G’ such that f,g, is the identity of G, and
>.; 9,1 is the identity of G'. Then, for any u,, * - - , %, we have

Tlag, - -+ s ug) = (25950 DaT Wy - < 5 %)
= 25 @(fixT 0y, - - -, ug)).

Now f;»T has @ € C as terminal coefficient group, and T is expressed in terms of
the f T by means of coefficient homomorphisms and addition.

Therefore it: suffices to prove 5.1 for a 7' whose terminal cosfficient group G’ isin
C. Let Gy, - - -, G, be its initial coefficient groups. Since each G, is finitely generated,
@; may be written as a direct sum 3, @, , of groupsin C. Let Y, , be a complex of
type K(G,,, ¢;). It may be chosen to be finitely generated in each dimension
[6, Exposé 11]. Then Y, =TV, ¥, is of type K(G;, ¢;); and Y =[], Y, is the
complex constructed in 3.3. We need now a lemma.

5.2. If K, L are free chain complexes which are finitely generated in each di-
mension, then each cohomology class of K X L with a coefficient group in C is
expressible in terms of echomology classes of K and L having coefficient groups
in C by the use of the four operations of addition, tensor product, coefficient
homomorphism and Bockstein-Whitney coboundary in each case restricted to
coefficient groups in C.

The proof is a review of the classical argument due to Kiinneth. Because K, L
are finitely generated in each dimension, we may reduce each to a normal form

K=73K, L=21L

where each K, L, is an elementary subcomplex, i.e., either all chain groups of K|
are zero save in one dimension and this groupis infinite ¢yclic, or all chain groups of
K; are zero save in two successive dimensions and these are infinite eyelic. Then
K @ L= 3 K, ® L; which shows that it suffices to prove the lemma when
K, L are elementary. We shall discuss only the least simple case where K is
generated by chains ¢ and & with de = ab, and L is generated by chains ¢ and 4
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with dc = pd. Choose integers m, n such that ma + ny = 1 is the G.C.D. of « and
y. Let o = «f4 and p’ = p/A. Then K @ L is reduced to the normal form

da®c)=Af where f=ab®c+ (—1)»esd,
0g=Ab®d where g= (—1"nb@c+ma®d,

and k= dim a. Let a’, ¥, ¢’, d’ be the cochains having the value 1 on g, b, ¢, d,
respectively. Setiting .
ff=mb @c + (—1)fna’ ®d,

g=(—1"1yb &c + aa 0 d,
then Hom(K ® L, Z) is reduced to the normal form
afl: M’ ® G’, 6(b, ® dl) — lg'-

Consider first the cohomology of K @ L with coefficients in Z. The only cocycles
are the multiples of " ® ¢’ and ¢’. Since the first is a tensor product of cocycles, we
need consider only the second. Since 8, d’ are cocycles mod A, so also is &' ® d'.
Now (b’ @ d') = ig’ implies that the class of ¢’ is the Bockstein-Whitney co-
boundary 6* of the class mod 1 of ¥ ® d” where 6* is defined relative to the
sequence 0 — Z —> Z — Z, — 0. In case } is a prime power, the argument in this
case is complete since Z, Z, are in C. Suppose not, and that 1 = p*p where u is
prime to p. Again b’, d’, b’ ® d’ are cocycles mod ¥, and ug’ is a B-W eoboundary
relative to 0 — Z— Z — Z ; — 0. We can do this for each prime power factor of
A, and obtain cocyeles y.9’, - - -, u g’ where only coefficient groups in € are used.
Since the p’s are relatively prime, a linear combination of these gives g’

Finally consider, the cohomology with coefficients Z, where r = p* is a prime
power. Having obtained o’ ® ¢’ and g’ as integral cocycles by the allowed opera-
tions, we obtain them as cocycles mod r by applying the coefficient homomorphism
Z — Z,. Suppose ¢ is an integer and that

if = m(h') ® ¢ + (—1)’na’ ® (i)

is a cocycle mod 7. Then $1 =0 mod 7. This implies fo == 0 == #y mod r. Hence b’
and #d" are cocycles mod r. It follows that if is a sum of tensor products of cocycles
mod r. Again, if {(b’ @ d’}is a cocycle mod 7, then #1 =0 mod r. Let 4 = p*x where
1t is prime to p. Then a homomorphism 7 : Z »— Z_ is defined by #(1) = ¢ since
tp* = 0 mod p*. Therefore the cocyele (b’ ® d') is obtained in the required manner
as the image under g of the tensor product of the coeycles b, ' mod p*.

Returning now to the proof of 5.1, an induetion based on 5.2 shows that the
cohomology H*(Y; () is generated by the cohomologies H*(Y,,) with cocfficient
groups in ¢ using the operations 4-, ®, coefficient homomorphisms, and §* with
coefficient groups in C. The tensor product is turned into a cup product by using the
following well-known relation: If ¢,, ¢, are the projections of K, ® K, into its
factors and vy, v, are cohomology classes of K, K, respectively, then

1 ® vy = ($Fuy) — (B uy).
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Therefore the preceding statement holds with ® replaced by .if the cohomology
groups H*(Y, ) are replaced by their images induced by the projection ¢;, : ¥ —

Let v, be the fundamental class of Y, ,, and let 2z be any class of ¥, , with co-
efficient group in C. If T, is the corresponding cohomology operation of one variable
(see 3.2), it follows from 3.2 that

T z‘ﬁ:a(vi,a) = (}Sga(z)'

Therefore, the classes ¢, (v; ) generate H*(Y; G') using only the operations listed
in 5.1,

Let 7, : G;— G, be the projection associated with the decomposition &;=
2. G; - If v, is the fundamental class of Y, and ¢,: ¥ — ¥, is the projection, it
is easily seen that

?sfm(vt‘,a) == gu* ‘ﬁf (w;)-

It follows that the elements ¢f(v,) generate H*(Y; G) using only the operations
listed in 5.1. If we recall from 3.3 that T(¢5¥ vy, - - - ,¢5 v,) isthe element of H¥(Y; G")
corresponding to 7', we see that the proof of 5.1 is complete.

6. Linearity and other algebraic properties of
cohomology operations
Most of the explicit operations discussed in §1 are linear (i.e., homomorphic).
The existence of some which are not calls for an investigation of the algebraic
properties which operations satisfy.
Let T € O(g, G; r, @) where ¢ > 0 and r > 0. Define a corresponding cohomology
operation 7', of 2 variables, relative to (g, &, ¢, G; r, &) by

(6.1) Ty, v) = Tl + v) — T(w) — T(w).

Tt is called the devigiion of T from linearity. It is symmetric: To{u, v) = Ty(v, u).

Let Y be a space of type K(G, g). The results of §3 assert that T' is uniquely
determined by the element T'(u,) € H7(Y; Q') where u, is the fundamental class
of Y, and 7, is uniquely determined by

(6.2) Toldiug, du,) € H'(Y X Y5 &)

‘We shall present a direct relation between these two classes of Y and ¥ X Y.

We digress for a moment to recall some facts about the cohomology of a product
space X; X X,. Let ¢,, $, be its projections into its factors. Let ; € X; andxy € X,
be base points. Set X; v X, = (X; X 25) U (#; X X,). Define ¢;: X, — X; X X,
for i = 1, 2 by g,(2) = (&, @,) and gy(x) = (25, ¥). Let ¢y : X; X Xy—> 2, be the
mapping into the single point z, == (x,, #,). Finally, lot

7 g
X vX,—> X, X Xy— (X, X Xy, Xy v Xy)
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be inclusion maps. Then the cohomology H*(X, X X,) with any coefficients
decomposes into a direct sum

(6.3) Hf(X1 X Xz) = Ao + A1 + Az + Am

where
Ay = image ¢ ~ H*(zy) = H%x,).

A; = image ¢¥ ~ H*(X,, x), 1=1,2,
Ao = (kernel g7) n (kernel g7)

= image g* ~ H*(X, X X,, X, v X,).
It is well known that
H*( Xy v X)) s H¥(mg) + H¥( Xy, 2y) + H¥(X,, ,),

because it is a union of two spaces with a single point in common. The restriction
mapping f* is readily seen to be an epimorphism: f*¢ picks out H*(z,), and
f*oF picks out H*(X,, ;). Hence the exactness of the cohomology sequence implies
that g* is a monomorphism. These facts imply the splitting 6.3 as stated. We shall
apply this result with X; = X, = Y.

The space Y is an H-space. Explicitly, if ¥, € ¥ is a base point, then there exists
amapping : ¥ X Y — Y such that

(6.4) Ry, yo) =y = hyy, y) forall ye¥.

TIts existence is derived from properties already stated as follows. By 3.1, there is a
maph: Y X Y — Y such that

(6.5) h¥*ug = ¢iug + $3uq.

Since ¢,g, = identity, and ¢.g; = constant, we have g{h*u,= u, Therefore
3.1 asserts that k} Y X 9, is deformable into one satisfying Ay, y,) = y. The same is
true of k|y, X ¥. A suitable extension of these homotopies to ¥ X ¥ gives the
required 5.

The relationship between the cohomology classes corresponding to 7' and T, is
given by
(6.6) Ty wgs p3tho) = W*T(ug) — I Tug) — ¢3T(uo)

For, by definition,

ToldFue d3ue) = T(GTug + d3ug) — TdTug — Thuos
and we obtain (6.6) by using (6.5), and the obvious commutativities Th* = A*T,
T4t = 1.

It follows now from (6.6) and the direct sum decomposition (6.3), that
Tofp¥ug, dFu,) is just the component of h*T'(u,) in the summand 4,,. Now, by
definition, an element w e H*(Y) is called primitive if h¥w = $fw + $Fw, i.e. the
component of A*w in A4, is zero. Thus we have

6.7. The operation T is linear if and only if iis corresponding cohomology class
Tiu,) € HYG, q; G') is a primitive element.
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Now the Kiinneth formulas for the cohomology of a product with integer
coefficients give

H(Y XY, YvY) ~ 3JIZ1HXY,y,) ® H(Y,y,)
+ 2523 Tor (H(Y, o), H*(Y, 31,).

If we recall that Y is (g — 1)-connected, it follows that (Y X ¥, Y v ¥) = Ofor
0 < 7 < 2¢. This implies that A, = 0 in the same range; and hence

6.8.If T'e O(g, G5 r, @)y where ¢ > 0 and 0 < r << 2q, then T is a linear operation,

6.6, Ty = 0,

In cage 7 is non-linear, we may ask if its 7', is bilinear. We define T’ to be the
operation of 3 variables which measures the deviation of 7'y from linearity in either
variable:

Ty(u, v, w) = Tolu + v, w) — Tyolu, w) — Ty{v, w)
(6.9) =T +v+ w)— T+ v) — T(w -+ w) — T(w -+ w)
+ T(w) + T(v) + T(w).
= Ty(w, v -+ w) — Ty(u, v) — Tylu, w).
We shall say that T is quadratic if its T3 = 0. Note that a linear operation is

automatically quadratic.
Now 3.3 asserts that 7', is uniquely determined by

(6.10) ' ToldFug, dpug, dFug) e H(Y X ¥ X Y; @)
If we apply (6.3) twice, we obfain a direct sum decomposition for H*{Y3), namely,

H*(Y3)=A0+A1—]—A2+A3+A12+A13—%—A23+A123
where
Ay~ H¥yy), A~ H¥Y,y,), Ay~ H¥ Y, YvY)

Aqgg ~s H¥(Y3, (Y2 X yp) U(Y X g9 X Y) U (g X T?).

The subgroup 4 ,, can also be characterized as the intersection of the kernels of the
homomorphisms H*{ Y3)—s H*(Y?) induced by the three cross-sectional imbeddings
of yg X ¥2, ¥ X gy X ¥ and Y2 X g, in Y3 Denote these by g,, g, ¢5. Since
$19:(Y?) = y,, we have g7 ¢u, = 0. Therefore g7 applied to (6.10) gives

T5(0, 97 b3 wo> 97 b5 %o)-

If, in (6.9), we replace » by 0, the expression for 7'y reduces to 7'(0); and by 4.4 this
is zero, Similar arguments show that gF and g also map the element (6.10) into
zero. Therefore it lies in the subgroup 4,,5. The Kiuneth formulas for the triple
product with integer coefficients show that A, is the direet sum of triple products
(tensor, torsion and mixed) in which all three factors have positive dimension.
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Since ¥ is (¢ — 1)-connected, we have 4,5, = 0 in dimensions <3¢ for integer
eoefficients, and hence for all coefficients. This proves

6.11. If ¢ > 0 and O <r < 3¢, then each T € O(q, G; r, G) is quadratic.

If we compare the results 4.5, 6.8, and 6.11, we have

0<r<g implies 7' is zero,
g< r<2¢ imples 7' is linear,
2 < r <3¢ implies 7T is quadratic.

The general case is readily deseribed as follows. The operation 7', of k variables
associated with 7' is defined inductively by 7'y = T and T, is the deviation of T},
from linearity in its first variable. Then 7', is symmetric in its variables, and is
given by :
Tluy, === ) = 2, (—I)k_sT(uil +er )

where the sum is taken over all distinet sets 7, ---, i, satisfying 1 < 4, <
ig < -+ <i, < k. We say that 7 is a k™ power operation if T, is identically
zero. This is equivalent to requiring 77, to be linear in each variable, T, to be
quadratic in each variable, ete. The general result becomes

6.12. If g > 0 and 0 << r << (k - 1)q, then each T € O(g, G; r, G') is a k™ power
operation.

The proof is omitted since it is an obvious generalization of the ones given already
in the cases b = 1 and 2.

The above result can be found in the paper [10] of Bilenberg and MacLane in a
somewhat different form (see Th. 8.1, p. 527).

7. Relative groups, coboundary and suspension

The definition of a cohomology operation 7' of one variable, givenin §2, demanded
only that it be defined on the absolute eohomology group HYX: @).If 4 < X, we
have the relative group H%X, 4; @), and we can regard H% ; &) as a functor
defined on the category of pairs of topological spaces and mappings of pairs. We may
now define a cohomology operation as a natural transformation of the enlarged
functors HY( ;G)— H™( ;@"). A priori, this definition would be expected to give
a smaller set of operations than before. But this is not the case, each operation in
the former sense is the restriction of a unique operation in the latter sense.

To see this, it suffices to consider the extension of Theorem 3.2 to the relative
case. As a first step, one generalizes 3.1 by replacing X by a pair (X, 4), choosing a
base point y, € ¥, and considering homotopy classes of maps f : (X, 4)— (¥, yg)
relative to 4. Then the conclusion of 3.1 holds with H*(X; #,{Y)) replaced by
H™X, 4; ,(Y)). The proof is no more difficult than in the special case 4 = §. In
positive dimensions H?(Y, y,) ~ H?(Y); so the fundamental class u, of ¥ may be
regarded as in HYY, y,; @), and then

Tuge H'(Y, yo; &)~ H'(G, ¢; &),
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With these modifications, the statement and proof of 3.2 remain valid when ¢ and
r are positive.
In the cohomology sequence of (X, A), every third homomorphism isa cobounda.ry

(7.1) 8 : H2(4)— H\(X, 4)

and the others are induced by inclusion mappings. The latter commute with
cohomology operations. It makes no sense to ask if a particular 7' commutes with
¢ because the dimensions involved do not agree. However, there is an important
relation which we will proceed to develop.

Let T € O(g, G; r, @) where ¢ > 0 and r > 0. Let CX denote the coneon X, ie.,
the join of X with a point. Since CX is contractible, its cohomology is zero, and
therefore § is isomorphie:

§: HY(X) ~ HP(CX, X) p>>0.

When p = 0, H(X) must be interpreted as the reduced cohomology group Then,
for each u € H*Y(X; G) we define "4 by

(7.2) T'u = §Téu € HYX; &).

Since the cone construetion is funetorial we obtain a cohomology operation
T'eO@g—1, G;r— 1, G). It is called the suspension of T.
7.3. If T’ is the suspension of T, ue H"YA4; @), and 8 is as in 1.1, then

0T 'u=Tdu.

For 7.3 to be true, we must impose a mild condition on (X, 4), namely, that the
identity map of 4 can be extended to a map f : (X, 4)— (CA4, 4). If 4 is triangu-
lable, so is C4; and since C4 is contractible, the homotopy extension property,
applied to the constant map of X into the vertex of C4, gives the required f.
If g, is the coboundary operator for (C'4, 4), then (7.2) becomes

= 876, or 8,Tu= Téju.

If we apply f* to both sides, use f*8; = 6(f[4)* == §, and f*T = TJ*, we obtain
the formula 7.3.

An infinite sequence of operations {T.} (=1, 2,---) such that T, e
O(k, G; &k - ¢, G')and T, is the suspension of 7' ., for each £, is customarily treated
a8 o single operation called a stable operation of degree ¢, For example S¢ is stable
of degree i, and 5”;; is stable of degree 2i(p — 1). A coefficient homomorphism is
stable of degree 0; and a Bockstein-Whitney coboundary is stable of degree 1.
However the Pontrjagin o™ powers are unstable: they cannot be represented as
suspensions. This is a consequence of their non-linearity and the following result.

7.4. The suspension of a cohomology operation is always a linear operation. In
particular each stable operation is linear,

Sinece § is linear, ingpection of (7.2) shows that it suffices to prove that

7 . HYCX, X; 6)— H'(OX, X; &)
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is linear (even though 7' may not be linear for more general spaces). Let (SX, ;) be
the space obtained from (CX, X) by collapsing X to apoint zy; and let f: (CX, X)—
(S8X, 2,4) be the collapsing map. Then §X is the suspension of X. For all coefficient
groups,
¥ HY(8X, x,) ~ HYCX, X).
Therefore it suffices to prove that
T : H(8X, zy; @)y — H'(8X, xy; &)

is linear. Again, the inclusion map of 8X in (8X, x,) induces isomorphisms in all
dimensions >>0; hence it suffices to prove that

T:HYSX; G)— H(8X; 3"
is linear. Now 8X has topological category 2, i.e., it can be decomposed into two
sets each contractible in SX. So it suffiees to prove that any 7' is linear when restrie-
ted to the cohomology of a space of eategory 2. This is a special case of the following
proposition:

7.5. If X is a space of category k& + 1, then each operaiion T of one variable, when
restricted to the cohomology of X, is a k™ power operation.

Referring to §6, it suffices to prove that the associated 7', ;, when restricted to
the cohomology of X, is zero. Let Y be a space of type K(G, ¢). In Y*, let W be
the union of the k-fold subproducts obtained by requiring at least one coordinate to
be the base point gy, Y. As shown in §6, 7., corresponds to an element
z e Hr (Y*; @) which belongs to the kernel of the homomorphism

g* : H (Y @) — HT(W; &)

induced by the inclusion. If uy, « - -+ , u,, € HYX; G), then 3.3 gives

Tpalug, =+ 5 Uppq) = f*2
for some map f: X — Y*, We can suppose the components (fy, -+ -, 1) of f
have the property fy(z,) = y, where z, is a selected bage point in X. Since X has
category k -+ 1, it is the union of closed sets X, (§=1, - -, k 4 1) such that, for
each 7, there is a homotopy F; : X X I— X satisfying

Fyz,0)=ux for xzeX, Fe,1)=1wx, for wecX,
Define a homotopy of f by
Jim =Tz 0)) j=1---,k+ L

Then f(z, 0) = f(x). When ¢ = 1and x ¢ X, we have z ¢ X, for some §; and therefore
Slz, Dliesin W. Let () = f(z,1). Thenf’ canbefactored f' = ghwheref : X — W.
Thus '

F¥e=F"*2= h*g*z= 0.

Rrmarks. The term “suspension” is used since i6 corresponds, under the

isomorphism 3.2, to the suspension homomorphism

o: H (G, ¢; @) — H G, g — 1; ¢F)
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studied in the theory of the Eilenberg-MacLane complexes. The linearity of a
suspension (see 7.4) corresponds to the property that an image element of o is
always primitive (see 6.7). It is known that not every primitive element is a
suspension (see John C. Moore, On the homology of K(m, n), Proc. Nat. Acad. Sci.
US.A,, 43 (1957), 409-411).

The proposition 7.5 has a generalization to arbitrary operations which we will
describe briefly. The decomposition of the cohomology of X; X X, given in (6.3)
generalizes to products of & factors

H¥Xy X oo X Xp)= 44+ 21?‘;1Ai+ zi<jAz:i+ A o ST SRR

If this is applied to a product of Eilenberg-MacLane eomplexes, it follows that any
operation T of k variables can be decomposed into a sum of operations 7 = >T; +
T where T is an operation on k variables, each 7', is an operation on <k variables,
and 7", T'; are normal operations in the sense that they are zero when any one of
their respective variables is zero. The argument of 7.5 shows that, in & space of
category k, any normal operation of k variables is identically zero. This generalizes the
known fact that, in a space of category k, the cup produet of & cohomology classes
of positive dimension is always zero.

8. A likely basis for cohomology operations

In view of the reduction theorem of §5 a set of cohomology operations which
generate all operations of one variable with coefficient groups in € must necessarily
be a basis for all operations. A detailed study of the K(w, n)-spaces with we(
should lead to a solution. This is certainly feasible; and already it has been pushed
quite far by Cartan [6]. Generalizations of the results 4.11 and 4.12 are needed in
which the terminal coefficient group Z,, is replaced by Z and also by Z .

It is to be emphasized that the explicib cohomology operations S¢?, By, Z%, B,
were disecovered and studied using methods apparently unrelated to the K(w, n)-
spaces. Recently I have developed a single method which ean be used to define all
of these operations [14]. In fact, the method led to the discovery of P, by Thomas.
Briefly the method involves the study of the k™ power X* of a complex (the
product of k copies of X), the action of the symmetric group of permutations of the
factors, chain transformations approximating the diagonal map X — X*, ‘and
measurements of the impossibility of finding symmetrie approximations.

This new method provides many more cohomology operations of one variable
than the ones mentioned above. However it gives no essentially new ones. All such
are generated by addition, cup-products, coefficient homomorphisms, Bockstein-
Whitney coboundaries, Sq°, P, and the &%, B, for odd primes p. This has been
proved by Thomas and myself by means of an elaborate analysis of the method
[14]. This result in itself gives hope that the named operations form a basis.

The hope is converted into an expectation by a remarkable result proved recently
by Dold and Thom [7]. If X is any complex, let ¥, denote its k-fold symmetric
product, i.e. Y, is the decomposition space of X* under the action of the symmetrie
group. The sclection of a base point in X determines imbeddings Y, < Y, for
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each k. Then Y = U, Y, is called the infinite symmeiric product of X. The Dold-
Thom result asserbs:

H(X)~a(Y) for i>0.

This result applies to give explicit constructions of K(w, n)-spaces. It is easy to
construct a space X whose only non-zero homology group H,(X) = #; then its
corresponding Y is a K(m, n)-space. This shows exactly how the symmetric groups
enter into the structure of the K(r, n)-spaces, and brings their construction into
close conjunction with the method I have used to construct eohomology operations.
Not much more should be needed to effect a coaleseing of the methods.

If, as expecbed, the operations listed above do form a basis, remarks are in order
concerning the second problem stated in §2, that is, finding a basis for the relations
they satisfy. If the B are omitted from the list for all primes p, then we do havea
complete set of relations on the others. T am referring now to the relations found by
Adem [1, 2, 3] and by Cartan [5] involving iterations of the Sqf and 55;. The com-
pleteness of the relations is proved by the Theorems 4.11 and 4.12.

Thomas has found a system of relations involving the §B,. It is not likely that this
is a complete system since there are no known relations as yet concerning com-
positions of &% and PB,. The test of adequacy is to give generalizations of 4.12
wherein Z, is replaced by Z and by Z.

9. Homology operations

By analogy with §2, a homology operation of one variable is a natural trans-
formation of one homology functor into another: T: H( ;@)—HJ( ;&) If
H,( ;@) is replaced by a cartesian product of homology functors, we obtain the
notion of a homology operation of many variables. Examples of these are also
plentiful: addition, coefficient homomorphisms, and the Bockstein-Whitney
boundary operator of a coefficient sequence.

Less trivial examples are obtained by dualizing the 8¢’ and 2. Here we take
advantage of the fact that Z, and Z,, are fields. Because of this we have the well-
known natural equivalence of functors

H( ;Z,) ~HomHY ;Z,),Z,)

given by the Kronecker index of a cycle and eocycle mod p. Since
& HYX; Z,)— He2e- (X, Z,)

is a homomorphism, it induces a homomorphism of the dual groups
Q; Hypoip-1y( X Z,) —> HY(X, Z,).

The naturality of 2 under mappings X — ¥ implies that of @. Notice that this
method cannot be applied to P, since it is not homomorphic.

'We proceed now to study the structure of & homology operation T’ of & variables
(21, - * * , %) So as not to encumber the discussion with an awkward special case, we
will suppose that the dimensions ¢y, -+ *, g; of 25, - - , ; and the dimension r of
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Tz, « - - , ) are positive. If all the variables are replaced by zero excepting z,, we
obtain a homology operation of one variable which we denote by 7;. Then we have
the reduction:

9.1) P2y, -, ) = 25-‘:1 Tfzp.

To prove this, let Xy, - - - , X; be copies of a space X, and let f, : X;— X be a
homeomorphism. Let X’ be the disjoint union of X;,+-+, X, andlet f: X' — X
be defined by f [ X, = f;. Let g, be the inclusion map X; < X. Choose a base point
x; € X;, and let b, : X' — X, be the retraction defined by b2’y = x; if & € X, with
i 5 j. Choose z; € H, (X;; G) such that

St =2 e H (X 6G),  j=1,--,k
Let 2§ = g,4%;; then f,2; = z,. Clearly

byt =z, and hp2i=10 if 4]
Now the homology of X’ splits into a direct sum of the homologies of the ecom-
ponents X; and therefore

T(z,{’ T, 22) = Z}’a Gixloise T(Z'{’ Tt ZZ)
= 2 O T(hj*zi', R 4]
= Zgi*T(O:” ':O 2 0;"':0)

’ J,
= 2 9 T52) = 2, Ti{=5).

This proves (9.1) in X'. Applying f, gives the required relation in X.

The above proof can be paraphrased by saying that the variables of 7' can be
separated in such a way that cross effects must be zero. It is clear that (9.1) reduces
the problem of finding a base for homology operations to the case of operations of
one variable. It has an additional consequence.

9.2. Bach homology operation of one variable is linear: Ty -I- z) = T(y) + T(2).

Let Tyl y) be its deviation from additivity. By (9.1), Tz, y) = Tz, 0) +
Ty(0, y). If we put y = 0 in the definition of T'y(z, y) we obtain Tz, 0) = T'(0).
Similarly 7'5(0, y) = T(0). It remains to prove that T'(0) = 0 for any space X and
any 7. It is certainly true if X is a single point; because only positive dimensions
are considered. If we map a single point space into X, and apply the naturality of
T, we obtain the result in general.

Let us restrict ourselves henceforth to finitely generated coefficient groups.

9.3. Each homology operation of one variable is generated by the operations of
addition, coefficient homomorphisms, and operations of one variable with coefficient
groups in C.

Exactly as in the proof of 5.1, we can reduce to the cage where the terminal
coefficient group of 7T'is in C. Let G be the initial coefficient group, and let G = 3 @,
be a direct sum splitting where @, € C. Then we have homomorphisms f; : G;— @
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and g;: GF— @, such that g;f;=1,and > fig,= 1. H 2z H(X; &), we have by
(9.1) that

T = T(Zﬁ*gj;Z) = > T fis9s%?)-

If ye H(X; G,), and we define T,(y) by T,(y) = T{(f;x¥), then T, is a homology
operation with coefficient groups in C. Since T'(z) = 3 T';(g,%2), the proof is com-
plete.

9.4. A homology operation of one variable which increases dimension is identically
zero.

If T:H,— H, where q <r, then T(z)==0 is obvious whenever H, = 0. If
X¢ is the g-skeleton of X, we always have H, (X% = 0. But any z € H (X) is an
image of a 2" € H (X9). Then 7'(z') = 0 and the naturality of 7' imply 7'(z) = 0.

9.5. Hach homeology operation of one variable is the dual of a linear cohomology
operation.

Suppose T: H{ ;G)—H,( ;&) is & homology operation. Let ch & be the
character group of G treated as a diserete group. For any complex X there is a
natural isomorphism.

(9.6) HYX; ch @) ~ ch H(X: @),

and since 7' is a homomorphism (see (9.1)), it has a dual homomorphism of the
character groups

T :H(X;ch @)~ HHX; ch &),

The naturality of 7' and the isomorphism (9.6) imply the naturality of 7”. So 7"isa
cohomology operation. .

REMARKS. It is to be noted that ch G is a compact group, and so also HYX; ch G).
Furthermore 7 is eontinuous. Qur discussion of echomology operations has been
limited to those with discrete coefficient groups which are finitely generated.
Therefore an analysis of linear cohomology operations of that type would not
provide an analysis of homology operations. In case &, G are finite groups, the
same is true of ch @ and ¢h @'; and then 7" is of the type considered earlier. To
obtain & satisfactory reduction to cohomology operations, something more needs
to be done in the cases where G, @' are eyclic and one or both are infinite cyclic.

It should be noted that, in the subcategory of H-spaces and H-mappings, there
are homology operations which do not reduce to sums of linear operations of one
variable. The Pontrjagin multiplication provides a non-trivial ring structure in the
homology of an H-space.

10. Other operations
The definitions of eohomology and homology operations, used in this article, do
not cover all of the standard operations of importance in algebraic topology. As an
example, the cap product which mixes homology and cohomology is such an
operation. Explicitly, if @, @, are coefficient groups, and ¢ = Hom(@,, Gy),
then the cap-product, from a functorial point of view, is » nabural transformation

H(X; ) — Hom(HX; Gy), H,_(X; G)).
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The cohomology cross-productis another example. Itis a natural transformation
HYX ;6) @ H{Y ;@) H*" "X x Y ;G 0 G').

The homology cross-produet is similar. The cup-product in the relative case for
triads (X ; 4,B) is a natural transformation

HY(X,4 ;6) ® HYX,B ; ¢')— H*(X,AU B; G @ &).

Another example involves the torsion product and the natural transformation
appearing in the Kiimneth theorem for a product space. Again, if §X denotes the
suspension of X, then § is a functor, and we have a natural equivalence

H/(X) ~ H,,4(8X), g>0.

In each case the functors appearing on the left and right are constructed by
composing functors of three types. The first type consists of geometric functors
from spaces to spaces, e.g., the product of two spaces, the suspension, the loop
space, the passage from a triad (X ; 4,B) to the pair (X; 4 U B). The second type
consists of the homology and cohomology functors from spaces to groups with
various coefficients. The third type consists of functors from groups to groups, e.g.,
tensor, hom, tor, ext. For the lack of a better name, let us refer momentarily to
such a composition as a komology functor.

If H and H' are two homology functors having the same domain and range,
then a homology operation. would be a natural transformation 7' : H— H' (in the
sense of arbitrary functions from one group to another). For fixed H,H’, the
problem exists of determining all such 7”s. The purpose of this section is to call
attention to the class of these problems. Since the very special case treated in this
paper is of considerable importance to the progress of algebraic topology, it is
reasonable to expect that other cases will be fruitful.
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OPERACIONES COHOMOLOGICAS DE SEGUNDO ORDEN
ASOCIADAS CON CUADRADOS DE STEENROD

Jostt Apsm?

1. Infroduccién

Actualmente se cuenta con un estudio casi completo sobre operaciones coho-
moldgicas de primer orden (ver [11]). En contraste, se conoce muy poco sobre
operaciones de orden superior.2

Un ejemplo de operacién cohomolégica de segundo orden es el triple producto
. de Massey ([6]). Se construecién se basa en la asociatividad del producto (cup-
product) del anillo de cohomologia.?

Otro ejemplo de operacién cohomoldgica de segundo orden es la operacién @3
(usando Ia notacién de este trabajo) introducida, por Shimada (para dimensién 2)
¥ por el autor (para dimensién arbitraria) para calcular la ‘“‘tercera obstruccién”
al transformar un complejo en umna n-esfera ([1], [8]). La construccién de @3 se
basa en la relacién S8q%8q? = 8q3Sq* mod 2.

Posteriormente, Shimada y Uehara ([9]), modificando la construceién de ®3,
definieron una nueva operacién de segundo orden (03 en nuestra notacién), con
el fin de calcular la “tercera obstruccién™ al transformar un complejo en un espacio
(n — 1)-conexo. Su construccién se basa en la relacién 25¢2Sg? == 0 mod 4.

- En este trabajo, generalizando @F y 03, se construyen dos familias de operaciones
eohomoldgicas de segundo orden:

(I)’éa con a=1,2,---; 1=30,3a +1,---,
OF* con 4=1,2,-+; di=a-+[@+2)2—1,-.

La construccién de @%, se basa en el desarrollo mod 2 de Sq2%8q® con a < b.
La construccién de @i+ utiliza el desarrollo mod 4 de 285¢2°8q? eon @ < 2b.

Se demuestra la invarianeia topolégica de las nuevas operaciones y se establecen
algunas de sus propiedades. En las dimensiones inferiores las operaciones no son
necesariamente aditivas; se determing la desviacién. Se obtienen relaciones con
cuadrados funcjonales, lo que permite caleularlas en un gran ndmeroc de casos.
Por dltimo, en la cohomologia relativa se obtienen las velaciones con el operador
cofrontera invariante.

1 Alfred P. Slosn Research Fellow

2 Un estudio general sobre operaciones de orden superior, utilizando sistemas de Postnikov,
ha side iniciado por Peterson. ([7]).

# Recientements, el triple producto he sido generalizado, en forme independiente, por Hirsch
{[4) y Massey ([5]), obteniendo ejemplos de operaciones de diferentes érdenes. Estas
operaciones tienen aplicaciones importantes en los espacios fibrados.

186
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2. Los grupos que se utilizan

Sea 8, el grupo simétrico de grado cuatro, representado como grupo de trans-
formaciones del conjunto de permutaciones del renglén (1, 2, 3, 4). Obviamente,
. todo elemento de S, queda determinado mediante su operacién en un renglén
particular. Sean , x,, x, los elementos de S, tales que

2(1,2,3,4) = (3,4, 1, 2),
z,(1,2,3,4) = (2,1, 3, 4),
2,(1,2,3,4) = (1,2,4, 3).

Sean w, 7y, 7w, los subgrupos efelicos de orden dos de §, generados, respectivamente,
por x, &y, Z,.
Como subgrupos de 8, el producto

P = TyTy = WaTry,
Inego p es un grupo. Igualmente, el producto
G = pw = 7p,

es un grupo. El orden de & es 23, por lo tanto, & es un 2-grupo de Sylow de S,,
Consideremos los elementos ¥, z de S, definidos por

¥(1,2,3,4) =(2,1,4,3),
2(1,2,8,4) = (1, 3, 2, 4).

Claramente, y = @, y resulta

Y = yz.
Bl elemento 2 es de orden dos, luego z = z 2. Ademads, se tiene que
r=2yz, Y = 2z
Sea
o:8,—>8,

el automorfismo interior inducido por z, ésto es, o(o) = 2ax! = zuz, para o €8,
Luego, resulta que
ow) =y, oly) ==
Definimos G, como el subconjunto de § invariante bajo o. Esto es,

G, = G N (2Gz).
Obviamente, G, resulta ser el grupo generado por @, y. Luego, si 7’ representa el
subgrupo cfclico generado por y, se tiene que

G, = na',
La restriccién de o a G,, denotada por 7 = 0|G,, es el isomorfismo
7:6,—~0,

que intercambia x eon y. '
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Finalmente, si

£:4,—G,
0:G —>8,

representan las inclusiones respectivas, se tiene el siguiente diagrama conmutativo
de grupos y homomorfismos:

&

G, —> G—>8,

(2.1) L'r lo‘ .
: £ 6

G,— G—>8,

3. Complejos para los grupos
Si 7 es un grupo ciclico de orden dos y generador z, representamos con V el
complejo candnico 7-libre y aeiclico definido en [13]. Esto es, para cada dimensién
i (i = 0) V tiene como m-base un solo elemento e; y el operador frontera esté
definido por
Begiry = Aegy, B9z = Zegiya,
donde,
A=ax—1 5 Y==x + 1,

son elementos de Z(w), el anillo de grupo de 7 sobre los enteros.

El producto tensorial
VeVr=ve(Ve’)

se transforma en un G-complejo, aciclico y G-libre al definir operaciones de G en
V ® V2 como sigue. En los elementos ¢; ® ¢; ® ¢,, los generadores =, ,, x2 de @
operan del modo siguiente:

ale; @ €; ® ) = (—1)%(we;) ® e, ® ey,
e, @ e; ® &) = ¢, @ (we;) @ ey,
Tole; @ €; @ €) = €; @ ¢; @ (wey).

La forma en que operan los generadores es consistente con las relaciones de ¢ y,
por lo tanto, las operaciones se extienden a un elemento cualquierade Gyde V@ ¥2.

El complejo para G, puede ser V @ V (cf. [2; p. 220]). Sin embargo, con el fin
de obfener una expresién mis simple para la transformacién de cadena &,:
V ® V—V ® V?2inducida por &: ¢, — @, necesitamos modificar ¥ ® V mediante
cierta “aumentacién”. Para evitar posibles confusiones usaremos simbolos
diferentes para denotar las celdas de este complejo aumentado.

Asi, sea U un complejo tal que para cada dimensién ¢ (i > —1) tiene como
ar-base un solo elemento d,, y el operador frontera definido andlogamente como
en V. En U se tiene 0dy = X d_;, 0d_; = 0. El produeto U ® U tiene elementos
distintos de cero en dimensiones 2> —32.
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Por construccién « opera Libremente en Uy U ® U resulta G,-libre al definir
las operaciones para los generadores de (7,, como sigue:

z(d, ® d;) = (zd,) ® d,,
¥d; ® d;) = d; ® (xd;).
Sea W un 8,-complejo, aciclico y S -libre. De (2.1) se obtiene el siguiente diagrama

6
U® U—S—#—-> Tev:—t.w

3.1) l Ty l oy

0
U® AN Veov:i—2sw

donde, £, 64, 64 T4 son transformaciones de cadena equivarianbes, respect-
ivamente, con relacién a los homomorfismos &, 6, o, 7.

Como U contiene elementos de dimensién —1, la transformacién £, es especial.
En efecto, &4(dyd,) se considera con indice de Kronecker igual a uno, mientras que
Eu(d_4dy) y & 4(dyd ;) se construyen con indice de Kronecker ignal a cero. En general,
ésto tdltimo es necesario para poder definir &,(dgdy) ¥ £4(dyd,)- Una expresién
concreta para £, se construird en la seccién siguiente.

Consideremos el homomorfismo

y: 6, —8,
donde v = ¢0& = §&7 (ef. (2.1)). Claramente,
)=y, y)==
Las composiciones o,0 ,& 25 0 € 47 definen dos y-transformaciones de cadena de

U® U en W. Ahora, como U ® U es G libre y W es aciclico, se puede construir
una homotopia »-equivariante

Q:UU W,
tal que,
Qbviamente, si w e W,
G y(w) = zw.

Ademis,
Tuld; ® d)) = (—1)7d; ® d;.
Luego, para los elementos de la ,-base resulta,

(8.3) 0Qd; ® ;) + Qold; @ d) = 204E 4(d; © d;) — (—1)704&4(d; ® d).

4. La construceion de £,

Por brevedad en la escritura eliminaremos, en general, el simbolo & al eseribir
elementos de un producto tensorial. Usaremos un exponente para indicar el
produeto tensorial de un elemento consigo mismo cierto mimero de veces. Asi, en
lugar de ¢, ® ¢; ® e, escribiremot €.}
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Primero, construiremos una transformacién auxiliar,
n:U@U—-VeV?

en términos de la cual definiremos £ 4. Definamos # en los elementos de la G,-base
de U ® U como sigue:

(41)  flddy) = (— 1) (wey1)(Oegy)en; +- eges;,

*2)  ndhyya) = (— 1P (@er)en;005:11 + ex(Oeg;in)egss + (— 1) (ve1)edq
43) (didysi0) = (—1)(werra)en; 1100051 — €xfayaTes s,

(44) niddyyys) = (— 1) @ey,1)(Oeay )e0s11-

En forma equivariante la transformacién # queda definida en un elemento
arbitrario de U ® U. Un célenlo directo permite verificar las relaciones siguientes:

(4.5) (i) = n0(dydyy),

(4.6} Ot ss1) = 10(dydyy 1),

(4.7) Oy 0) = NO(dysy0) + (—1V(ds_30045,4),
(4.8) (i yzys) = Ny ).

La transformacién &g se define en la @, -base de U ® U como sigue:

Eulddy)) = (—1y z%=0 ( g f lc) N iy 25— 2l an)

(4.9) )
+ (1Y S5 ( j—k— 1) Wi 25ap-olarr2)
s k
10} Enld o) = (—1Y 3i_o ( j— k) iy 05 13F a1
(4.

| . &
+ (=1 S (j ke I)W(di+2j—4k—2d4k+3)-

Con las convenciones usuales, los simbolos (n) representan coeficientes binomiales

(ef. [2; p. 233]). Usando las relaciones (4.5-8), se comprueba ficilmente que
0& 4 = &40. Se tiene que

& yldody) = eqep,
ademas Spldid 1) =0, 5 &y{d_sdi) = —(weglegOey

©s una 0-cadena con indice de Kronecker igual a cero.

5. Simplificaciones en 1a notacion

De aqui en adelante, salvo cuando se indigue lo contrario, todas las expresiones
se considerardn médulo 2. Bn general, omitiremos el simbolo # en las trans-
formaciones de cadena, asi, escribiremos & y 0 en lugar de &, y 0.
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Por comodidad introduciremos la notacién siguiente:

(6.1) af = n(d, ),

(5.2) y¥ = 0af

(5.3) =2,

(5.4) af = Q(d;_ydy),

(5.5) Y} = 208(d, i) + 08(ddy ).
Sean

Y=z +1, A=z—1,

22:y+1: Ap=y—1,
donde z, y son Jos elementos de §, definidos en §2. Médulo 2, obviaménte,

Zi=A, 2y = A,
Ahora, puesto que Q es v-equivariante, médulo 2 se tiene que
QO(d, ) = ZoUdy 5 2dy) + Ty Uy a1 s)-
Por lo tanto, con la nueva notacién, (3.3) médulo 2 resulta:
(5.6) Y? 4 00* = S,0f ; + Zef
Usando (4.9) y (4.10) podemos escribir Y% explicitamente. Primero, definimos

(5.7) o = (T s 8) .

Claramente, o} = 0 si s > r. Luego, considerando un signo de suma comdn se
obtienen las siguientes expresiones (mod 2):

(5.8) Y3 = Jyzoldfg5 + aF7 98T + a7 Fysf + ofTF Myl R,

(6.9) Y. = Tisoldkyal, + T GHTE + d Ryt + abF YRR,
(5-10) Y§¢E+1 — zjg() [afgg-‘-l + a;c—lg-/g-l—?s + aj——k—-lygg‘-i-l + ag—k—Zyég-}-B],
(611) YEH = TioldfBelH + of 9 + of Ryl + ol TR

Como se verd mdés adelante, estas expresiones combinadas con {(5.6) producirén
las relaciones entre los cuadrados iterados de Steenrod. Las expresiones (5.9) v

(5.11) son esencialmente iguales, ya que Va4 = 2 YZ %,

6. Ciertas relaciones en W ®g K**

Sea K un complejo regular de celdas y sea K* su complejo de cocadenas enteras.
El grupo 8, opera en K*% = K* @ K* @ K* ® K* permutando los factores de
los productos, de modo que K** resulta un §,-complejo.
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Sea W el complejo 8,-libre y aciclico de §3. Primero, formemos el complejo de
cocadenas W ® K*4, introducido por Steenrod en [12; p. 197], con el operador
cofrontera definido por

(6.1) dw@a)=dw®ae+ (—1)we da,

donde w e W, @ € K*4, i — dim w. Luuego, formamos W ®s, K#*% a] considerar las
relaciones,

{6.2) awR@a)=oow® ar = wQ a,

para toda o €8,.
Ahora, siucK* y ut = 4 ® u ® u ® u, es ficil comprobar, usando (6.2), que -
se tienen en W ®g, K** las siguientes relaciones (mod 2):

(6.3) Fieut=ylou,

(6.4) Y @ ut = Oe,_a%%) ® u,

(6.5) T @ ut =y P @ ut = Ole,_yy_a0h 1) ® ¥4
(6.6) yHieut=0. '

Igualmente, si V@ V2 es el G-complejo definido en §3, se obtienen en
(VO V?) ® gK** relaciones andlogas. Asi, ¢/ @ut=e, 65,048 2t @ut
=afPPQut=e, 4 40551 ®ut, 2 @ut=0.

En W ®g, K** consideremos Y§ ® u? (mod 2). Usando (6.3-6) junto con (5.8),
(6.10) y (5.11), se demuestra ficilmente que

e T A I = S L R -

{6.7) . )
g dr it o
(6.8) T+ T o= 20 [(kj—j)yg‘“r (23' +Jk~t)y§
: AN
N L

Ahora, si suponemos que % es un cociclo mod 2, de (5.6) y (6.2) se sigue que
(6.9) S @ ut) = Y5 ® ut,
(6.10) S + o Y@ ut = (YE + YE Heut

Las relaciones (6.9) y (6.10) imaplican las relaciones entre los cuadrados iterados
de Steenrod. Las esoribiremos mediante productos de matrices y veetores {ef. [2;
p. 228]), con el fin de presentarlas del mismo mode que la f6rmula (23.8) de [2].
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7. Las relaciones expresadas mediante mairices

Con ¢ fijo, consideremos la matriz cuadrada a;‘ (ver (5.7)), donde 0 < £, 5 < [#/2],
y las matrices rectangulares

% . 2 + V(3
@1 a*i(m, n) = (2@' + 20+ k- m— t) ’
donde m, m son parametros fijos tales que ¢ —2n —m >0, 0 B [#2],
0L i <[~ 20 — m)[2].
Igual que en [2; p. 228], las relaciones (6.7) v (6.8) se pueden escribir mediante
productos de matrices y vectores del modo siguiente:
(72) Y& © w!| = af] [lyeli © v
+ [[a*50, 0] lysls2 © w]] + [la*F(L, )] [l © vl
(73)  (¥% + YE ) @ utf = [lof]] s8] © v
-+ [la*50, O)f o @ w| + fla*¥(—L, Dl ™* @ v,
donde 0 < &, 7 < [#2], 0 < i < [t — 1)/2].
OBSERVACION. Los rangos de Jas sumas de los distintos términos de (6.7) y (6.8),

se pueden arreglar de modo que resulten los determinados por {7.2) y (7.3). Esto

es, si los términos tienen como factor aﬁ’, entonces 0 < j < [#/2], puesto que a,f =0
paraj >[t/2]. Si tienen como factor a*¥(m, n), como por ejemplo a*4(1,0)y4i 12 @ u,
entonces 0 < 4 < [(¢ — 1)/2], puesto que y4 13 @ ut = 0 para i > [(§ — 1/)2] (ver 6.5).

El determinante |af| = 1, luego existe el inverso
g1l = fladli

Del mismo modo que se esbablece 22.18 de [2], usando 25.3 de [2] con p = 2, se
demuestra que

@4 @8] e+ em, mi| = [, m],
donde,
i+n—1—k

es una matriz rectangular con
0< AR, 0L i< — 2n— m)2)

Ahora, suponemos que % es un cociclo mod 2. Al multiplicar (7.2) y (7.3) por
|lg%]|, teniendo en cuenta (6.9) y (6.10) se obtienen

(15) || [lbZH @ ut] = |lii1} ® ¥

+ [[85(0, 0)] loi.0 ® ]| + 5L, 0| 8513 © ],
(7.6)  {lfl| 9B + w3 @ ut]| = v @ u¥|

+ (50, O o] ®] w* + [i(—1. 1| Joi** © w].
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8. Cuadrados iferados de Sfeenrod
Abrimos aqui un paréntesis con el fin de indicar de que modo se interpreta
9} ® u* como iteracién de cuadrados.
Consideramos una aproximacidn diagonal m-equivariante,

(8.1) ¢ Vo K-—~>K?
v su dual,
(8.2) p: Ve, K*? > K*,

ambas definidas como en [12]. Formemos la composicién

o« 1e¢ B P
VOV?@K—>V2QVQK —> V2@ K2—— > (V® K)2—> K4,

donde «, f son, respectivamente, los isomorfismos naturales que intercambian los
factores en la forma indicada. Luego, si definimos

(8-3) vo= (¢ ® )81 ® ¢)a,
es facil verificar que
we: Ve 72 K —~K-,

es una aproximacién diagonal G-equivariante. Ademéis, si y, es su dual, se tiene que

(8.4) vo = ¢(1 ® P4,
donde
A (Vo TV?) s K* -V, (Ve, K¥?%)?,
es ¢l isomorfismo que se obtiene intercambiando los factores de V2 y de (K*2)2
(ef. T12; p. 2157).
Sea u un g-cociclo mod 2 de K y @€ HYK; Z,) la g-clase de cohomologia que

determina. Para los cuadrados de Steenrod se usan las notaciones: Sq; v Sq¢’.
La relacién entre ambas es

(8.5) 8q.4 = Sq* 4.

Comno es bien sabido, gle; ® #?) es un cociclo (mod 2) que representa la clase Sq,4
(ef. [12; p. 2007). Por comodidad, con una ¢ determinada, usaremos la notacién

(8.6) Sq.u = gle; ® u?).
También (mod 2),

8.7) Poless ® ut) = plefple; ® v,
resulta ser un representante de

{8.8) 8q,8q,4 = 8q24-+I8q% 4.

Ahora, considerernos una aproximacién diagonal S,-equivariante,

(8.9) v WK K-
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La composicién
r

Il ]
VoV K—> Wo K— K4,
define
(8.10) ; Pr=9031L),

que, también como 4y, resulta ser una aproximacién diagonal G-equivariante.
Luego, usando el portador diagonal podemos construir ', una homotopia G-
equivariante, tal que

(8.11) 0y’ -+ y'0 = wy — yi.
Al considerar las transformaciones duales, se tiene (mod 2)
(8.12) oy + 0 =o(l® A —p(f ®1),

donde p representa el dual de y'.

Claramente, 3(x] @ w9 =0 en (V® V?) @4 K*% (vor §6). Ademis, de (5.2),
w(y! ® u?) = (6 ® u). Por lo tanto, con la notacién (8.6), usando (8.12) y
{6.4-5), se obtienen {(mod 2),

(8.13) Py ® ut) = Sq;_;S0pu + Sy(a? ® ub),
(8.14) Py T2 @ ut) = Sqy_g5_oS0psa% + 57(75?5_[_2 ® uf).
Por dltimo, obviamente, de (6.5-6) se sigue que
PYET @ u) =9t out) ¥y 9t @) =o0.
9. Las relaciones entre los cuadrados iterados
Aplicando ¢ a cada uno de los vectores de (7.5-6), se obtienen

©.1) 8 S dtp(w il © ut) = (s ti © ud)
+ ST 030, 0)p(yals © ut) + SISV BY(L, O)plyaiil @ ut)

(9.2) 8 SH2 32 yl(wl + 0¥ ® ut] = p(yh ® u?)

N + SHPL 830, O)yp(ys] ® ut) + SISV bY(—1, gl © ul).
(93)  BEH) = 32 4 yeiiieul),
(94) B3(ut) = SY2 & yl(0f + o3 ) © ul,
©5)  XBIi=aflF + SR B0, 0)nilys + VP B(L, 0RG1T
(9.6) X3 = afy + SFE 050, 0)as] + 2V BY(—1, D+,

Con estas definiciones, y teniendo presente (8.13-14), de (9.1-2) se siguen
9.7 OB THuY) + »(X5 1] © uh)] = Sdarge 1SUnera%

+ DU B0, 0)S0g; 451150054 + Z 5V BI(L, 0080, g5 SGasa%

(9.8) OLBZ (%) + p(X5 ® uH)] = S0, S0p5%
+ 2 E-‘f.?&b}(ﬂ, 0)8qy; 45qq2 + > §-‘i.7)1”2]b§(—17 I)SQ2t~4i~zsq2i+1‘u*
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De aqui, para las operaciones en clases de cohomologia, se derivan las siguientes
relaciones. Si suponemos que 3s - 1 <C ¢, de (9.7) se obtiene,

j— 28— 2
(9.9) Sda; g5 15203 = Z§'=t—s (2'2 4 25— Zt) 895 954184
Igualmente, si suponemos que 3s <C £, de (9.8) resulta,
i —2s —1
(9.10) 8024592, = §=t~s (2'?? 4 25— 2t) Sdgs2,59;-

Para justificar ésto tnicamente necesitamos verificar los coeficientes binomiales.
Si 8(0, 0) =£ 0, de
. _ fi—s—1
wo.0 = (5754

resulta 2j 4 s —¢ > 0. Supongames que 3s + 1 < f, 6 bien que 3s <t. En
ambos casos, de lo anterior se obtiene que 2§ — 2s > 0,y porlotantoj —s —1 >
0. Ahora, usando el criterio de Lucas ([2; p. 233]), para m => 0, ficilmente se

demuestra que,
m\ __ (2m\  [2m +1
()= ()= () o ),

Asi, se obtiene (3s 4 1 << #, 6 bien 3s < #),

2j —2s — 2 2] — 28 —1
¥ = = 2 .
(0-11) 5(0,0)= (4_7' 425 — 2t) = (4j 42— 2t) (mod 2)
Andlogamente, si 3s 4 1 < £, se sigue que
2 — 2 —1
8 =
(9.12) (1, 0)= (4j L9 25 Qt) (mod 2),

¥ si 3s < ¢, resulta

o _ 2§ — 2s
(9.13) B(—1,1) = ( 44 K F o 25) (mod 2).

Por lo tanto, las férmulas (9.9-10) quedan demostradas.

OBsSERVACION. Las relaciones (9.9-10) son casos particulares de las relaciones
implieadas por la f6rmula (22.20) de [2] (con p = 2). Al transformarlas, de acuerdo
con (8.8), en relaciones entre operaciones con indices superiores, es ficil verificar
que se obtiene (cf. [2; (23.8)]),

- fb—i—1 g
2eQat — N¢ 20+ b—iQ G
0.14) 8o = S0 (g, Lo ) SaiSar
donde a < b.
Como es bien sabido, (9.14} junto con la relacién
Sqg'S8q® = (& 4 1)8q*,

caracterizan un conjunto completo de relaciones. Esto, justifica el haber elegido,
por simplicidad, nuestras relaciones particulares.
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10. Algunas construcciones auxiliares
Con % una ¢-cocadena entera de K, en V @ K*2 definimos,
{10.1) p(u) = @le,_; ® w%) + (—1)'p(e; ® udu).

Obviamente, si 4 es cociclo mod 2, se tiene

p,(w) = ple, ; ® u?) = Sq, v {mod 2).
Usando (6.1), se comprueba fécilmente que
(10.2) Opy() = Pya(0u) + [(—1)? — (—1)Ip;_4(w).
Asi, se obtiene
{10.3) dp(u) = Sq,0u (mod 2).
Si suponemos que g -+ 4 es impar y que % es cociclo mod 2, de (10.2) resulta
(10.4) Op,;(u) = 28q;_.u (mod 4).
Por lo tanto,
(10.5) 0%8q,_1u -+ 6ip(e; ® udu) = Sq,_yu (mod 2),
donde 6* = 14, y pasando a clases de cohomologia, resulta .
(10.6) 6*8q, 1@ = Sq;_,@.

Aqui, 8% es el operador de Bockstein-Whitney de la sucesion exacta de coeficientes
0—Zy— %,— Z,—>0. Por consiguiente, Sq, ;% = 0 implica que Sq, ,% = 0.
Para referencia futura haremos explicita esta irnplicacién por medio de cocadenas.
Por hipétesis, existen cocadena a, b, tales que

(10.7) Sq;_yu = da -+ 2b (mod 4),
luego, 6*%8q, ; = 0b, y de (10.5) se obtiene,
{10.8) 86 + tole; ® ubu)] = Sq, {mod 2).

Con una eleccidén diferente en (10.7), por ejemplo o', b’, puesto que du + 2b

=da’ -+ 20’ (mod 4), se sigue que ¥ =b 4 §*(@ — &’). Luego, en (10.8) la

cocadena b puede variar vtmicamente por d*w, donde w es un cociclo mod 2.
Ahora, para toda g, se tiene

(10.9) Squ = gle, @ v =u (mod 2).
Entonces, 10.6 con i = ¢ -} 1 resulta,
0%t = Sq,_,4.

Por lo tanto, Sq, % = 0 si y sélo si 4, clase mod 2, es también una clase mod 4.
Finalmente, si » es un g-cociclo mod 4, definimos

(10.10) 4 = $ople, ® w?) — ul.
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Es facil demostrar que
(10.11) Sq,_su = % {mod 2).

11. Las construecciones principales
Introduciremos las siguientes definiciones:

(111} AR (Y = BT (%) 4+ p(X5H @ u?),
(11.2) At = BB + p(XE © ud),
_(i—2s—2
(11.3) g = (2j + 28 — 2t) ’
s {J—2s—1
(114) B = (Zj 49 ——2t) .

Usando esta notacién, con las restricciones de (9.9-10), podemos escribir las
relaciones (9.7-8) mediante una sola suma. El rango de la suma, 0 <5< 4, se
puede sustituir por 0 < j< ¢, donde g = dim %. En efecto, si ¢ < ¢ entonces,
Squ =0 para ¢ <j; y si t <g entonces, Sqy s;11 = 8qy, ;= 0 para t <j.
Escribiendo aparte los términos § = ¢, ¢—1 (cf. (10.9), (10.11)), se obtienen las
siguientes expresiones (mod 2): si3s + 1 < ¢,

{11.5) 6A§gii(”4) = 8y, 45 1590g,11% + QZSQ2t—2q+1'l"I

+ 95-1800; 901850, 1% + 2328 iS00s_05415a5%,
sids <4,

(11.6) 8A43(u" = Sy, 4,50a,% + FSa, a2
-+ q—lSth—2q+2Sqq—1u + 125 BiSqa, 05q,u.
Ahora, multiplicando por 2 las relaciones (11.5-6), y usando (10.4), se obtienen
las siguientes relaciones (mod 4): i q es impar y 3s 4+ 1 <4,
(11.7) o245 1wt — Z(q DI 955 P21-4745502/%] = 2505, g, 18G,41%
+ 29:802; s, + 22503)" % 955+ 1502s 45150 0;11%»
sigespary 3s <{,
(11.8) o[245(u*) — (q_») "2 B; 4102450250 1%] = 2809, 4S0p.u
+ 2hS gy ag% + 2XF 18054584 ssu-
A continuacién, empleando (11.5-8) y clertas hipdtesis adicionales, cons-
truiremos un conjunto de cociclos que usaremos como representantes de las opera-
ciones cohomoldgicas de segundo orden, que se definen en las seceiones siguientes.

8e considerarén cuatro tipos (esencialmente dos) de operaciones cohomolégicas,
cada uno definido mediante una de las cuatro hipdtesis signientes:
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Hre6TESIS A (8¢ usars con (11.5))
(Al) u es un g-cociclo mod 4 (mod 2 si g;_; = 0).
(A2) SQgea% = 09,4 {mod 2).
(A3) Sig; =1y ¢ es impar, entonces ¢ > #; si g — 1 y ¢ es par, entonces
SAas-20r2% = g a012 + Zb2r gp42- (mod 4).
(Ad) giSqmu = dgja; (mod 2), para j =0,---,q— 2.
Hre6Tesis A’ (se usard con (11.6))
(A1) u es un g-cociclo mod 4 (mod 2 si £}_; = 0).
(A'2) Sqgu = day, (mod 2).
(A’3) Sihj =17y q es par, entonces g > #; si b = 1 y ¢ es impar, enftonces
Stgspe11% = 009¢ g4 + 29941 (mod 4).
(A’4) BSqmu = dkja; (mod 2), paraj =0, --,q — 2.
Hre6rEsis B (se usard en (11.7))
(B1) w es un g-cociclo mod 2 (g impar).
(B2) . 8014 = 009011 {mod 2).
(B3) Big; =1, entonces g > ¢.
(B4) 9551180011 % = 095119941 (mod 2), para j =0, - - -, (g — 3)/2.
Hredresis B’ (se usard en (11.8))
{B'1) u es un g-cociclo mod 2 {¢ par).
(B'2) Sqgu = da,, (meod 2).
(B'3) Si k=1, entonces ¢ > £.
(B'4) h§;Sqpw = Oky;a,, (mod 2), para j =0, -+, (g — 2)/2.
Por comodidad, si g es par y g; = 1, definimos (¢ es fijo) (cf. (10.8), (A3)),
(11.9) Bar-s0re = Darsgre + 30(ea) 5045 ® uu),

y si g es impar o si gj = 0, definimos Byt9g12 = 0. Andlogamente, si ¢ es impar
¥ k= 1, definimos
(11.10) barse11 = Doragra + 3p(eas_pgrs ® udu),

y si g es par o si & = 0, definimos by, 5., = 0.
Ahora, usando la hipdtesis A eonstruimos las cocadenas (mod 2),

(11.11) B = Por-as-1{agiy) + 9352t~2q+2

+ 0 1Posogrs(®) + D528 GiPass1a(85)-
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Con la hipétesis A’, construimos las cocadenas (mod 2),
(11.12)  BR(%) = Po, (05, + hbas sna
+ by 1Parapa(®) + 255 Bipay oilay).
Con la hipétesis B, construimos las cocadenas (mod 4),
(1L.13) C5i{(u®) = 2py; 4y 1(tge) + 22§i7,3”2 92 +1P2— 251 (@gp1)
+ D3 BDa 455550
Finalmente, con la hipétesis B’, construimos las cocadenas (mod 4),
(11.14) ng (%) = 2pg; 45(@s5) + 22%;;2”2 5P as(025)
+ Z§i‘2”2 1551 1P21 45005, 1%-

Con 3s + 1 < ¢, y toda g si ¢ es par o si gj = 0, y solo para g > {si ¢ esimpar y
g5 = 1, definimos

(11.15) Dysia,2011(0) = AFT () + BEH(ub (mod 2).

Con 3s < ¢, y toda g si g es impar o si 5}, =0, y solo para g >t siges pary
hg = 1, definimos,

(11.16) Dy, 0(w)= AZ(u®) + BE(u?) (mod 2).

Con 3s + 1 < ¢, y toda ¢ (impar) si g; = 0, y solo para (impar) ¢ > tsig; =1,
definimos,

(11.17) Osr1 0011 (0) = 245 T (w¥) — CFFH(u?) (mod 4).
Con 3s <C ¢, y toda ¢ (par) si & = 0, y solo para (par) ¢ > t si g = 1, definimos
(11.18) O 05(w) = 245 (u?) — CF(ub) (mod 4).

Es inmediato verificar que las cocadenas @, (u) son cociclos médulo 2 (ver
(10.3), (10.8), (10.11)). Anédlogamente, las cocadenas @, («) resultan ser cociclos
mdédulo 4.

Obviamente, en la construccién de estos cociclos se emplean varios elementos
cuya determinacién no es finica. Concretamente, estos elementos son Q, 6, W, o,
y, y ¥ las cocadenas a,, b, mencionadas en las hipétesis. Estudiaremos las varia-
ciones de los cociclos @, (u), ©, (u), al considerar otros elementos,

12. Estudio de las desviaciones
Con una ¢ fija (ver (8.6)), las cocadenas a,; usadas en las hipdtesis A, A’, B, B,
exceptuando las de A3, A’3, pueden variar libremente mediante cualquier cociclo
mod 2, Por ejemplo, en A2
Sage1% = 08503 = 6(Bg,11 + ©),

para toda ¢ que sea un (2g — 2s — 2)-cociclo mod 2. De acuerdo con lo mencionado
en §10, para una eleccién diferente en las cocadenas de A3, A'3, la b, varia por un
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elemento de la forma 6*c, donde ¢ es un cociclo mod 2. Por lo tanto, teniendo en
cuenta las construcciones (11.11-14), se obtiene lo siguiente:
La clase {@,,,4 ,,1(%)} queda determinada médulo
(12.1) Sag, gy oH* 2 HK; Zy) +.g;8040 a0 oH* 2 K; Zy)
‘ + 2428 65508 o H2 UK Zy).
La clase {®,, ,,(u)} queda determinada médulo
(12.2) Bqy; 4 A YK, Zig) + ﬁ;sq4q_2t_3ﬂ44—2f—2(]{ 3 Zg)
+ 2428 158y op JHX UK Zy).
La clase {0,,,1 5,,1()} queda determinada médulo
(12.3) 28qy, 4, H2 23K, Z,) + 2Z§'q=~03)12 G55-+1502— g5 oH 22X K Z,)
La clase {0, 5,(u}} queda determinada médulo
(124)  28qy, 4 H* 2 UK; Zy) + 23FP1 }bngQ2t—4i—1Hq_2j"l(K 3 Zg)-

Ahora analizaremos las variaciones con respecto & las transformaciones 0, Q,
v’ ¥y 9, respectivamente, de (3.1), (3.2), (8.9) y (8.11), asi como también con
respecto al complejo W de (3.1).

Lama 12.5. Para una eleccion diferente en las transformaciones Q, y', 0 4, v y en el
complejo W, los cociclos @, f(u), O, {u) se alteran dnicamente por una cofrontera.

DrmosTrACION. Si Q, es otra homotopia en (3.2), existe M, una homotopia
y-equivariante, tal gue

oM — M9 =, — Q.
Luego, si 4 es un coeiclo mod 2, en W ®g K *#4 ge tiene (mod 2),
(@ d) @ ut = Qd; @ d;) @ w* + dLM(d; ® d;) ® wi].
Obviamente, ésto implica el Lema 12.5 para €.

Anslogamente, ses ] en (8.11), otra homotopia. Existe N’, wna homotopia
G-equivariante y con valores en el portador diagonal, tal que

ON' — N'@=9p; — 9.
Considerando las transformaciones duales valuadas en #f @ %, resulta (mod 2),
71(# ® uh) = p(7; ® u) + ON (2} ® u?),
lo que demuestra el Lema 12.5 para 3.

Ahora, sea 0,4 en (3.1), otra transformacion 0-equivariante. Existe p, una
homotopia G-equivariante, tal que

Es fheil verificar que las transformaciones
Q= Q+ oyply— plyry,
=y —v(pel,
pueden usarse ¢on 6, como las homotopias de (3.2) y (8.11), respectivamente.
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Denotemos con Ai(ut) y con Ai(u?) las expresiones (11.1-2), construidas,
respectivamente, con 04, Q, 9’ y con 6,4, Q,, y;. Resulta Af(u?) = Af(u?), lo que
demuestra el lema para 8.

Sea 9y en (8.9), otra transformacién. Como en los casos anteriores, existe P,
una homotopia §8,-equivariante y con valores en el portador diagonal tal que

2P + PO =y — ps.
Si definimos (ver (8.11)),
ye=9 -+ PO®1),
resulta,
s + ¥l = 9 — Vi,
donde yy; = 4(0 ® 1). Usando estas expresiones el lema se demuestra ficilmente

para ¢'.

Por dltimo, sea W* ofro complejo S,-libre y aciclico. Como es bien sabido,
existen transformaciones §,-equivariantes, f: W — W*, g: W* — W, tales que
fa, gf resultan, en forma equivariante, homotGpicas a la identidad. Si

00 + 00 =gf — 1,

es una de las homotopias, podemos considerar las transformaciones para W* en .
funcién de las de W, como sigue:

0% =104
Q¥ = fQ,
Y =9'gel),

o =00l =y (gfel),
;y*t J— 7), —l_ "I’I(Ze# ® 1).

Sean A% y 4*{(u%) las expresiones (11.1-2), construidas con W y W*,
respectivamente. Se comprueba que Af{u) — A*f{u) ~ 0 (mod 2). Esto implica
el Lema 12.5 para W y termina la demostracion del lema.

Lo anterior se ha establecido con respecto a una ¢ fija. Las desviaciones de
@, (u), O (u) al variar la ¢’ se estudiardn en §15, y se obtendrén como corolario
de una situacién més general, al considerar el comportamiento de los cociclos bajo
transformaciones de un complejo en otro.

13. Las operaciones en una cofrontera
Con u == da, definimos en K** las cocadenas o, = au?, oy = a%u?, o, = (au)?,
otg == 6% -+ uad. Sean X;, X, como en §5. Se tienen las siguientes igualdades
{mod 2):
dag=u?, Oy = Zyotg, Oty == 2oy,

(13.1)
5“3 == 21051 + 22“2, §a4 = 21&3 _ sza.
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En W @g K** definimos,
(13.2) @) =of@uyt+ of @0 +0f @+ ol @ay
+ (@5 + i) @ at,
(13.3) Bi@)=Y{Qoa+ ¥ 1@+ ¥ i@+ Yi 3 @y
+ (NS + V) @t
Se demuestra ficilmente, usando (5.6) con (13.1), que
of ® (60)t = 6Q%(a) + R¥(a) © (mod 2).

Para construir las operaciones @, ,, @, en da, necesitamos los vectores (ver
(9.3-4)),

(13.4) gttt ® (80| = [0Q5E @) -+ || R @),
(13.5) |(0ff + w3 ® (8a)Y] = ||0(Q3F(a) + O3 H(@))|| + || RE(@) + B3 Ha)|),
donde & se considera fijo y 0 < £ < [¢#/2]. Con el fin de eseribir estas relaciones en
funcién de los términos que figuran en la construccidn, introducimos las defini-
ciones siguientes:
(136) 2i=a2{@oast+af @ ay+ 23 @ ay + 252 @ a4,

4 = @ gty @y B Dy By i@ 0t

2P =0 P @ oy + 2 @ oy + 212 @ wp 4 (L + ) @ oy

+ w}ij_g ® (7/4,
=@ uy + 2P @ + 3@ o + 25 @ 0y,
La imagen de estas cocadenas en W ®g K*4, se denotars, con
% = (0 ® 1)

Para 0 < j < [#/2], definimos las cocadenas w], como sigue. Si ¢ es par, wi =0,
y si ¢ es impar,

(13.7) w] = (%;:41-2)(0 @ 1)(egls11 D21 @ g + €g Oyy58, @ aig).
Con cada entero n > 0, consideremos la matriz rectangular ||a¥(n)||, definida por
i
af(n) = (ic g n) (mod 2),
con 0 < k< [#2], 0 < 4 < [#2] — . Tgual que en (7.4), se puede demostrar que
1] atm)] = [lef @]
donde,
i—k—1
(1338) $M=Q_%w)

En particular, si n = 0, se tiene que ||of|| = ||af(0)|}, y por consiguiente, cf(0) es 1a
delta de Kronecker {mod 2).
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Ahora, sustituyendo en (13.3) las expresiones (5.8-11) para las ¥¥, agrupando
los términos, y usando (13.6), se obtienen,
3.9 [BEE@ = |afll B2 + lafen)] et
+ o750, O [l + llo* 1, off [ + vl

(13.10) ||Ei@) + Bt ~Ha@)|| = |lafl] [E2l] + [laf 0] 287+ + 257+
+ i@ B 7)) + lla*500, 00 B3 + 281+ + lla*51, 0o [+ + 289
Sea y, = ¢(1 ® ¢?)4, la transformacién de (8.4). Definimos las cocadenas v} de K,
como sigue:
v = polee_ss o ® 0% + €, g; €ainr2 ® 0P €y 53,1 © aual],
VI = yple, 4 o8asi10a; ® aual + ey 165 ® aPu + e,y e ® (au)?
+ 45100180511 © P,
(13.11) o2 = yile, 465 1 ® a* -+ e,_geasen; 1 ® aua®
+ €1 4512905102 @ ¢Pu7,
oIS = Pol€r_ai—a%i41® 0* + €y 450511 ® aua?
+ €491 ® w'].
Se comprueba {mod 2) que,
Polat) = 807 4 py_40,(0),
Pole? ) = 80t - py_ gy oPasal@),

Po(#TT2) = PR+ p, 4 oPesna(@),
Do) — S0+,

(13.12)

Ademés, se tiene que,
0z = e,_4e5; ® (),
(18.13) 02t = Ot = ey_y; 405511 ® (B0},
dzfi+3 = 0.
Definimos,

(13.14) P %tg-tll (2} = Doy _s5-1P2s12(@) + thf% b5(0, O)pas—as1P2;(@)
+ Z,[(LEI)IZ} b5(1, 0)pos_g51P2512(),
(13.15)  P3(a) = Pay_4,P2(8) + S B0, 0)pos 4sD0,)
+ 2_[7'(;7]1)12} bgs("_la l)p 2t—4f—2p23'+1(a)9
(13.16)  VEIia) = o] + pEThH + JU2 830, 0) el , + y(E, 1)
+ DIV b1, 0) (o8] 1T + y(8ED),
(13.17)  Vi(a) = vf + p(z) + SHE B0, 0)(ws + oaf L + p(e8]) + (8 Y)
+ SHEGOPBL OB *E 4 ol + () + pl ).
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En estas expresiones, y es la transformacion de (8.12). Ahora, sustituyendo
(13.9-10) en (13.4-5), multiplicando por ||df||, aplicando v, y usando (8.12) junto
con (13.12-13), se obtienen las relaciones siguientes (ver (11.1-2)):
(13.18)  AZIH(Se)) + PRLi@) = 035 ip(@FTie) + »))

+ V3 + 52”’2] AW EEEE + v ),

AZ((0a)) + P3la) = 8317 dip(@Bi(a) + Q5 (@)
(13.19) + 0V3(@) + o3FEF (1)l T + ol T2+ p(f ) + y@E )
+ S5YE R 2) 5 TP + p(TEY).

Lema 13.20. 8¢ u = da, se pueden satisfacer las hipdtesis usadas en la construccion
de @, ., O, ., de modo que resulien,

@, (da) ~ 0, 0, (da) ~ 0.

DumostTrACION. Si ¢ + & es impar, donde ¢ = dim %, de (10.2) se sigue que
(ver (10.7)),

Plers ® u?) = Opy,4(a) + 20,(a) {(mod 4),
¥ como éu = 0, podemos tomar b,,, = p,(a) (ver (11.9-10)).
También, de (10.2) se obtiene que
= pos(a) + 63 (mod 2),
con %, & definidos por (10.10).

Representemos con Pj{a) las expresiones (13.14-15), y con Bj(u*) las expresiones
(11.11-12), estas tiltimas construidas con % como en (10.10), con &, 11 = Pla), ¥ con
a; = p(a).

En vista de (13.17-18), para demostrar que @, (da) ~ 0, es suficiente verificar
que Bf(u?) ~ Pi(a). Ahora, para los dos términos donde Bj(u%) y Pi{a) pueden
diferir, se tiene

5k+1 = p(e) = pyp,(a),
Prralh) ~ PrpaPyal(a)-
Esto demuestra la primera parte del lema.

Anélogamente, representamos con C5(ut) las expresiones (11.13-14), construidas
con a; = pya).

Usando 10.2, se obtienen las relaciones (mod 4),

Do 35U24(00) ~ 2Pog11055(a), si g es impar,
Pony8503541(00) ~ 2pypy;,4(a), si g es par.
De ésto, se sigue que Cf(ut) ~ 2P}(a) (mod 4). Luego, al multiplicar por 2 las
relaciones (13.17-18) resulta ©, (da) ~ 0.

14. Las operaciones en ung suma
Sean u, v dos cocadenas de K*, Bn K*¢ definimos

Py =u?, By = (w)?, = wvtu, B, =ufv -+ vdu.
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Resulta (mod 2),
(w+ o)t =ut+o* + 2 8 + 25 (Bo + fa) + X1 Za s
Con ésto y (5.6), calcularemos wf ® (u 4 v)* mod 2 en W ® s K
Ya que 3, 8y =0, 2, §, =0, Z,%, f, = 0, se tienen,
o} ® Zyfy = (dokiD @ By + YELI © By,
©f ® Tyfly = (00f11) ® B+ Yi11® Ba,
of © EyTof, = (0Z,0%11) ® Ba + (B2 Y51 ® B
Andlogamente, de Z,f8; = 2,f;, y aplicando varias veces (5.6), se obtiene
f @ Tgfy = Sk _1(00}11) ® By + S _1¥11® s
Por lo tanto, si #, » son cociclos mod 2,

(14.1) 0} ® (u + 0)* = of ® u* + of ©@ v* + Df(u + v)
+ 8okt © By + ofiy ® By

+ D% 10} ® By + (S0t ® B4
donde,

(142) Diu+0)=Yi@ P+ Y @ fo + Do 1 ¥ip1 ® s + (Y011 ® By

Por comodidad, en esta seecién calcularemos mddulo cofronteras, escribiendo
~ en lugar de igualdad. Asi, para nuestras operaciones consideramos

(14.3) o311 ®[(w + 0)* + w4 4] ~ D¥Tiu + o),
(144) (0% + 0¥ ) @ [(u + v)* + u* + v¥] ~ Di(u + v) + D3 u + v).
Definamos,

G =, 0,8 ® 1 + (1-0i98is1 + €o2s 1822 00113) ® By
(14.5) + €1 0:: 00541 ® Py,

Fécilmente se verifica que,

(14.6) 06 = e, 5, 162 @ [(u + v)* + u* + »*1.

Para ¢ fija, y 0 < § < [#/2], definimos los vectores Fj,, o, H),, ,, como sigue:
(14.7) Flypo = (0 ® 1)eg, 062 ® (wv)?,

% +

(14.8) Hiy o= (0® 1)( b+ 12) Cotts ©® uP0,
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Ahora, sustibuyendo en (14.2) las expresiones (5.8-11), y efectuando caleulos en
W ®g K**, se obtienen

(4.9) (D% -+ o] ~ ] 15 + oo, 0] |0
+ 200, O B + | Pl + 1o
(14.10) [(DF + DE + 0] ~ ] [0l + 050, 0] 05
e, 1)

Al multiplicar (14.9) por Hd;’”, necesitamos calcular Hd;“ (“Féc +2” + HH%t +2”).
Con este fin establecemos los resultados siguientes.

Sea ¢ una constante entera, positiva o negativa. Para 0 < j < [#/2], definimos
los vectores |[rJ]|, [|sJ]], con

. — 97 —1 .
() ) e
Usando el Teorema 25.3 de [2], se obtiene que ”a]k“ Hr",” = ”sﬁ”, luego, multipli-
cando por ||df|| resulta,
(14.11) el ls2ll = =] (mod 2),
Por lo tanto, con ¢ = —1, de (14.11) se sigue que,
(14.12) sp— (1Y),

8i r ==[(# - 1)/2], claramente,

t+1 Y &)
(5%e) = (55 ) = 2=3()) o3 2)

luego, usando (14.11),

i+ 1 _ % i ft—s—1
sia(y ) = s e () = s (707

_ {2841 7§ —1
=)+ )

En consecuencia, siz —s — 12> 0,
wer gef 1Y _ (2541 t— 25 — 1
(14.13) Sl g (2j L 2) - ( A o o (mod 2).

Ahora, interpretaremos los términos ,(GY), en funcién de los elementos que
intervienen en la construceién de @, ,, O, ,.
Para una ¢ fija, supongamos que

ba; = Bqu = gle; ® u?), da; = Bqw = gle; ® 7).
Entonces, da; = 8q,(u + v) = ple; ® (» + v)2), donde

a; = a; + o; + le,; ® wr)
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Ademés, se comprueba facilmente que
(14.14) Py 2@ + Pr2i(@]) + Pogsl8;) ~ PelGl1) (mod 2),

donde 9, es la transformacion (8.4).
Con respecto a las cocadenas definidas por (10.10), si 4, v son g-cociclos, se tiene

Tro=u-+7+ gle,®u),

y resulta
ju—— ~ ~
Pr2er2(® + 0) + Py_ogio(B) -+ Pyggia(v) ~ ’l’o(th:L} {(mod 2).

En forma anéloga, si b,_,,,4, 5,:'_24 1.1, Son las cocadenas no friviales de (11.9-10),
construidas con u, v, respectivamente, entonces,

(14.15) bt opi1 = bsogi1 + Basogrn + Pleg011 ® )

+ Ohples 9413 ® v Ou),
es una cocadena tal para v + v, y resulta

(14.16) 5;—2q+1 + 5’—2q+1 + by ggin ~ Po(G41) (mod 2).

Ahora, si g es impar y g = 1, las cocadenas (11.9) son cero. Por otra parte, ya
que g >t (ver A3), p,(G% ) resulta cero solo para g<¢-+ 1. Sig=¢-1,
Po(G 1 2) = 4 — v, y necesitaremos tener presente este término. Con este fin, para
¢ > ¢, escribimos

(14.17) Po(GSs12) = (SGag—y 1) — (8Gze1?)-

Si ¢ es par y & = 1, las cocadenas (11.10) son triviales, se tiene ¢ > ¢ (ver A’3),
y resulta (G5, 1) = 0.

Por tltimo, para los términos especiales en @, . (ver (11.13-14)), se comprueba
lo siguiente. Sea ¢ = dim % = dim ». 8i ¢ es impar, mod 4 se tiene que,

(14.18) Dy 28008 4 0) — Dyis 2Sdo8 — Pyype 45000 ~ ZWo(G?iIL

y si ¢ es par, mod 4 se tiene que,

(14.19)  p, 48G54 + 7) — P, 1 SUa 0% — Dy g 8dap v ~ 2%(6'??;3;1).

Sean u, v, dos g-cociclos de K, satisfaciendo una misma hipdtesis, de las hipétesis
A, A’, B, B’. Claramente, la suma, u - v, satisfacerd también Ia hipdtesis comiin
de u, v.

Definimos (ver (14.12-13)),

{21 ; (2841 t—2s—1
(14.20) m,~( s ) n=~( P )““( 2s - 2 )
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Trorema 14.21. Las cocadenas usadas para construir @, ,, O, , se pueden elegir,
segidn el caso, de modo que resulle lo siguiente:

(1) 82 u, v satisfacen la hipdtesis A, entonces mod 2,

®2t+1,2s+1(u' + o)~ ®2t+1,és+1(u) -+ (I)zt+1,2s+1(”) + M SQgya(0 — )
-+ ”ts(sqtﬂu)"(s%iu‘") +4q- gZ(SqZQ—-twlu) ~ (Sdg_;1?)

(2) 8¢ u, v satisfacen la hipdtesis A’, entonces mod 2

(th,m(“ + v}~ ®2t,23(“) + (th,zs(”)
(3) Si u, v satisfacen la hipdlesis B, entonces mod 4,

®2t+1,2s+1(’”' + ) ~ ®2t+1,2s+1(u) + @2t+1,2s+1(?’) 4+ 2m S8y, o4 — 1)
+ 2”:(S(It+1’”') ~ (8q4419) + 29,8 se—s-1%) — (8dggs1?)-

(4) 8i u, v satisfacen la hipdiesis B', entonces mod, 4,

@2t,2s(’“' + ) ~ ®2t,2s(’“) + @26,23(1’)-

DumostrACION. Primero, sustituimos (14.9-10) en las expresiones vectoriales
formadas con (14.3-4), y multiplicamos por [|df], teniendo en cuenta (14.12-13)
para los términos (14.7-8). Luego, aplicamos v, y usamos (8.12) en los términos
w(G), w(F), p(I), teniendo en cuenta (14.6) al calcular y8(G]). Por dltimo,
interpretando yy(G}) por medio de (14.14), . . ., (14.19), segiin el caso, se obtiene la
demostracion del teorema.

Ahora, tomando » = da, y combinando (13.19) eon Teorema 14.21, se obtiene el
siguiente

Cororarto 14.21

D, (v + da) ~ D, (u) {mod 2),

G)t,s(u + 6“) ~ Gt,s(u) (mod 4)'

15. Las operaciones bajo transformaciones de cadena

Sean K, L dos complejos regulares y fy : K — L una transformacién de cadena
{(propia). Consideremos el diagrama

r

W K> K
P
I7V(>§L~?~/}-—>L‘1

donde, ', 9’ son aproximaciones diagonales §,-equivariantes (ver (8.9)). Existe 1,
una homotopia equivariante y con valores en el portador diagonal bajo f é, tal que

fo — FA @) = ol + I'a.
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Pasando al dual, se tiene (mod 2),
(15.1) Pl ® F#4) + f#p = oI +- T'9,

donde, 9, P, %, T son, respectivamente, los duales de ¢, %, fe IV,
8i % es un cociclo mod 2 de L, entonces

Mof @ ut) = Y¥@ ut {mod 2),
y de (15.1) se sigue que,
ploof @ (fPu)') ~ fAp(of ® u¥) + T(TF @ u?).
Por lo tanto (ver (9.3-4)),
(15.2) BR (P ~ BRI + SPR &(YE1 © v,
(15.3) BR(F*u) ~ FPEZ (Y + SYE BTUTY + Y5 © vl

Necesitamos caleular explicitamente los términos T(¥ ® w4).
Con las aproximaciones diagonales m-equivariantes,

p Ve K—~>K? ¢ VLI

construimos las transformaciones G-equivariantes (ver (8.3)),
vo = (9" ® ¢')B(1 ® ¢)a,
Po=(7"®F)B1 ® Fe.

=t

Como en (8.11), sean ', $', dos homotopias G-equivariantes tales que,
vo— 1 =0y + %0,
Po— P =07 + 79,

donde, pyr=9'0®1), PF=90c1l).

Sea II uma homotopia G-equivariante y con valores en el portador diagonal bajo
f4 tal que

(15.4) Fivo — Fol® fy) = 011 + TN
Si definimos,
(15.5) P=T1—-T"0®1)—fiy + 71,

se verifica facilmente que 9P -}- P¢ = 0. Luego, existe ¢}, una homotopia G-equi-
variante, tal que

(15.6) P = 2Q — Qo.

Por otre parte, Il se puede definir explicitamente. Sea u’ una homotopta
m-equivariante y con valores en el portador diagonal bajo f2, tal que

(15.7) f39' — §(A®fy) =ou’ + po.
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Ahora, usando la convencién para productos tensoriales, introducida por
Eilenberg y MacLane en [3; p. 517], definimos,

M=(F 0F)Ple ule-+ (Flef)) e u)ble ¢
~ + @' @@ 1f Ml ® ¢

Claramente, M : V@ V2® K— L* es equivariante. Luego, en un elemento
gee, ® o dela G-hase de V ® V2 ® K, definimos la transformacién N, como,

Ny ® 0) = 1’ ® (0’ -+ w1 ® ¢')rlertie; ® 0)
+ (= @ p)BA © ¢')ulze, 00 ® 0),
y extendemos N por equivariancia a todo elemento de V @ V2 ® K. Se verifica que
(15.8) =M+ N,

puede considerarse como la homotopia de (15.4).

Combinamos (15.5) con (15.6), usando la expresién (15.8) para II. Al considerar
las transformaciones duales, valuadas en ez.e? ® u%, donde % es un cociclo mod 2
de L, se obtiene (mod 2),

(15.9) T'((fe.]) ® ud) ~ f#5(ee3 @ ut) + yle € ® (ffu)?)
+{n(1® 7 + o1 ® (¢ @ p+ n@f#§)]
+ 91 ® p® dp)le; ® (¢; ® w?)® 4 ple, 4l ple; ® vA)PP),

donde, ¢, &, ¥, 7, p, son, respectivamente, los duales de ¢, @', o', 7', .
En la construccién de @, , 0, , en f#u, podemos determinar la eleccién de las
cocadenas en K en funcién de las elegidas en L. Asi, sea

(15.10) p(1 ® f#2) + f#g = 8 + pd,
el dual de (15.7), mod 2. S8i % es un cociclo mod 2 de L, tal gue

Squ = Fle; ® u?) = o,
usando 15.10, se comprueba con a; = j’#tif + ple; ® w?), que
Sq;#u = gle; ® (F#u)?) = day.
Ademés, con (15.9-10), podemos verificar que (mod 2},
(1511) T((0ed) © u8) ~ FF7le? © uf) + ples © (FFu)?) + F#543,) + piey),

donde, $,, p; estan definidos, respectivamente, con @, .
Si # es un g-cociclo mod 4, se tiene

e — ~
(Ffu) = % + pleg @ u?),
v vesulta (mod 2),

(16.12) T((Be el 1) @ ut) ~fH5lees_, @ ut) + 7(6;93*1 ® (fFu)y)
~ —
+ fApu) + pA(f¥u)).
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Ahora, consideramos las cocadenas de (11.9-10), que, por claridad, las deno-
taremos con b,,;{u). Con las hipétesis necesarias en el g-cociclo #, se demnuestra
para ¢ - ¢ impar, que

bisa(f #u) ~ f #hira(w) + ple; ® u?) (mod 2).

Luego, se obtiene (mod 2),
(15.13) T'((Be,63) ® u?) ~ f#(e 2 ® u?) + ple e @ (ffu)t) + f#B,1(w) + b, 1 fu).

Por iltimo, para los elementos especiales de @, ;, se demuestra que si % es un
g-cociclo mod 2, y si ¢ es impar, entonces (mod 4),

(15.14) 2P((3625+19§j) ® ut) ~ 2f #'}7(9211+le§j ® u%) + 2y(e95,1¢% ® (f #u)t)

+ #ﬁ2i+3§%fu + DasssSdaifHu,
y si ¢ es par, también (mod 4),

(15.15) 2T((Beqye5;11) ® ut) ~2f #5(eqi6d; 11 @ud) + 2y(eq,65;. 1 ® ( [Fu))

A+ I #Pss 85 as41% + Paiy o8Sapa [F0.

Combinando (15.2-3) con (15.11),..., (15.15) se obtiene la demostracién del
siguiente:

Trorema 15.16. Sea f, : K— L una iransformacion de cadena (propia) y
f# 1 L* — K* su dual. 8i u es un cociclo de L tal que se pueda definir una de las
operaciones @, (u), O, (u), entonces, segin el caso, se puede construir @, ( FHu),
0, (f#u) de modo que resulte,

FHD, J(u)y ~ D, (f#u) (mod 2),
70, J(u) ~ O (#u) (mod 4).
Claramente, si en el Teorema 15.16 tomamos K = L, y fz =1, se obtiene el
siguiente:
Cororario 15.17. Para olra eleccion en la transformacion ¢’ : V ® K — K2, las
construcciones se pueden determinar de modo que @, (u), O, (%) se alteren dnicamente

por una cofrontera.
Esto complementa el estudio de las desviaciones desarrollado en §12.

16. Las operaciones en clases de cochomologia

Empezaremos por introducir una notacién més conveniente para establecer los
resultados.

En la construccién de las operaciones @, . hemos usado las relaciones (9.9-10),
que son equivalentes, usando la notacién superior, con (o < b)

(16.1) Sq28q® = Y%, AZ4P8q* 8¢’ : (mod 2)

donde, .
p2eb b—j—1
J 2a0—2§ }°
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Congideremos las operaciones (con k =1, 2),

(16.2) Sa® : HUK,; Zy)— HHYK; Z,),

(16.3) MB8q7 : HYK; Zy) — H™(K; Zy), con j=2,---,a,
(16.4) A20BSq2eL ;. (UK Z,) —> HEP 20K Z,),

donde, F=1,si 2% =0,k =2,si 2% =1.

Para a < b, definimos
(16.5) N(2a,b, K, Zy,),

subgrupo de HYK; Z,,), como sigue. Si b es impar, {16.5) se define para toda
dimensién ¢, como la interseccién de los nticleos de las operaciones (16.2), (16.3) y
(16.4). Si b es par y 13%° = 0, para toda ¢, (16.5) es la intersecciéon de los nicleos
de las operaciones (16.2) y (16.3). Por tiltimo, si b es par y 1&%? = 1, entonces, se
considera dnicamente ¢ << 2a + b, y como en el caso anterior, (16.5) es la inber-
secci6n de los niicleos de (16.2) y (16.3). Denctaremos (16.5) con NYK; Z,,), 6 més
brevemente con NYK),

Se verifica facilmente que si {u} € N9K) y ¢ — b es impar, entonces u satisface
la hip6tesis A, conb=¢q —2s — 1,a =g + ¢ —#; y si ¢ — b es par, entonces »
satisface 1a hipdtesis A', con b =9 — 2s,a =g s — 1.

Con relacién a los médulos (12.1-2), definimos

(16.6) Me2et190 b K, Z,),
como el subgrupo de H 24+ UK; 7.}, generado por los siguientes subgrupos:
SqeH™Y(K; 7,),
Aom,bsql Hq+2a+b—2(K; Z2)7
AT HH YK Zg), con j=2,° - ,a.

Brevemente, denofaremos {16.6) con M%¥(K; Z,), donde i =24 +b — 1. Se
eompruebs que (16.6) coincide, con (12.1) si ¢ — b es impar, y con (12.2)siqg — &
s par.

Ahora, para las operaciones @, ,, observando que 2S¢*+! = 0 mod 4 (ver (10.4)),
de (16.1) se obtiene (& < 2b),

(16.7) 28q¥8q® = 2 S J8b5q2e2-2igqY (mod 4)

donde (cf. 23.8 de [2]),
b—j—1

;g,bz( o— 2 )

La férmuls (16.7) es equivalente con las férmulas que se derivan de (11.7-8), y
representa las relaciones que se utilizan para definir O, ,.



214 JOSE ADEM

Consideremos las operaciones,

(16.8) Sq¥ : HYK; Z,) — H*®(K; Z,),

(16.9)  A#°8q¥ : HYK; Z,)— H¥%(K; Z;), con j=1,--,[a/2]
Para, a <C 2b, definimos

(16.10) N$(2a, 2b, K, Z,),

como la interseccién de los néicleos de (16.8) y (16.9). Se considera toda g si 3% = 0,
y tnicamente g << 2@ -+ 2b si A%® = 1. Claramente, (16.10) es un subgrupo de
HYK; Z,). Como en el caso anterior, denotaremos (16.10) con N{(K; Z,), o
simplemente con N§(K).

Para {u} € NY(K) se verifica que, si ¢ es impar, u satisface la hipétesis B, con
2b=¢q—2s— 1,0 =g+ 8 — &, ysi q es par, entonces « satisface la hipotesis B,
con2b=q—2s, 06 —=q-+8—1.

Anélogamente a {16.6), con 7 = 2a + 26 — 1, definimos

(16.11) MI*(2a, 2b, K, 7,),
come el subgrupo de H*(K; Z,), generado por los siguientes subgrupos:
2Sq2H@BYK; Z,)
27308 q2H - VHHYYEK 7)), con j=1,--,[af2].

Denotaremos (16.11) simplemente con M$+¥(K; Z,). Se verifica que (16.11)
coincide, con (12.3) si ¢ es impar, y con (12.4) si g es par.

Para @, ,, O, , introduciremos la notacién @, 0%, usando indices superiores,
como sigue. Si las operaciones @, (u), O, ,(») estin definidas, entonces

(16.12) O w) = D, (w),
(16.13) 0T Ti) = O, ),

donde ¢ == dim % == dim ».

Con estas definiciones, para {u} € N%2a, b, K, Z,,), las operaciones (11.15-16)
resultan ser @} (), con ¢ = 2a -+ b — 1. Igualmente, para {v} € N{(2a, 2, K, Z,),
las operaciones (11.17-18) resultan ser @%,(v), con § = 2a - 2b — 1.

Definimos las operaciones ®f,, ®%,, en clases de cohomologia, como las clases
laterales

Sal{u}) = {@hu()} + MH(K; Z,),

L} = {Oh,0)} -+ MIH(E; Z,).
Las operaciones definidas de esta manera, resultan ser independientes de las
elecciones arbitrarias que intervienen en su coustruccidn (ver §12, (14.21),

Corolario 15.17).
Luego, pars. & > 0, con ¢ = 20 4- b — 1, donde ¢ < b, se tiene

(16.14) @}, : NYK; Zy) — HPYEK; L) M(K; Z,).
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Igualmente, para ¢ > 0, con ¢ = 2a 4 2b — 1, donde a < 2b, se tiene
(16.15) te : NUK; Zy) — HY(K; Z,)| M{YY(K; Z,).

Una transformacién de cadena (propia), fa: K — L, determina las trans-
formaciones,
f¥: NYLy— NYK), f* : HY(L)|M?(L) — H?(K)[M?(K),
J* : N{(L)— N{(K), f* : H*(L)| M{(L).— H*(K)[ M{(K).
St w € N4 L), v € N§(L), por el Teorema 15.16, se tiene que
(16.16) FHOLu) = Qi (f*u),  [*OL,(v) = O (f*v).
Por lo tanto, ®f,, ©f, resultan naturales en el sentido de que conmutan con los
homomorfismos inducidos por transformaciones continuas f:|K|—|L|. Esto
implica la invariancia topoldgica de las operaciones.
Ahora, si expresamos log resultados del Teorema 14.21 por medio de la nueva

notacidn y consideramos clases, obtenemos el siguiente:
TroruMA 16.17. Sean u, v dos elementos de NYK). Si q - © es impar,

Lalu + v) = @ (u) + ©f,(0).
8t g + 1 es par,
@k, -+ v) = D}, (u) + D, (v) + mA*Sq % (u — v)
(16.18) 4 pitee F(SqE—972y) _ (Sq¢—9i%y)
+ (g - %)% (8qUe-y) _ (Sqla—/2y)

donde, A* :H”(K)»E”(K)/.M”(K) es la factorizacion natural, s = 1/2(g — 3) +
a — 1, y los coeficientes son los definidos en (14.20).
Andlogamente, sean u, v son dos elemenios de NYK). 8% q es par,

0% (u + v) = OF T (w) + OFF(v).

Si g es tmpar,
@§:;+1(u + ,v) — @21‘+1(u) + @2’:‘*‘1(2)) + 2m3)c*8q2i+1‘°(u - v)
(16.19) - 2nf e pH (S Iy (S Ty)

42 Ag,b Z*(S 12(4-—1)-—zu) (Sqllz(“‘l)""v),

donde, 3* : HP(K) — H?(K)[M¥(K), s = 1/2(¢ — 1) +a — i — L.

Si ¢ es impar y A2%? — 1, entonces ¢ < i en N9(K). Luego, si el dltimo término
de (16.18) es distinto de cero, debe ser # — v. Se tiene una observacién andloga
para (16.19).

Claramente, si las operaciones estén definidas para ¢ > 4 (g > 24 -} 1), resultan
ser homomorfismos.
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17. Relaciones con operaciones funcionales

Sea f, : K — L una transformacién de cadena (propia), y f# : L* — K* su dual.
Sea u un g-cociclo de L tal que @,y 5,,,(u) esté definido. De acuerdo con el
Teorema 15.16, se pueden construir las operaciones de modo que resulte

f #®2ﬁ1,2s+1(“) ~ (D2t+1,2a+1(f #u)
= AFH (P + B u)h).
Ahora, si suponemos que
ffu=da (mod 2%),
usando (13.18), se obtiene que
(17.1) T#®oy1 950 (u) ~ PEF(a) + BEH ((fFu)) (mod 2).

.Anilogamente, si suponemos que u satisface las hipétesis necesarias para definir
las operaciones respectivas, se tienen

(17.2) F#®yy oi(u) ~ Pia) + BE(fPu)*) (mod 2),
(17.3) F#Ospi1,902(u) ~ 2P (@) — OFFL((f#u)Y) (mod 4),
(174) F#05 25(w) ~ 2P5(a) — CF((f*u)") (mod 4).

Con el fin de interpretar los términos que se encuentran a la derecha de estas
cohomologias, haremos las observaciones siguientes. Primero, si é» = dw mod 2,
entonces

Py(v + w) ~ p,(v) + p,(w) (mod 2).
Ahora, como en §15, sean

a; = f#a; + ple; ® w9,
e— -
(F#u) = fu + plegs ® u?),
by (f#u) ~ f #5i+1(u) + ple; ® u?). .
Entonces, p,(a) + @; es un representante de la operacién funcional Sqf{u} (ver
{10; p. 982]). Luego,
P{p(a) + a;) ~ ppi{a) + pia;)
es un representante de
S, 2(Saf{u}) € H¥(K; Zo)[f*Sq; 1 H*(L; Zy) + 84,480, 1H*(K; Zgy)-
En la misma forma,
#,
PilPa(@) + (#u)) ~ 0y (@) + D(F70)
resulta un representante de
S%——I(Sqf—ﬂu}) € H¥(K; Z,)[8¢; 180, 1H*(K; Zy).

La eleccién candnica % reduce el médulo. Por ofra parte, si /%% = 1, para las
aperaciones @, , se considera k = 2, y en este caso el médulo se reduce a cero.
Ademés se tiene Sq)_;{u} = 0 mod 2.
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La cocadena 8,,,(u) puede variar vinicamente por un elemento de la forma 3dc
donde ¢ es un coeiclo mod 2 {ver §10). Por lo tanto,
bua(f#u) + pip (a)
es un representante de
Saf{u} € H¥(K; Zy)[f *SqUH*(L; Zy) + 89, 1H*(K; Zyy).
Por viltimo, si ¢ es impar, se tiene que

2P9:41P24(8) — Doz aSg;(f #u) ~ 0 (mod 4),

¥ si ¢ es par, entonces

200:P2511(0) — Doz o5%5a(f #u) ~ 0 {mod 4)

Esto es inmediato a partir de (10.2).

Por lo tanto, los términos a la derecha en (17.1-4) se 1dent1ﬁca.n con una suma
de cociclos, representantes de diferentes operaciones funcionales. Luego, para
obtener un resultado en clases necesitamos considerar un médulo suficientemente
grande para que resulte comiin a las diversas operaciones. Con este fin, y usando la
notacién de §16, introducimos las signientes definiciones,

Con 7 =2a 4 b — 1 definimos @*¥(2a,b, K, Z,), 6 brevemente Q4K ; Z,),
como el subgrupo de H¥ K ; Z,) generado por los signientes subgrupos:

SqSqPH K Zey),
234083q2 I8 H YK ; Zigg), conj=0,"-",a

Anélogamente, con ¢ = 2a + 2b — 1 definimos Q{'H(Za, 2b, K, Z,), 6 breve-
mente QI V¥ K ; Z,), como el subgrupo de H*(K; Z,) generado por los siguientes
subgrupos:

28q*SqPHYK ; Z,),
22808 e USRI H K : Z,), con j =1, - - -, [af2].

Denotemos con f** las siguientes transformaciones inducidas por f* : H?(L) —
H*(K).

[+ HY(L)[M?(L)— HE)|Q™(K) + f*M*(L),
I**  HYLYMY (L) — HY(K)[QY(K) + f*MY(L).

Se ha demostrado el teorema siguiente:

TrOBEMA 17.5. Sea f* : H?(L)— H?(K) el homomorfismo inducido en cohomo-
logia por una transformacion continua f : |K|— |L|. Supongamos que para u € HY(L)
ge tiene f*u = 0. 8i w € NY(L),

TR0 (u) = Sg(Sqlu) + 37 o4*"8q* 1 (Sqfu).
8¢ w e N§(L),
F*# @) = 28q2%(SqFu) 4+ 2TLIAHSqH - (S u).



218 JOSE ADEM

18. Las operaciones en la cohomologia relativa
Sea K un complejo y L < K un subcomplejo. Las definiciones y propiedades
usadas en la construccién de @%,, Ok, se pueden extender a la cohomologia relativa
HYK, L)
Consideraciones en el portador demuestran, que con (8.9), se tiene la trans-
formacién relativa

y: W g, (K, Ly**— (K, L)*.

Resultados andlogos se tienen para las transformaciones ¢', »" de (8.1), (8.11).
Entonces, (9.7-8) son también relaciones validas en (K, L).

Se verifiea ficilmente que las construcciones efectuadas en §11, asi como también
los resultados de §12, . . ., §15, se extienden a (X, L).

Por lo tanto, con las definiciones (16.5-6), (16.10-11), para (K, L}, se obtienen
las operaciones

8y NUE, L; Zy) — HYHE, L; Z)| M (K, L; Z,),
bt NUK, L; Zy) — HH(E, L; Z,)|[MEY(K, L; Zy).

Bstas operaciones satisfacen las propiedades (16.16) y el Teorema 16.17 en el caso
relativo. En lo que sigue, estudiaremos las relaciones de @}, @}, con el operador

cofrontera
& : HY{L}y—> H*YK, L).

Para ésto, utilizaremos los resultados de §13, pero primero vamos a indicar algunas
propiedades de las matrices que usamos.

Las matrices "aj’;‘ l, {fulf“ son triangulares. Como [af| = 1, el elemento df es simple-
mente el cofactor de af en el determinante Ia,;-‘l. Con Ia relacién,

los elementos df se pueden caracterizar inductivamente, como sigue:
=0 sik<j; df=1; df¥=3ilald} sik>}j.
Un argumento inductivo demuestra que

df = dffl + afl.

Por dltimo, observamos que la matriz que se obtiene de |jaf|| suprimiendo la
tltima columna y el ditimo renglén, tiene como inverso la matriz que resulta al
suprimir en ||d%]| la wltima columna y el dltimo renglén.

Representamos con § el operador cofrontera de K. Caleularemos médulo cofron-
teras de (K, L), escribiendo ~ en lugar del signo de igualdad.

Sean u, » dos cociclog de L satisfaciendo las hipétesis necesarias para poder
definit @y, 5 (), Og,_, o,(v). Usando, los resultados anteriores sobre las matrices,
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las relaciones (5.8-11), y las hipétesis para definiv las operaciones, de (13.18} se
obtienen,

(18.1) AREI((0w)?) + PHii(u) ~ 845 (ut)

2j+s8+3—1¢
(18.2) 2AZTH((Bv)Y) + 2PEFHp) ~ 204%_,(vY (mod 4).

= f—s—1
-+ 525—‘,192”2] ( J ) SQgs47-850e5q% (mod 2).

Anilogamente, siu, v son dos cociclos de L satisfaciendo las hipétesis necesarias
para definir @y, 5o, (1), @y, 54, 1(v), de (13.19) se obtienen (s > 0),

Agzs((a’“)‘i) + P, 22§ (u) ~ 5A52!t8:§(“4) + 6SQ2t—4s—4SQZs+1u

_ j—8—1

(18.3)

i—1—2
+ 6( 98 8) SqoSq, 1% + 6dip(wsls ® ut) (mod 2),

(18.4) 24%((6v)Y) + 2P2(v) ~ 2045 10" + 20dip(ozt, ® vY)  (mod 4).
El término wyt; = Q(dy, , ® d_;) se calcula explicitamente a partir de la
relacién (ver (3.3)),
0Q(d; ® d_y) + Qod; ® d_y) = (—1V0,5,.(d , @ d)).
Asi, en (K, L) se obtiene que
(18.5) Oplwgls ® ut) ~ 8 STPPSqpu) — (Sdgo; ou)

+ 4 th*z)m(quﬂ'lu) - (SQm—zj—su)s
donde « es un cocielo mod 2 de L,

Denotamos con dz, el operador cofrontera de L, y con pf el operador (10.1),
construido con 8. Para interpretar los términos Pi{u) en (18.1-4), establecemos
los resultados siguientes.

Sea % un ¢-cociclo de I tal que

Sqm = gle; ® u?) = d70; {mod 2}.
La cocadena @; = da; + p;,,(u} estd en (K, L), y se tiene
Sq’+1(6u) = 6@,—;
En (K, L) se verifica que
.pt(a'j) + 6?1. 1( ) N,'p1p3+1(u) (mcd 2)'

Supongamos que % es un cociclo mod 4. Si definimos %, (:3:;) gomo en (10.10),
la cocadena (&) pertenece a (K, L). Caleulando mdédulo cofronteras de (X, L),
se obtiene que

PBR) + OpE4 () ~ pugfa) (mod 2).
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Ahora consideraremos las cocadenas &, definidas en (11.9-10). Sea % un g-cociclo
mod 2 de L. Si representamos % como cocadena mod 4, se tiene que d,u = 2w,
du = 2w - v, donde w es una cocadena de L, y » es una cocadena de (K, L).
Luego v representa a du como cocadena mod 4 de (K, L).

Con ¢ -} ¢ par, supongamos que se tiene en L,

@le, @ %) = Oza; + 26, (mod 4).
Se comprueba que la cocadena andloga a b;, en (K, L) es
b;41(v) = 8b; + Ob; + @le; @ w) + ple;1 ® ww) + @le; ® u dw).
Resulta,
’ 5i+1(‘”) + 652 o~ P;ﬁqﬂ(’“) .

Para las operaciones @, ; se establecen, en (K, L), los siguientes resultados mod 4.
Sean v, w como en caso anterior. Si g es par,

DairsSUssia? — 00354 5500510% ~ 2D2s1P22(4),
¥ si g es impar,
Doy 85Uz1x0 — OP% 4 1500 ~ 2PoiDo;14(8).

En cada caso, estos resultados permiten demostrar que P# es igual a la diferencia
formada con los términos de (11.11-14),

El operador cofrontera invariante d, transforma N9 L), MY L), respectivamente,
en N K, L), M™YK, L) (suponiendo que estos dltimos estin definidos), y por
lo tanto, induce en los grupos factores, la transformacién

& : HY{L)|N*(L) — H**}{K, L)) M**(K, L).

Resultados andlogos se tienen para NY(L), M{(L).

Sea 1* la transformacién del Teorema 16.17, en el caso relativo. Partiendo de
{18.1-4), y usando lo gue le sigue, se demuestra el teorema siguiente:

TrorEMA 18.6. Suponemos, por simplicidad, que ¢l anillo de cohomologia de L es
irivial (ver (18.5)). Sea w € NUL). 8i g -+ 1 es impar, entonces

6(1)%1('”’) = éa(éu)
!r A% zg_(igl)/fz] (
+

b—2 —3

—2iQq2s ; ;
% — 4 + 2) Sq¥Saq¥du, siq es impar,

25 (0 5,7 ) s s siges o
L —
8% q 4 © es par, entonces

004, (u) = Bh,(dw) + 1*8q2*+18q>25u

- b— 2% —
A% 25'(203)’2] (2(5 . 4j —

b—~2—5 s "
* Sla—8)2] J 1251y 20T, -
| Vil s (2 2 — 4j S) Sq-¥-18q2+18u, si g es par.

46) Sq-¥8q¥du, 8t g es impar,
+



OPERACIONES COHOMOLOGICAS 221

Por 4ltimo, si v € N{{L), resulta

80%,(v) = Ok, (d).
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ON THE HOMOTOPY GROUPS OF SPHERES

I M. JamEs

Let 82 denote a g-dimensional sphere, where ¢ 2> 1. The homotopy groups of 87
are the abelian groups (8%, m ==1, 2, - - - , whose elements are the homotopy
classes of maps of 8™ into 82 If m <C g there is only one homotopy class, likewise if
m >gq and ¢ =1. The problem is to determine the groups when m > ¢> 1.
Present methods of computation only work when m — ¢ is small, and throw little
light on the general case. There are some results, however, in which no such
restriction is involved, and these appear to be of two kinds. The first kind are
relations between the homotopy groups of various spheres, ranging from the
classical isomorphism

Tl TS (m23),

to the exact sequences of [4] and [9]. The second kind are theorems which give an
indication, admittedly slight, of the general form taken by the homotopy groups of
8% The following is an account of those results which come under the latter heading.
The objective, of course, is a procedure for computing the homotopy groups of
spheres which is as effective as, for example, that which we now have for the
homology groups of Eilenberg-MacLane spaces. This problem has already been an
important stimulus to research in algebraic topology. When it is solved the subject
should open up very considerably.

A map of 87 into itself determines an integer, the degree, which is unchanged
when the map is subjected to a homotopy. By composing representatives with such
a map we obtain, for each degree, an endomorphism of =,,{S?%), which is not neces-
sarily the same as multiplication by the degree. No doubt a computation of the
homotopy groups of S? should include the determination of these endomorphisms.
Another element of structure to be considered is the Whitehead product, which
constitutes a bilinear, anti-commutative pairing of (8% with 7,(8%) to =, (8%
But I will leave these and similar matters outb of the present discussion.

The correspondence between maps of §¢ into itself and their degrees induces an
isomorphism of 7,(S%) with the group of integers. A map of §2¢-1 into 8% also deter-
mines an integer, the Hopf invariant, and from this correspondence we obtain
a homomorphism of m,,_,(8%) into the group of integers which is non-trivial if, and
only if, ¢ is even. In certain cases, therefore, #,,(8%) is of infinite order. A decisive
advance was made by Serre in [5] when he used speciral sequence methods to prove

TaeoreM 1. Let m o= q, and let m 5% 2q — 1 if q is even. Then m,,(8%) is finite.
Let g be even. Then 7y, (89 is the direct sum of a finite group and an infinite cyclic
group.

The problem, therefore, is to determine these finite groups, and we may
conveniently split them wup into their p-primary components, That all the
prime numbers p are involved is shown by
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TerorEM 2. Let g = 2, and lei p be a prime number. Then there are an infinite
number of values of m such that (8% contains elements of order p.

The above theorem is proved by the method of killing hometopy groups, and
malkes use of information concerning the homology, modulo p, of the Eilenberg-
MacLane spaces. The case' p = 2 is due to Serre [7], and the general case is proved
in a similar way with the help of results obtained by Cartan in [1]. The method does
not reveal, however, whether the p-torsion of =,,(S%) can be bounded independently
of m. The case ¢ = 1, of eourse, is exceptional because the higher homotopy groups
of St are all trivial,

Our next theorem arises from the study of the endomorphisms induced by
mapping S? onto itself. The proof is contained in [4] for the case p =2, and in
[9] for the case when p is odd.

TaroREM 3. Let q be odd, and let p be a prime number. Then the homotopy groups of
82 contain no elements of order p.

For example, let g = 3 and let m > 3. The theorem states that #,,(S%) is the
direct sum of a number of cyclic groups of order p* and a. number of cyclic groups of
order p, where p runs through the primes. In [5], however, Serre has shown that
the primes greater than m/2 are not involved. Given p, values of m can certainly be
found such that =, (8% contains an element of order p, whereas elements of order
92 have only been found in case p = 2. It would be interesting to decide whether
elements of order p? are ever present when » is odd and ¢ = 3. Tt is interesting to
note that m,4(8™3) contains an element of order 32, according to Toda [8], which
suggests that the theorem is not too wide of the mark.

There are standard relations between the homotopy groups of even-dimensional
spheres and those of odd-dimensional spheres (see [4] and [6]). By applying thesein
connection with Theorem 3 we obtain

TarorEM 4. Let ¢ be even, and let p be on odd prime nmumber. Then the homotopy
groups of 82 contain no elements of order p** nor any of order 4% Suppose that S
can be mapped into 8¢ with Hopf invariant unity (as s the case when n = 2, 4 or 8).
Then the homotopy groups of S contain no elements of order 2242,

Tt is useful, in the applications of obstruction theory, to have a version of these
last two theorems formulated in terms of induced endomorphisms. Henee we apply
formulae from [3] and [6] to those theorems and obtain

TaeoreM 5. Let n 2> 2, ¢ 2> 1. Consider the endomorphisms of the homotopy groups
of 8¢ which are induced by mapping 8¢ onlo itself with degree n®, where k = q — 1 if
n or g 3 odd, and k = q otherwise. The images of these endomorphisms contain no
elements of erder n.

We have so far been considering the homotopy groups of one sphere at a time.
The usual approach, introduced by Freudenthal in [2], is to proceed stem by stem.
The r-stem, we recall, is the sequence of suspension homomorphisms

B: wQ—H'(Sq) -—>7TQ_H+1(SQ+1) (q = 1: 2: - ')'

We denote m,,,(8% by G,.if ¢ > r -+ 1, since ¥ is then an jsomorphism, and we refer
to G, as the stable group of the r-stem. By Theorem 1, &, is finite if » > 0, and Gy is
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infinite eyclic. In some respects it appears that the stable groups may be easier to
determine than the others. For example, the operation of composition induces a
pairing of @, with G, to G, ,, which turns the set of stable groups into a graded anti-
commutative ring with a unit element.

I have recently proved the following result (to be published in the PROCEEDINGS
oF THE LoNDON MATHEMATICAL SOCIETY).

TaroreM 6. Let p be a prime number. Then there are an infinite number of values
of k such that G ,,_, contains elements of order p.

The above theorem originates in a study of the quaternionic Steifel mamfolds
Despite its apparent similarity to Theorem 2, the proof is entirely different, and
neither of these results appear to be a corollary of the other. 1 have not been able
to obtain any analogue of Theorem 3 in the case of the stable groups. On the con-
trary, it appears likely that values of  exist, for each prime p and integer m, such
that @, contains elements of order p™. Some information about the order of the
elements can be obtained by combining Theorem 3 with various suspension theorems
from [6] and [9]. The following, although capable of being improved, is included as
an example of what can be deduced by such methods.

TuroreMm 7. Let p be a prime number, and let k be an integer. If r << k(p — 1) then
@G, contains no elements of order p*.

OxrorD, ENGLAND
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THE HUREWICZ THEOREM

By Dawien M, Kaw

1. Introduction

Let L be a simplicial complex, (L) its »** homotopy group (relative to some
base point) and H, (L) its »'® homology group. For each integer n > 0 let
h* 2w (L)— H, (L) be the Hurewicz homomorphism. Then the Hurewicz theorem
states (see [2]):

(a) by : 7y (L)— Hy(L) is onfo and has the commuiator subgroup [wy(L}, wy(L)] as
kernel.

(b) of w{L) =0 for L L 4 < m, then by : m, (L) — H, (L) is an isomorphism
and by 2 7, (L) — H, (L) is onto.

The usual definitions of the homotopy groups of L only involve its underlying
topological space and disregard the simplicial structure of L; consequently the
corresponding proofs of the Hurewicz theorem are also of a topologiecal nature.
In [3] a definition of the homotopy groups of L and of the Hurewiez homomorph-
isms was given in terms of simplicial structure of L only. The objeet of this paper
is, starting from these definitions to give a completely combinatorial proof of the
Hurewicz theorem. In fact it will be shown that the Hurewicz theorem may be
considered as a special case of a purely group theoretical theorem.

‘We shall only consider the case of a ¢.8.5. complex which has only one O-simplex.
This is no real restriction as every simplicial complex may be converted into a ¢.8.5.
complex by a (partial ordering of its vertices and as every connected ¢.s.8. complex
is of the same homotopy type as one which has only one 0-simplex.

The paper is divided into two parts. In Part I the necessary definitions are
given and the Hurewicz theorem is formulated and reduced to a purely group
theoretical theorem. The proof of this theorem is given in Part IL.

Parr I

2. C.s.s. complexes and e.8.5. groups
A c.s.5. complex K (see [1]) is a collection of elements (called simplices) to each of
which is attached a dimension n < 0, such that for every n-simplex ¢ € K and
every integer ¢ with 0 < < n there are defined in K an (r — 1)-simplex oe*
{called face) and an (n - 1)-simplex o7 (called degenerate). The operators & and
7* are required to satisfy the following identities
g l= et  i<j
n-lat = o i<
g =gl i<
7t = identity 4=7j,j+1
et =y  i>j4 1L
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The set of the n-simplices of K is denoted by K. The face and degeneracy opera-
tors ¢° and 77 thus may be considered as functions & : K,,— K,_, and 5 : K, —>
Kn+1'

A c.s.8. map f: K — L is a dimension preserving function which commutes with
all face and degeneracy operators, i.e., for every simplex ¢ € K, and integer ¢ with
0<ign

(fo)e* = f(oe?)
(foln* = f(on).

A c.g 5. growp G is a ¢.8.8. complex such that for every integer n > 0

(a) @, is a group.

(b) all face and degeneracy operations & : G, — @, _; and #*: @, — G, 4 are
homomorphisms.

Let G and H be c.s.8. groups. A ¢.5.8. homomorphism f : G— H is a e.8.8. map such
~ that for every integer n > 0 the restriction f, : G,,— H,, is a homomorphism.

A e.s.s. group G is called free if G, is a free (non abelian) group for all ».
Let G be a c.s.s. group. Define! for each integer # => 0 a subgroup G, < G, by

@, = N?_, kernel &.
Then o € @,,, implies 0¢® € G@,. Hence we may define a homomorphism
Ot ® Cra— G, Y

~

Opn0=08" o€l

Tor each integer m << 0 let G, = 1 and let 5m 11 : @i — G, be the trivial map.
Then it can be shown that image 3, .1 I8 a normal subgroup of kernel 9, for all ,

ie,G={G, 5”} is a (not necessarily abelian) chain complex. Its homology groups
are

H,(G) = kernel 5n/ima.ge 51;-1—1-
Let 0 € kernel 5,,. Then the element of H ,(G) containing ¢ will be denoted by {o}.

3. The homotopy groups
Let K be a c.s.8. complex which has only one O-simplex. Then we define a e.s.s.
group @ as follows. G, is the (not necessarily abelian) group which has a generator
G for every o € K,,,, and a relation W = 1 for every = € K,,. As clearly the groups
@, are free, it suffices to define the face and degeneracy homomorphisms & : ¢, —

@, ; and %' : @,— G, ., on the generators of G,. This is done by the following
formulas:

&% = (o0 Gt
G =o'ttt 0 <<iZ<n
577i = 0'271'-!—1 0 é i‘r__<_= 7.

1 This construction is due to J. C. Moore.
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- For every integer % > 0 we now define ,(K), the n'® homotopy group of K, by
Wﬂ(K) = Hn—l(é)

4. The homology groups
We define a c.s.5. group 4 as follows. For each integer n = 0 let

An = Gn/ [Gn’ Gﬂ]

where [G,, G,] denotes the commutator subgroup of &,, and let the face and
degeneracy homomorphisms g*: 4, — A, _;and#: 4 — A4, be thoseinduced by
the corresponding homomorphisms of G. Thus 4 is “¢f made abelion” and we write

A—>G[G, G].
For each integer n > 0 we define H,(K), the ' homology group of K, by
HK)=H, ,(4).

5. The Hurewicz homomorphisms

Let k : G— A denote the projection, ie., k maps an n-simplex of & on the coset
of[G,, G, ] containing it. Clearly % is a ¢.s.8. homomorphism. It induces a chain map

E:G— 4 (ie., 3 ko= kd,o for every ¢ €@,) and hence induces homomorphisms
By : H, (G)— H, ()

71
for each integer » > 0.

For each integer n > 0 we now define the Hurewicz homomorphism hy, : w,(K) —
H,(K) by
By = Foy.

6. The Hurewicz theorem and its reduction o a groun
theoretical theorem

‘We first formulate both halves of the Hurewicz theorem in Theorem la and 1b
below.

TarorEM la. Lot K be o c.s.s. complex which has only one O-simplex. Then the
fomomorphism by, : w (K)— H,(K) is onto and has [7,(K), 7{(K)] as kernel.

TarorREM 1b. Let K be a c.s.8. complex which has only one O-simplex and let
wfK) =0 for 0 i< n. Then hy : 7, {K)— H, (K} is an isomorphism and
by : ol K)~> H,  o(K) is onlo.

Tt follows immediately from the definitionof the Hurewicz homomorphism (see §5)
that Theorem 1a and 1b are a special case of the following group theoretical
theorems.

TaroREM 2a. Let F be a free c.s.s. group, let B = F|[F, Fland let [: F—> B
be the chain map induced by the projection 1: F—> B. Then I, : Hy(F)— H(B) is
onto and has [(H(F), Hy(F)] as kernel.

TaporeM 2b. Let F be o free c.8.8. group, let B = F|[F, Fland let I : F— B be
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the chain map induced by the projection 1: F— B. Let H(F) =0 for 0 < i<n
Then I, : H(F)— H,(B) is an isomorphism into and I, : H, (F)— H, ,(B) is
onto.

Parr 11

%. Proof of Theorem 2a

The following lemmas will be needed for the proof of Theorem 2a.

Luvma 1.2 Let F be a c.s.5. group and let «y, - - -, o, € F,_; be such that a,e"2 =
o;e; for 0 < i << j < n. Then there exists an « € F,, such that ac® = a; for i =
1.---,m.

Proor. Let §, = a, 5" L. Then f,¢" = a,,. Now suppose that 8, , € F, already
has been defined such that 8, = «, for 1 = k -+ 1. Define

B = (@ ) Braa™ &1 ) Bhsa-
Then

Bt = (a3 BN o) =
Bre® = (e 2N By N 1) Brsa?)

= (0™ Y (B L e,

— (@Y (Y = o, P>k,

ie., Byt = «, for i = k. By induction on & we finally obtain « = 8, € F, such that
ot =gt =g;fori=1,-+-,n

RemaRk. In the above proof the element « € F,, was obtained from the elements
oy, o, € F, y by application of the following operations only: &, %%, multi-
plication and taking inverses. We shall denote this element « € F,, obtained from
o4, * * * 5 &, in this specific way, by e(a, - -+, a,). Clearly if I: F— Bis a c.s.8.
homomorphism, then le{ay, « * -, o, ) =e(loey, * - -, lot,). Alsoif ;=1,_,, the unit
element of F,_,, for all 4, then e(ay, - « -, &,) = 1, the unit element of F,.

Lumma 2. Let F be a c.s.5. group, let B= F|[F, F] and let 1: F— B be the
projection. Let y & B,,. Then there exists a¢ € F,, such that I = .

Proor. Clearly lis a ¢.5.s. homomorphism onto. Hence there exists an « € F', such
that Jo = p. Let B = e(act, - - -, ae®). Because Hus!) = (lu)ef = ye' = 1,_; for
150 it follows that If = le(ag!, -, ae®) = e(f{ac), -+, Hae™)) = 1,. Letb
¢ = af™L, then clearly I = lo = p and ¢’ = (ae’)(fe") = 1,_, fori £ 0, q.e.d.

Proor or THEOREM 2a. The first part of Theorem 2a follows immediately from
the fact that I : F— B is a c.s.5. homomorphism onto.

Let o € F be such that {lo} = 0, i.e., there exists a p € B, such that lo = pe’.
Let ¢ € ¥, be such that Ip = p and let v = (¢~1c%¢. Then {6} = {r}. Furthermore
Ir = (lg—2e%(lo) = 1. Hence 7e[Fy, Fyl and {o} = {r} e[Hy(F), Hy(I]. As
H,(B) is abelian (because B, is abelian) it follows that the kernel of [, : Hy(F)—
H(B) is exactly [Hy(F), Hy(F)]. This completes the proof.

2 This lemma is due to J. €. Moore.
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8. Proof of Theorem 2b

The following lemmas will be needed.
Luwma 3. Let F be a c.s.s. group and let « € F, and ¢ € F, be such that ae" - -
et = ¢&%. Then there exist elemenis By, * - - , , € .1 such that

o =«
piet =Piae® 0<iZn

Bertle--egl—1, 0<i<n
Proor. Let

/30 J— (omo)(m—lsn - 8117° e nn)(qgnl .o 77”)'
Then

Boe® = afale® -+ gy - - - ) (a0 - - - ) =
Boe™t -+ - &l = (oe™ - - - )L™ - - - el)(et) = 1,
Now suppose f,_, has already been defined in such a manner that g, &1 =
Broetand B jemtl- - =1, .
Let

Be = Brr2e)Bra ™ - - 2kt - - ) (B g™ - - - PRI ),
Then a straightforward computation yields
Bit* = ﬁk—lsk
ﬂkan-;»l [ 81’4—1 — lk.

The lemma now follows by induction on .
Levma 4. Let F be a c.s.s. group, let y € kernel 9, and let a. € F, and e F,

be such that ag® - - - & = @&, Then there exists a Ae F, N [F, ., F, ] such that
2e% = yoy—ta L,
Proor. For each integer ¢ with 0 < i < n let
A= )y €L gy P
where f, is as in Lemma 3. Then
2g€® = yary ot
Aet = p(Befyy (B e
At = (Bt Ny BT = p(Bryae™) VBT i F
A =1, joEiitl
A=l
Let
A== T od)r where g = (—1).
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Then it is readily verified that
AeF i1 0V [F s Foq]

g0 = yayt

Levva 5. Let F be a c.s.s. group such that Hy(F) = 0. Let oy, oy, B, fo€ F,, be

such thai oye® = B1&* and aye® = Poe’ for all i. Then there existsave B, n[F,.,,
F, ] such that

oL, g.e.d.

ve® = ayogui tos By BT
Proor. Because Hy(F) = 0 it follows (using Lemma 4) that there exist elements
ApeF,  n[F,, ¥, ]such that
160 = (B3 ag)ory Moz Baloy
e = (BT o)) Bale B)fe

v = (y7°)(Ban®)AB 1 We 1) Ban®) (B 1)
Then a direct computation yields

ve® = oyoz0y tos Baf B B
yei=1, 140, q.ed
Lumma 6. Let F be a free c.s.s. group and let H{F) = 0 for 0 < ¢ << n. Then there
exist homomorphisms D, : F;— F, , (0 < ¢ << n) such that for every o e F;
(D;o)e® = a
(Di)e' = Dy_y(ae’™™)  j#0.
Proo¥. Let K be an integer such that 0 < % << n and suppose that for i <k
homomorphisms D, : F;— I ; have been defined satisfying the above conditions.

As F, is a free group it is sufficient to define D, on & set of generators > of F,.
This is done as follows. Let o € 3 be a generator, and let

0 = e(Dy_y(2e%, - = -, Dy 4(2e")).

Let

Thenfor0 < i< k
(a(671e%))e® = (as*)(6~2e%%) = (ag)(61e*H1el)
— () (Dy_y(0-169)e%) = (as)(oc-16") = I, _,.
As H,(F) = O there existsa ¢ € I, , such that ¢e? = o(81£9). Now define
Dyo = .
In order to prove that the homomorphism D, : #, — Fy,, defined in this manner

has the desired properties it clearly suffices to show that this is the case for each
generator o € . Indeed for each o € 3 we have

(Dyo)e® = ($d)e® = a(d 1) (0% = o
(Dy)e’ = ($O)e = 8&f = Dy_y(ae™) j 0.

The lemma now follows by induction on k.
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Lumma 7. Let F be a free c.s.s. group and let H(F) =0for 0 i<<n. Letpe

kernel 3, 0 [F,, F,]. Then there exists a y € F,py N[ F,, 1, F, (] such that yz® = p.
Proovr. As p €[F,, F ] there exists an integer ¢ and elements oy, * - -, atp, € F,,
such that

p=Tl [y g, 5,
where [ , ] denotes the commutator. For 0 < ¢ < 2¢ let

0; = e(Dy (%%, =+ +, Dypy(2,8"))

and let #, = 0,20 Then by Lemma 5 there exists for each integer s with 0 L s < ¢
a7, € Fﬂ+1 n [F ntls *n+1] such that

7,60 = [og,_1, tosllBaer B2s1l-

= Ii=1 (0855 1, Gsc])-
Then a direct computation yields that ye® = p and ye’ = 1, for ¢ £ 0, q e.d.

Proor oF TaroREM 2b. Let ¢ & kernel 3 N F, be such that {Io} = 0, .., there
exists a p € B, such that lo = ye®. Let ¢ € F, ., be such that i = y and let
v = (¢~ %e%0. Then {¢} = {7} and Ir = (I¢1e%(lo) = 1, i.e., 7 € kernel ?,n[F,,
F,]. Hence by Lemma 7 {7} = 0. This proves the first part of Theorem 2b.

Let &ekernel §,,,0 B,,;. Then there exists a pe F,,, such that Ip = &.
As pe¥e = pgttig =1, , for all ¢ and I(pe%) = (Ip)e® = &% =1, it follows that
pe® € kernel 3, N F,, F,]. By Lemma 7 there exists a y& F, N [F,,,, F,..]
such that ye® = pel. Hence (py et =1, for all ¢ and Hpy ™) =Ip=§&, ie,
Iy {px*} = {£}. This completes the proof.

Let
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SEMI-SIMPLICIAL COMPLEXES AND POSTNIKOV SYSTEMS

By Joux C. Moorz!

Classically, in algebraic topology, one studied simplicial complexes. However,
many of the spaces which arise naturally in modern algebraic topology are not
simplicial complexes. For example, the loop space of a simplicial complex is not a
simplicial complex. This illustrates the fact that simplicial complexes are not
adequate to deal with homotopy from a modern point of view. In 1950, the concept
of semi-simplicial complex was introduced by Eilenberg and Zilber[1]. At present it
seems certain that the category of semi-simplicial complexes and semi-simplicial
maps is the most convenient category to work in when studying homotopy problems.
Sometimes it is eonvenient to work with an arbitrary semi-simplicial complex, and
sometimes with one satisfying the extension condition of Kan [2].

In this paper part of the theory of semi-simplicial complexes will be outlined,
including in particular an outline of the development of homotopy theory for those
complexes which satisfy the extension condition. After this is done, the results will
be used to describe and discuss Postnikov systems [3].

Much of the material in this paper was presented in a course of lectures at
Princeton during 1955-1956, or in the Carfan seminar of 19541955 [4].

) §1. Semi-simplicial complexes and homotopy

Drrrvrrions 1.1. Let Z+ denote the set of non-negative integers. Now a semi-
simplicial complex eonsists of the following:

(1) Aset X = U ;. X, where the X are disjoint sets (an element of X, is called
a ¢-simplex of X);

(2) functions 9;: X, —> X, 4=0,---, ¢ -+ 1, called face operators, and

(3) functions s, : X, — X4, 4=0,+ - -, ¢ called degeneracy operators.

The face and degeneracy operators are assumed to sabisfy the relations

0,0,=0;40; i<j,
8,8 = 848 1,

058 = 0;18, = idenﬁty,
0;8;=18;40; i<Cj,and
08;=80;,, i>j+1

We will denote a semi-simplicial complex by its seb X of simplexes. A simplex
z€X,,, i8 called degenerate if @ = sy for some y € X, and some degeneracy
operator s;; otherwise  is called non-degenerate.

1 The author was partislly supported by Air Foree Contract AF 18(600)-1494 during the
period when the work on this paper was being done.
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Examrrr 1. Recall that a simplicial complex K is a set whose elements are
finite subsets of a given set K, subject to the condition that if x € K and y is a
non-empby subset of «, then y € K. Sets with 1 element are called vertices, and
sets with, (n + 1) elements are called n-simplexes of K.

Linearly order the elements of X, i.e., the vertices of K. Now define a semi-
simplicial complex X(K) by letting the n-simplexes of X(K) be (n -+ 1)-tuples
(@, - - -, @,) of elements of K such that g, < - -+ < a,, and such that the set

{ag, - - - , @,} is an r simplex of K for some r < n. Define
Oulag, 7, 8,) = (@g, ~» By, @i """ 5 Bp), 804G
35(%: cer )= (g, "t ay, Qg """ s @)

Examrrr 2. Let A, denote the standard n-simplex, in other words a point of
A, isan (n 4 1)-tuple (%, - - ,%,,,) of real numbers such that 0 <4, <1, 4=
0,+-,n,and > ;= 1. Let 4 be a topological space. A singular n-simplex of 4 is
amap U : A, —> 4. Denote by S(4),, the set of singular n-simplexes of 4, and set
S(4)y = U, 5, 8(4),. Define

az' S(A)n —*S(A)n—l
by 0;U(tg, - =~ s byq) = Ullg,»++ , 1,1, 0, 4, - = - , £,_3), and define
$; 1 (84), —>8(4) 1

by ;. Uy, * ** s tpqy) = Ullg, * > .60, 8 - Bip1s bsy 7 * 5 $agq).  Ome verifies easily
that §(4) is & semi-simplicial complex; it is known as the total singular eomplex
of the space 4.

Derinrrion 1.2, A semi-simplicial complex X is said to satisfy the extension
condition if given my, -, Ly, By, -, Tpyq € X, such that O, = 0, s, for
# < j,14,J 7 k, there exists » € X, such that 0,2 = 2, for i = k. Such a complex
will be called a Kan complex.

ProrosrrioN 1.3. If A is a topological space, then the total singular complex S{A)
satisfies the extension condition.

The proposition follows from the fact that the union of (r 3- 1) faces A, isa
retract of A, ..

Although it has long been realized that the total singular complex satisfies the
extension condition, it was only recently that it was pointed out by D. M, Kan thab
the extension condition is sufficient for the definition of homotopy groups. In fact,
in the category of Kan complexes and semi-simplicial maps, ons can treat all
problems involving only questions of homotopy type. The original work of Kanin
this direction was done on semi-cubical complexes, but it was clear from the outset
that one could work equally well with semi-simplicial complexes. At present
almost everyone is agreed that for various technical reasons the category of semi-
simplicial complexes is more convenient than the ecategory of semi-cubical
complexes.

Dzrmsrron 1.4, Let A, denote the semi simplicial complex whose g-simplexes
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e g < m.

== g ==

Suppose further face and degeneracy operations are defined as in Example 1, by

are (g 4 1)-tuples (ay, ---,a,) of integers such that 0 < g, <

Oilag -, a,) = (0, "~ , @y, @ypq, "~ ", 4,), and 2
8w @) = (g, " By By By By, " 5 By)-
This is just exactly the standard simplicial complex for the n-simplex. Further lot

g0, 1 —A,,and

3

Byt An - An—l

be the simplicial maps such that &,(j) = jforj < i, el =j+ L j=i;n( =3
forj <, andy(j)=7—1,7>¢

Denote by An the subcomplex of A, sueh that a g-simplex is a (g 4- 1)-tuple
(ag, - - + , a,) such that the set {zy, - - -, o} bas at most n elements. In other words
A,, is the boundary of A,, or the (n — 1) skeleton of A,. All simplexes of A, of
dimension greater than (n — 1) are degenerate.

Derinrrroxn 1.5. If X, Y are semi simplicial complexes the Cartesian product
X X Y of X and Y is the semi simplicial complex such that

HEXY),={@absecX, be?,)}

2)0,: (X X Y),->(X X Y),_;is defined by 7,(e, b) = (0,2, 9,b), and

(8)8;: {X X Y),—(X X Y),,, is defined by s;{a, b) = (s,a, s,b).

Prorosirion 1.6. If A and B aretopological spaces, thenS(A X B) = 8(4) x S(B).

This proposition follows immediately from the fact that a singular simplex in the
product space 4 X B is uniquely debermined by its projections on the factors [5].

Dervirion 1.7. If X and Y are semi-simplicial complexes and f: X — Y is a
function, then fis a semi-simplicial map (or simply map) if

HfX,)cY, for neZt

) 0.f =3, and

(3) 8:f = fss. )

Drrnrriow 1.8. If X and ¥ are semi-simplicial complexes, then the complex of
maps from X to Y is the semi-simplicial complex YX such that

W (¥%), = {f|f: X X A,— Y is a map},

(2) 9,f==F° (1 X g&) for f an n-simplex, and

(3) 8;f=f (1 X ;) for f an n-simplex.

If 4, X, B, and Y are semi-simplicial complexes with 4 < X, B < Y then
(Y, BY%4 iz the subcomplex of ¥X such that an n-simplex is a map
FiEXXA,4X A,)—(Y, B).

TamoreM 1.9. If (X, 4) and (Y, B) are pairs of semi-simplicial complexes such
that Y and B are Kan complexes, then (Y, B)X4 is a Kan comple.

The proof of this theorem is somewhat long and tedious, but not particularly
difficult.

Dzrrmrrrony 1.10. Let X be a semi-simplicial complex, a point in X is a zero
gimplex of X, L.e., an element of X, and a paik in X is a 1-simplex, i.e., an eloment
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of X;. If x is a path in X, then 0, is the initial point or origin of x, and Jyz is the
final or terminal point of .

Equivalently a point of X is a map of A, into X, and a path in X is a map of A,
into X.

Two points @, b of X are in the same path component of X if there is a path in X
with initial point ¢ and final point b, this will be denoted by a ~b.

Prorosrrion 1.11. If X is a Kan complex, and a, b, ¢, are poinis of X, then

() a~a,

(ii) ¢f @ ~ b, then b ~ a, and

(iii) ¢if @ ~ b, b ~c, then a ~c.

Norarron. For any Kan complex X let 7y(X) denote the set of path components
of X. Further if x € X let [2] € m{X) denote the equivalence class of x.

Drrmnrriow 1,12, If (Y, B) is a pair of Kan complexes, and (X, 4) is a pair of
semi-simplicial complexes, then, f, g : (X, 4) — (Y, B) are homolopic if and only if
both f and g are in the same path component of (¥, B)E4, ie., [f]=
[g] € 7y (¥, B)E4). A homotopy between f and g is a path in (¥, B)%4 joining
ftog. In other words a homotopy is a map F: (A; X X, A; X 4) — (¥, B)
such that ,F — g, 0,F = f.

Now using the preceding proposition we have that homotopy between maps of a
semi-simplicial pair into a Kan pair is an equivalence relation.

Homorory ExtewsioNn TremorEm 1.13. If (X, 4) is a semi-simplicial pair,
Y @ Kan complex,f: X — Y and F : A, X A — Y maps such that 0,F = f|A, then
there exists F : Ay X X — Y such that F|A, X A= F, and 9, F = f.

Dermvrrion 1.14. Let X be a Kan complex, and « a point of X. Also let = denote
* the subcomplex of X generated by z, i.e., there is a unique ¢-simplex sd» in this
subcomplex for every positive integer g. Now define.

o X, @) = mo((X, 2)bw )

forn > 0.

Levma 1.15, If X is a Kan complex, © o poini of X, f, g : (A, A”) — (X, z), and
i, j, k distinct integers, then there ewists F: A, ; — X such that 0.F = f, 9,F =
g, 0,F ez for q 51,5, k,and if F' isanother such mop, then [0, F] = [0 F'] € 7, (X, x).

Dzrrmvrrrow 1.16. Let X be a Kan complex, = a point of X, f, g: (A, A.,,) -
(X, #) maps, and F: A, ,—X a map such that 0, F=F, 0, ;F=g, and
0,F ez for t << n — 1. Define

[f1+[g] = [0,F] € m,(X, z).

Proposrrion 1.17. Lei X be a Kan complex, x a pownt of X, then
- (1) (X, x) 48 @ group for n > 0 and

(2) m, (X, ) 18 abelian for n > 1.

The group (X, «) is the n-dimensional homotopy group of X ab the base point 2.

The homotopy groups of Kan complexes enjoy all the usual properties of homo-
topy groups of spaces. In fact the homotopy groups of a topologieal space are just
the homotopy groups of its singular complex. A few of the elementary properties of
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homotopy groups are summarized in the next proposition. Exact sequences of
homotopy groups will not be considered until the next section which will be
devoted to fibre spaces.

Prorosyrion 1.18. Let (X, x), (Y, y), (Z, z) be Kan complexes with base point, then

M iff: (X, 2) — (Y, y) is a map, [ induces a homomorphism % : n (X, x) —
7,(Y,y) forn > 0.

@ iff: (X ) > (Y, y)and g : (¥, y) — (Z, 2) are maps then (gf)* =
gH# w7 (X, @) —>m,(Z, 2) for n > 0,

@) if f, g : (X, ) — (¥, y) are maps such that f, g belong o the same component of
(Y, )%, then f# = g#.

@) if f: (X, &) —> (X, x) is the identity map, then F# is the identity homomorphism,
and

(6) if f: (X, &) — (g, y), then [# is the zero homomorphism.

Now following Hilenberg and Zilber ([1]) we will outline the proof that any Kan
complex has a minimal subcomplex which is equivalent to the original complex as
far as homotopy is concerned.

Dermiarion 1.19. Let X be a Kan complex. The complex X is mindmal if
whenever z, y X, are such that 0= 0y for i 3£ k, then 0,x = 0. Two maps
fr9: A, — X are compatible if f {Aq = g[Aq, and f, g are homotopic if there exists
F:A; X A,— X such that F|(0) X A,=f, P|(1) X A,= g, and F(o X 7) =
fryforr e Aq.

Lemma 1.20. The Kan complex X is minimal if and only if for each compatible
homotopic pair of maps f, g : A, — X we hawe f = g.

Drrmvrriox 1.21. Let X be a semi-simplicial complex and 4 a subcomplex of X.
Then 4 is a deformation retract of X if there is a map F : A; X X - X such that
Flo X r)=rfor v € 4, F(s{(0) X v) = 7, and F(s§(1) X 7) € 4 forany r € X.

Tarorem 1.22. If X is a Kan complex, then there is @ minimal subcomplex M of
X which is a deformaiion retract of X, and if M’ is another such complex, then M’
15 1somorphic fo M.

§2. Fibre spaces

Now having developed a little of the theory of semi-simplicial complexes, we
now turn to the study of fibre spaces. It is here that the study of Postnikov systems
naturally arises.

DrriNrTioNs 2.1 A fibre space (or semi-simplicial fibre space) is a triple (Z, p, B)
where F and B are semi-simplicial complexes, and p : B — B is a semi-simplicial
map such thatif e € B3, %5, **» %ot Yirwo * * ° » Y1 € H, are such that ply,) =
0;x and 0y, = 0; yy; for © <<j, i, j ~ k, then there exists y € B, , such that
0,y = y, for i =~ [k, and p(y) = x. The map p is called a fibre map. '

A fibre map p : B — B is minimal if y, y' € B, ; are such that p(y) = p(y’) and
0y = 04 for i £ k, then 0y = 0,y'. The fibre space (¥, p, B) is minimal if the
fibre map p is minimal and the complex B is minimal.

Let b € By, and let 7 be the counter image in ¥ of the complex generated by b.
The complex F is called the fibre over b.
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ProrosrrioN 2.2. Let (E, p, B) be a fibre space.
(1) If F is the fibre over a point of B, then F is a Kan complex.
(2) The complex E is a Kan complex if and only if B is a Kan complez.
Derrxrrion 2.3. Let (H, p, B) be a fibre space, where B is a Kan complex, b a
point of B and a a point of ¥ the fibre over b.
. For ¢ > 2 define

0% 1w (B, by —m,_(F, a).

Recall that « € 7,(B, b) is represented by z € B, such that 0,2 s{~% for all 7.
Since p is a fibre map, there exists y € K/, such that p(y) = « and 0,y = s§*a for
> 0. Then Oy €F, ; and represents an element of = (¥, a). Checking
independence of representative, define 0% ([x]) = [dyy)-

TuaroreM 24. Let (B, p, B) be a fibre space, and suppose B is a Kan complex.
Let b € B, I be the fibre over b, and a € F,, then

(1) 8% : @ (B, b) —m,_4(F, a) is a homomorphism for ¢ > 2, and

(2) The sequence .

i# p¥# o#
s =7 F, a) —> 7 (B, b) —> 7 (B, b)) > 7w (F,a)—-"-

18 exaet, where ¢ : F —> B is the inclusion map.

Drrmxrrions 2.5. Let X be a semi-simplicial complex. Define a new semi-
simplicial complex X as follows:

(1) A ¢-simplex of X® is an equivalence class of g-simplexes of X, where two
¢ simplexes %, &’ are equivalent if their faces of dimension less than or equal to =
agree, i.e., x, ' : AT — X and xlAg = w'lA’; where A7 is the n-skeleton of A .

{2) The face and degeneracy operations in X are induced by those in X,

Let X(=) = X, and let p} : X® —» X® be the natural map for n > &, where
o0 2> k for every k. When there is no danger of confusion, % will be abbreviated
by 2.

TrarorEM 2.6. Let X be a Kan complez, then

(1) X® s o Kan complex for every n,

(2) (X®, p, X®) is a fibre space for n > k, and

(3) if x is a point of X, then w (X®, x) = 0 for ¢ > n, and

X, ) Sr (X0, 3) for gLk

In the context of complexes satisfying the extension eondition, the proof of the
proceding theorem is very easy. This theorem conbains many classical results.
For example, consider the case (X, p, X™). We then have that p*: 7 (X, T} —
7 (X®), z) for ¢ < k, and 7 (X®), ) = 0 for ¢ > %. In other words the fibre spaces
(X, p, X'¥) are the precise analogue of the construction (IT) of Cartan and Serre [8].

DermvrrioN 2.7. Let X be a Kan complex, and « a point of X. Let B (X, )
denote the fibre over the point x of p : X — X1, The complex E, (X, z) is the
2!% Bilenberg subcomplex of X based at x, and is that subcomplex of X consisting of
simplexes whose faces of dimension less than » are at the base point =, [9].



238 JOHN C©. MOORE

Prorosrrion 2.7'. Let X be a Kan complex with base point z. We then have

(1) 7 (B (X, z), ) = O for g << n, and

@) #:m (B (X, v)v) ~ 7 (X, %) for g n, where i: B (X, ©) >X is the
inclusion map.

DzwmnrrioN 2.8. If X is a Kan complex, let x* be the fibre space (X(*+1), p, X)),
The sequence of fibre spaces y = (3%, %, - -+, x™ - » -} is by definition the naiural
Postnikov system of X, [3].

Dermvrrion 2.9. Let X be a connected Kan complex with base point . Then X
is an Hilenberg-MacLame complex of type (7, n) if and only if # (X,z)= 0 for
q # n, and 7,(X, x) = .

TaroreM 2.10. If X is a Kan complex with base point x, y is the natural Posinikov
system of X, and F®HY s the fibre of the map p : XU 5 XU which is the nt®
term of y, then F**1) i an Hilenberg-Mac Lane complex of type (7, ,4(X, 2), = + 1).

With this theorem we see that any Kan complex may be constructed in some
sense from Eilenberg-MacLane complexes. The process of so doing will be studied
further later. However, before doing so we want to consider a generalization of the
preceding which applies to a fibre map. It may well at this stage to point out that if
X is a semi-simplicial complex and z the complex of a point, then the unique map
f: X —zis a fibre map if and only if X is a Kan complex.

Dzurmrrion 2.11. Let p : B — B be a fibre map, e a point of &, b = p(e) and F
the fibre over b. Suppose that B and F are connected and that B is a Kan complex
(recall that this means F is connected and a Kan complex). Define a new semi-
simplicial complex E as follows:

(L) A q-simplex of £ is an equivalence clags of g-simplexes of £ where two
g-simplexes z, ' are equivalent if

(i) p(z) = p(a’), and

(i) 2| A% = o'|A%.

(2) The face and degeneracy operations in ™ are induced by those in E.

Let B} = E, and let pf : B — E® be the natural map for n > k, where
ok

TareoreM 2.12. Let (B, p, B) be a fibre space of connecied Kan complexes, e a point
of B, b= ple), and F the fibre over b. Then

(1) E™ is a Kan complex for every n,

(2) E® = Bif By={e},

(3) (E™, p, B®) is o fibre space for n > k,

(4) w (B, e) —>1rq(E("’, ¢) for ¢ < m,

(5) mH™, e)—wr (B,b)forq>mn-+1, and

(6) the fibre of p : B —> B is F'™, the n'® term in the Postnikov system for the
fibre F.

Derinrion 2.13. Let (#, p, B) be a fibre space of connected Kan eomplexes,
and let &¢® be the fibre space (™), p, B}, The sequence of fibre spaces £=
(e &, - <+, &%+« ) is by definition the natural Postnikov system of {&, p, B).

TuroreM 2.14. If (B, p, B) is a fibre space of connected Kan complexes, e a poini
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of B, b= ple), and I the fibre over b, then the fibre over b in ", the n'® ferm of the
Postnikov system of the fibre space (E, p, B) is an Hilenberg-MacLane complex of
type {m ((F, &), n + 1),

Consequently as a result of this theorem we see that a fibre space may be econ-
structed by giving a base complex B, and then “adding” in the homotopy groups of
the fibre one at a time. In fact one has given a fibre space (&, p, B) an infinite
sequence of fibre spaces, B —-->—> B L F® ... 5 FO B and the
gpecial case of this were B is the complex of a point gives exactly the ordinary
Postnikov system of H.

Just as any Kan complex has a minimal complex, which is a deformation retract,
any fibre space has a minimal fibre space. The situation however is somewhat better
than this as will be seen by the following theorems.

TrsoreM 2.15. Let (B, p, B) be a fibre space of connecied Kan complexes, and let
B’ be a minimal subcomplex of B which is equivalent to B. Define B — p2(B’). Then

(1) (&', p, B’) is a fibre space, and

(2) there exists a commutative diagrom

B x AILE

p X1 P

B XA, —f-—> B
such that F(o, )= ¢ forac € B’,
F(o, 8§0) = o for c € B, and
Flo,s§l)e B, foroc B,
Tarorem 2.16. Let (H, p, B) be o fibre space of connected Kan complexes, and
suppose B is minimal. Then there exists B’ < H such thol
(1) (B, p, B) is a minimal fibre space, and
(2) there exists @ commutative diagram

EXAI—F—>E
p X1 D
f

BX A —>B

such that Flo, 7)==cforc el v,
F(o, sf0)= o for c € B,
Flo, s§l) e B, for o € B, and
flo,r)=cforoceB, v,

Heneeforth when we speak of a minimal subcomplex of & complex X we will
usually mean one which is a deformation retract of X, and similarly in the case of
fibre spaces minimal sub fibre spaces will usually mean one which is a deformation
retract of the original.
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Trrorem 2.17. Let (E, p, B} be a fibre space of connected Kan compleses, and let
(B, p, B') and (E", p, B") be minimal fibre spaces which are deformation retracts of
(&, p, B), thew (B', p, B') and (B”, p, B") are isomorphic.

ProrosiTioN 2.18. If (E, p, B) is a minimal fibre space of connected complexes,
and " = (B, p, B is the o™ term in the natural Postnikov system e, then
p: ECHD s B s g minimal fibre map.

We have now reduced the problem of studying either complexes or fibre spaces
with the extension condition to the problem of studying minimal ones. Further we
have seen that all of these things are put together out of Eilenberg-MacLane
complexes. Consequently we wish to make this process more explicit, to ses how
unique it is, and to see its relationship without homotopy type. These questions will
be dealt with in inverse order.

Dzrinrrron 2.19. If (B, p, B) and (B', p, B’) are fibre spaces then a map of the
first into the second is a commutative diagram

f

B ——>F

b,

of semi-simplicial complexes. Such a mapping (f, f) is homotopic to a mapping
(9> g) if there exists a commutative diagram of semi simplicial complexes

Bx AL m

lp X1 lp
B x A, ——> B
such that

(1) #(0, s40) = (o), and

(2) F(o, sil) = §(o).

Derinrions 2.20. Two semi simplicial complexes X and Y have the same
homotopy type if and only if there exist maps f: X —> Y and ¢ : ¥ —» X such that
fgis homoetopie to the identity map of ¥ and ¢f is homotopic to the identity map of
X.

Two fibre spaces (#, p, B) and (E’, p’, B’) have the same komolopy type if and
only if there exist maps (f, f) : (£, p, B) — (&', p', B') and (§, g) : (&', p’, B') —
(&, p, B) such that (f, )(d, g) is homotopic to the identity map of (£, p’, B’) and
(@, 9)(F, f) is homotopic to the identity map of (&, p, B)-

Lemma 2.21. If X and Y are connected minimal complexes such that 7 (X) =
7 {(¥Y) =0 for ¢ 5 n, and ¢ : 7w, (X) -7, (Y) is a homomorphism, then there is a
unique map f: X — Y such that f# = @ : m(X) -, (Y).

Cororrawy. If X and ¥ are connecied minimal complexes such that 7, (X) o 7,(Y)
and 7w (X) = 7 (¥) = 0 for ¢ 5= n, then X is isomorphic with Y.
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Thus we see that two minimal complexes of type (7, n) are isomorphic. Later we
will see how to prove the existence of such complexes after the fashion of Eilenberg-
MaeLane. '

Prorosrrion 2.22. If X and Y are connected minimal complexes andf: X — Y isa
map such that f% : 7 X) — 7 (Y) for-all q, then f is an isomorphism.

TerorsM 2.23. Let X and Y be connected Kan complexes. The following conditions
are equivalent:

(1) X and Y have the same homotopy type,

(2) there is a map f: X — Y such that

7 a (XY Sa(¥) for all ¢, and

(3) X and Y have isomorphic minimal subcomplexes.

The fact that conditions 1 and 2 in the preceding theorem are equivalent is in
the framework of CW-complexes a well-known theorem of J. H. C. Whitehead [10].
We now give the analogue of this theorem for fibre spaces.

TuroreM 2.24. Let (B, p, B,) and (', p’, B’} be fibre spaces of connected Kan
complexes. The following conditions are equivalent:

(1) (&, p, B) and (&', p’, B') have the same homotopy type,

(2) there is a map (F,f) : (B, p, B) —(E', p’, B') such that at least two of the following
conditions are verified.

() # : w (B) S (B) for all g
(i) f# : 7w (B) S (B') for all ¢

(i) # : m (F) S (F') for all g

where T and F' are the fibres in the respective fibre spaces, and

(3) (B, p, B) and (B', 9’, B') have isomorphic minimal sub fibre spaces.

With this theorem we complete our study of fibre spaces from an elementary
point of view. Now we pass on to study them in more detail using cohomology and
twisted Cartesian products. The notion of twisted Cartesian product is not an
invariant one, but any principal fibre space, or any minimal fibre space may be
given such a structure. Further any Postnikov system which is minimal may be
construeted as a series of twisted Cartesian products.

§3. Twisted Cartesian products and monoid complexes

Derinrrion 3.1. A twisted Cartesian product is a triple (¥, B, E) such that
F, B, E) are semi-simplicial complexes with &, = {(a, b)}ja € F, and b € B,}
Defining p : E — B by p{a, b) = b and 1, : F — E by ¢,{a) = {(a, s§b) for b a point of
B and a € F, we assume further

(1) p is a semi-simplicial map,

{2) 1, is a semi-simplicial map for any point b in B, and

{8) 0,{a, b) = (0,3, 8b) for i > 0, and

8@, b) = (¢, 8;) for i > 0.
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F is called the fibre of the twisted Cartesian product, B the base, and F the total
space or total complex. Usually, but not always, the map » will be a fibre map as
defined earlier. Notice that Z is the Cartesian product of F and B if and only if
O4(a, b) = (0g, Ogb) for (a, b) a positive dimensional simplex of K.

PropostrioN 3.2. Let (F, B, B) be a twisted Cartesian product, and define
7: B, — F, by the equation Oyle, b) = {7{(a, b), 04b), then 7 satisfies the identities.

(1) 7(0,a, 0;b) = 7(7(a, b), Oh),

2 ”'(ai+1“: ai+1b) = Or(a@, b) for i >0
(3) 7502, 8b) = @,

(4) 7(s:44@, $;.4D) = 8;7(a, b), and

(8) T(a, s3b) = O4a for b u poini of B.

Further if F and B are semi simplicial complexes and 7:(F X B),, —~F_ is a
SJunction satisfying identities | through 5 above, then one can define a unique twisted
Cartesian product (F, B, I) so that in E 0y(a, b) = (7(a, b), 0,b).

The funection 7 of the preceding proposition is known as a twisting funciion, and
the proposition establishes a one to one correspondence between twisting functions
71 F X B—» I and twisted Cartesian products (¥, B, ).

DEFmNTrIoNs 3.3. A semi-simplical complex T is a monoid complex if
(D T', is a monoid with identity for each ¢, and

2)0,: T, —>T,ands,: T, —T
are homomorphisms of monoids with identity elements. We will denote by e, or 1,
the identity of T',.

I'is a group complex if T' is a monoid complex and each I, is a group. When each
T, is abelian, I’ will be called an abelian monoid complex, or an abelian group
complex as the case may be. When T’ is a group complex and # € I, the inverse of
z will be denoted by .

Notice that if ¢ is a topological space and there is given a map of G X G —» @G
which makes ¢ into a monoid with identity, then the total singular complex of &
is a monoid complex which is abelian if and only if @ is abelian. Further if @ is a
topological group, then the total singular complex of G is a group complex.

Tarorem 3.4. If I" 4s a group complex, then T is a Kan complezx.

A proof of this fact may be found in [4].

Drrinrrron 3.5. A monoid complex with homotopy is a monoid eomplex which is a
Kan complex. In this case 7,(I', ¢;) will be denoted by = (I').

Prorosriion 3.6. If T s a monoid complex with homotopy, then my(T') is abelian,
and if %, yel', are elements such that 0o = Sy =1¢, ; for i=0,-+-, q, then
[, [¥] € (L) and [2]fy] = [zy].

The preceding proposition gives the analogue of the classical results that the
group operations in the homotopy groups of a topological group come from the
group operation in the group, and that the fundamental group of a topological
group is abelian.

Now for group complexes we wigh to define homotopy groups in an alternative
fashion.



SEMI-SIMPLICIAL COMPLEXES AND POSTNIKOV SYSTEMS 243

Durmrriow 3.7. If I is a group complex, define
7 (I') = NY_j kernel 9, : T', - T'
L) = > A (T).

Prorostriox 3.8. If T' is a group comples, then image 8, : g (D) T, is a
normal subgroup of T', contained in kernel 0, : 7 (T') —,_o(T).

DrrinrrioN 3.9. For any group complex I', consider #(I') as a chain complex
(not necessarily abelian) with respect to the last face operator. Define

7L) = Hy(#(T)).

Prorosirion 3.10. If I is a group complex, then

(1) m(T) = 7 () for all g, and

(2) T is minimal if and only if 0,y : 7,1(T) — 7(T') 45 zero for all q.

Dzrintrions 3.11. A twisted Cartesian product (I, B, &) is principal if

(1) T is a monoid complex, and

(2) the function f:I' X B — E defined by fla’, (¢, b)) = (@¢'a, b) is a semi-
simplicial map.

Prorosrrion 3.12. If (I', B, E) is a principal twisted Cariesian product and 7 its
twisting function,then v(a,b) = Ogar(e,, b). Defining v : B,—T',_, by ', (b) = 7(e,.b)
we have ’

(1) 7'(0:D) = 097’ (b}’ (B0)D),

(2) 780y, = 9,7 for ¢ >0,

(3) 7(s9)b = e, forb € B, and

(4) 78,1 = 8,7

Further if 7" : B, ; — T, 18 a function satisfying the preceding identities, then there is
a unique twisted Cartesian product (T, B, B) such that 0y(a, b) = (Ogar"(b), Ob).

ProrosrrioN 3.13. Let (FL, BY, B?) and (I2, B2, B3) be twisted Cariesion products,
such that B% and B® have a single vertex, with twisting functions r,, and 7, Denole
by i, : F* — B2 the inclusion map. Then there are twisted Cartesian producis (F2, F*,
FY2) with twisting function 1 and (FL2, B, B% with twisting funciion 2, where
™a, b) = 7(a, i,(D)) and 7%a, b, ¢} = (r4(a, b, ¢), 74(b, &)).

This proposition is the analogue of the well-known theorem that if B® -~ BZisa
fibre map and B2 —> B'is a fibre map, then B? —» B! by composition is a fibre map.

ProrosrrioN 3.14. If (T, B, E) is a principal twisted, Cartesian product where 1 is
a group complex, then B — B is a fibre map.

Dermviriox 3.15. Let (F, B, B) and (F', B', B’) be twisted Cartesian products.
A map of (F, B, E) into (F’, B, B'}isamapf: F—F',amapg: B—>B anda
map h:E->E such that kg, b) = (f(a), g(b)). Any such map k is said to be
compatible with the map f: F — F’ of the fibres.

Durivrrion 3.16. A principal twisted Cartesian product (', B, ) is of type
(W) if B, has a single element and 6, : e,y X By~ F, is one to one.

TuroreM 3.17. Let (I, B, E) and (I, B’, E') be principal twisted Cartesian
products, the second being of type (W), and suppose f: T —- 1" be a map of monoid

o1, a0d
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Comgplexes, then there is a unigue mop [ : (T, B, E) — (1", B’, E’) compatible with f.

Cororrary 3.18. If (T', B, E) and (I, B', B') are twisted Cartesian products of
type (W) there is o unique isomorphism between them compatible with the identity
map i: ' — T,

TeporeM 3.19. If I 4s a monoid complex, then there is a twisted Cartesian product
(T, W), W(I) of type (W), and W(I') is acyclic.

This theorem was originally proved by MacLane [11], and is an extension of work
of Eilenberg and MacLane who gave an explicit description of W(I"[6], without
introducing W(I'). More details concerning the W-construction (I', W(I'), W(I))
may be found in [4]. Geometrically one thinks of I' as corresponding to a
topological group, W(I') to its classifying space, and W(I') as the contractible
fibre bundle over W(I') with fibre T'.

TrarorEM 3.20. Let I be a connected monotid complex. Then

(1) &f I is mamimal, T' is group complex and (T', W(I'), W(I')) is @ minimal fibre
space,

(2) if I is @ group complex, then W(T') and W(I') are Kan complexes, and

(3) 4f I is abelian there is a unique map of the twisted Cartesian product (I' X T,
W) x W), W) x W) into (T, W(I'), W(T)) compatible with the multi-
plication map T X T —T, and this map makes W(T) and W(T) into abelian
monoid complexes.

Dermrriony 3.21. If T is an abelian monoid complex, let W(I) = T, W{I'l =
W(I), and W(I)*1 = W(W(I)).

Dzrmvrrion 3.22. If 7 is a group, let K(w, 0) be the group complex such that
K(m,0)y=w and 9;: K(m, 0),4; — K(m,0), 8;: K(m, 0), — K(m, 0),4, are iso-
morphisms.

Tasorem 3.23. If 7 is an abelian group, then W{K (m, 0))* = K(x, n).

Recall that K(m, n}) was the unique minimal complex with its n-dimensional
homotopy group = and all others zero. Then the preceding theorem ([6]) gives the
existence of such complexes. There is also a well-known explicit description of
K(m, n) by letting K(m, n), = Z™(A,, w) (for details concerning this see [6]).

Now we want to reconstruct Postnikov systems, but before doing so it is neces-
sary to introduce the neotion of induced twisted Cartesian product.

Dzrrmvrrion 3.24. Let (F, B, B) be a twisted Cartesian product and f: X —> Ba
map. Define (F, X, &) to be the twisted Cartesian product with twisting function
=i X fywhere i X f: F X F'~>F X Band : F X B> F is the twisting
function of the twisted Cartesian product (¥, B, E).

Henceforth we will assume familiarity with the homology and cohomology theory
of semi simplicial complexes.

Norarrow. If X is a semi simplicial complex C(X); denotes the normalized chain
complex of X. Further if 7 is an abelian group we will denote by CYX; ) the
group of normalized g-cochains of X, i.e., an element of 04 X; ) is a function on
X, with values in  which vanishes on degenerate g-simplexes. Let Z9X; «) be
the sub-group of C%X; ) consisting of cocycles, i.e. such that f x € X, and
feZYX; ), then S(—1)¥(6,x) = 0.
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Now we are in a position to state the well-known theorem of Eilenberg-MacLane
concerning mappings into K(w, n).

TaroreM 3.25. Let X be a semi-stmplicial complex. For any map f: X —
W(K(m, n)) let f be the n-cochain of X which is f|X . Then we have

(1) the correspondence f — f between maps of X — W(K (1, n)) is one to one,

(2) f: X — K(m, n} if and only if f € Z8(X; «), and

(3) the correspondence induces a natural isomorphism between homolopy classes of
maps of X into K(m, n) and H*(X; ).

In other words (W(K(m, n)%)y=0C"X;7w) (K{m, n)¥)y= Z*X; =), and
ol K(m, n)¥)y = HYX;xw). Notice that since K(m, n), W{(K(m, n) and
K(m,n - 1) are group complexes, the space of mapping of X into one of these
complexes is a group complex, and the above isomorphisms are isomorphisms of
groups. Further the map W(K(w, »)) —K(w, =+ 1) just induces the map
8: OMX; ) — C*HX; o).

TurorEM 3.26. Let X be a connected minimal complex, , = ,(X), and k"2
cocycle representing the obstruction to & cross section of the fibre map p: X®TD —» X®,
Then

1) XO = W(EK(mp, 0)), and

(@) if 472 X" > K(m, 4 n -+ 2) is the mapping corresponding to K*+Z, there
is an isomorphism between XD gnd the total space of the twisted Cartesian pro-
duct (K(m,, n), X®, Wmn - 2)induced by f*+2 from the twisted Carlesion product
(K(7r,,m), K(m,, n + 1), W(K(7,, n))), and this isomorphism malkes the fibre spaces
(XD, 9, X®) into a twisted Cartesian product (K(w,, n), X™,X0+D),

Now it is clear how one can construct any minimal complex. Suppose there is
given an infinite sequence (w4, my, * * =, 7, * - *) of groups such that 7, is abelian for
4 > 1, then let XM = W(K(my, 0)). Suppose k3 is a 3-cocyele on X with coeffi-
cients in 7r,, we have f3 : XM — K{(m,, 3) and an induced twisted Cartesian product
(K {(arg, 2y, X1, X)), Now if k* is a 4-cocycle on X® with coeffieients in 7, we have
% X s K{(my, 4) and a twisted Cartesian product (K(zy, 3), X1, X&) ete,

As always, a theorem such as the preceding one is a special case of a more general
theorem involving a fibre map instead of the special fibre map into a point. We,
therefore proceed to the general case.

Turorem 3.27. Let (H, p, B) be a minimal fibre space with connected buse and
Jibre, let F denote the fibre, and a, == w, (F). Suppose further that k™2 iz a cocycle
representing the obstruction to a cross section of the fibre map p: B . F™. We
then have

(1) B® = B, and

@) if 2 B > K(myp1sn + 2)
18 the mapping corresponding to k™2, there i3 an isomorphism between B"HD and
the total space of the twisted Cartesian product (K{wm, ., n + 1), B W, n 4 2)
induced by f*+2, and this isomorphism makes the fibre space (B™), p, B into o
twisted Cartesian product.

CoroLLARY 3.28. Any mintmal fibre space (B, p, B) with connected fibre and base
may be given the structure of a twisted Cartesian product.
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This eorollary says only that the structure of a twisted Cartesian product may
be given to any minimal fibre space. The way of doing this is by no means unique.
In fact suppose that each fibre space (B, p, B™) in the preceding theorem has
been given the structure of a twisted Cartesian product. We then have the twisted
Cartesian product (K(m,,,, = + 1), E™, E®*+), Suppose T is its twisting function
define 2"+ X) = r(X) for X an n - 2 simplex of E™, then k"2 is a cocycle which
is the obstruction to a cross section. Further define £%+l(a, x) to be «, for (@, x) an
(n -+ 1) simplex of B+, Then 8F*1 = p*(k"+2). Therefore we have k"% chosen
and an (n 4 1) chain F*1 e 0" (B 1) whose coboundary is the cochain
p*("+2): It is not difficult to see that in order to make (E+1, p, B™) into
a twisted Cartesian product it suffices to choose k™2 and k™ so that k™2 ¢
ZM2E®; 7, 1) is the obstruction to a cross section and k" € (B, a7, )
has the property that 8k*1 = p*k™*+2. In other words so that with the obvious
notation we have a commutative diagram

it
B s W(K(m,q, v+ 1))

l knz

BEmn 2 (Kmyg.n+2).

There are many applications of the preceding theory, but we will not go into them
here. Instead we will content ourselves with one not particularly surprising result
which uses only a small part of the preceding theory. Namely, if one has an abelian
group complex, then all of its &-invariants are zero.

Tarorem 3.29. Let I be o connected abelian group complexs, and let w, = w, (T').
Then T has the homotopy type of the infinite Cartesian product Xy K(m,, n).

To prove this theorem it suffices to produce a mapping of H, (') —=,(T') so
that the composite of this map with the natural map of 7, {I") — H (I'} is the
identity. For then we can choose an n-cocyele f» € Z*(T’, w,) corresponding to this
map, and this determines a map f* : I — K(m,,, ») which maps the n-dimensional
homotopy group isomorphically. The fact that we can choose such a map follows
easily from the following proposition.

Prorosrrion 3.30. Let T’ be a connected abelian group complex, and define
8: 7, =T, by dw= 5(—1) 9, then mw (T is the kernel of 3 : I, — I, modulo
the imageof 0 : ',y — T
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DUALITY BETWEEN CW-LATTICES

By J. H.C. WHITEHEAD

1. Introduction

This is & continnation of E. H. Spanier’s address and it describes work on which
he and I are collaborating. It is concerned with duality in relative homotopy
theory and is based on a “funectorial” duality in the category of join-homomor-
phisms between finite lattices. One of the new features is what we call “external”
duality. This provides a duality between inclusion maps and “‘pinching” maps of
the form X — X[4, where X[A denotes the space obtained from a space X by
pinching a sub-space 4 to a point (all our spaces and sub-spaces will be CW-com-
plexes and sub-complexes). Before discussing these topics I will make a few remarks
concerning extension and compression.

2. Extension and compression

Extension and compression problems, in S-theory, are dual to each other in the
way indicated by the diagram

7] . g* -
2.1) A>Y A¥ - Y
A g

X X*

Here the arrows indicate S-maps between finite CW-complexes, 4 is a sub-complex
of X, the complexes X*, 4*, ¥* are weakly n-dual to X, 4, ¥ in such a way that
X* < A* and the dual of the inclusion S-map ¢ is the inclusion S-map ¢*. The
S-maps 6%, ¢* are dual to 6, ¢. In the extension problem we try to factor a given
0 into ¢, for some ¢. In the compression problem we try to factor a given §* into
t* ¢*, for some ¢*. I emphasize the fact that this duality is “functorial” and not
merely “schematic”. Thus a given 6 has an n-dual §%, for a sufficiently large value
of n, and the existence of ¢, such that 6 = d, is equivalent, not merely analogous,
to the existence of ¢* such that 6* = /* $*. Moreover the duality is symmetric
between 0, ¢, ¢ and 0%, 1*, H*.

An extension problem Is equivalent to what I will call a zero restriction problem.
By this I mean the problem of deciding whether or no ¢ | 4 =0 (i.e. ¢ has a
representative map f: 82X — S7Y such that f [ 8?4 is homotopie to a constant),
for a given ¢ : X — Y. Thisis obviously equivalent to an extension problem for the
pair (T4 U X, X), where T'4 is a cone with 4 as base and T4 N X = A. Con-
versely, the problem of extending an S-map 4 — Y to an S-map X - Y is equi-
valent to a zero restriction problem for the pair (Z, C), where Z = (TX)/4,
0= X[4 ([4; p. 659] N.B. 84 < Z and 84 is a deformation retract of Z).
Thus an extension problem and, by duality, a compression problem are equivalent
to a zero restriction problem.

248
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The zero restriction problem for ¢ : X — ¥ and ¢ | 4 may also be formulated as
the problem of factoring ¢ into the composite of the pinching S-map X - X[4
and some S-map X/4— Y.

- 8. External duality for pairs

Let P be a CW-complex and let B, E’ be contractible CW-complexes containing
P such that £ 01 B’ == P. Then 8P is of the same homotopy type as B U B’ and
hence as B[P. If E is S-contractible, then E/P is of the same S-homotopy type as
SP. Let X, A beasaboveandlet 4, be a contractible sub-complex {e.g. a 0-cel) of 4.
Let X*, A%, A¥beweak(n — 1)-dualsof X, 4, 4;suchthat X* < 4* < A¥andthe
inclusion S-maps X* — 4% — A¥ are dual to the inclusion S-maps X < 4 < 4,
Then AF is S-contractible and AF/X* A¥[A* are weakly n-dual to X, A.
Moreover, if X" = 4F[X*, A" = A*]X* then AF¥[A* may be identified with X']4".
Thus X, 4 are weakly n-dual to X', X'[4" and in such a way that the dual
of ¢ : 4 < X is the pinching S-map X’ — X’/A4’. This is a simple case of external
duality. It is external duality between the lattice consisting of the three elements
X, 4, A; and the lattice consisting of (4g, 4', X"), where 4 is the point X *)X*.
Under external duality extension and compression problems are dual to “lifting”
and zero restriction problems, as indicated by the diagram

——6—) X4 4—-0;— Y’

o S e

RN X <—7Y'|B.
Y '

4. The category CJ

I recall that a cerrier is an inclusion-preserving map | : — B, where A, B are
sets of sub-sets of spaces X, Y. An {-map or {-homotopy X — ¥ is one in which
A — {4 for every 4 € U and [f] will denote the set of f-homotopy classes X — ¥.
A carrier ' : W — B’, where ', B’ are also sets of sub-sets of X, ¥, is said to be
equivalent to § if, and only if, every f-map is an {-map and every {'-map is an {-map.

Let U, B be sets of sub-complexes of CW-complexes X, ¥. Then any carrier
A —> B is equivalent to a join-homomorphism N’ — B', where A’, B’ are complete
lattices [2] of sub-complexes of X, ¥ {when we refer to a complete lattice of sub-
sets of a space it is to be understood that the join, UE, and meet, NE, of any set
€, of elements in the lattice are the union and intersection of the elements in §.
A join-homomorphism, ' : % — B’, is one such that { UL = Uf € for every
€ < %. In particular ' N Y’ = NB’). Moreover it may also be assumed that
X eW, Y € B’ in which case W, B’ will be called CW-lattices. We describe ¥’ as
strictly finite if, and only if, X is a finite complex.

Let { : A — B be a given join-homomorphism, where U, B are CW-lattices. Then

lie. ¥ is of the same S-homotopy type as a single point. This is the cass if, and only if,
all the homology groups of ¥ (reduced in dimension 0) are zero.
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S*U will denote the CW-lattice consisting of the sub-complexes §74 < 87X, for
every 4 e, and f] : §*U—> 8B the join-homomorphism defined by {3874 = SHA4.
We write {) = §7f. A map 8 :[S?f]—[§?*1{] is defined in the usual way and
{f} will denote the Abelian group, with track addition [1], which is the direct limit
of the sequence

S
15 IS+ 37 > 182 fl -

An element of {j} will be called an §-S-map.

Let g : A—> B be a join-homomorphism suech that f < g (ie. f4 < g4 for every
A € %) and let T v A consist of the sub-complexes T4, U 4,; « TX for every
pair of elements 4,, 4, €A such that 4, < 4,. Then it may be verified that
T v U is a complete lattice. Define

(4.1) {g; Th:TUAvA—>B, Tfvg: A—>TBvB

by {g: Tl (T4, U Ay)=gd, U {4y, (Tfvg)d = T(fA) U g4. Then {g; f}
and T§v g are join-homomorphisms. We define {f},,, {g; f},,, form =0, +-1,42,---

by
flm=1{m ¥ m=0
={H™ ¥ m<O
and {g; f},, = ({8; T})m_y Let dim X < co. Then there is a diagram

v / {8; T

U w
@) e > g o 3 B

v\x {Tfvg}lm /’L'U'

inwhich -+ 4, o,w,<-and -+, u, ¥, w’, - - - ave exact sequences of homomor-
phisms and % is an isomorphism such that

4.3) ho= —v', wh=w.

The homomorphisms u, v’ are injections (i.e. corresponding elements are represented
by the same map), w is defined by restriction to 82X < 787X and v, w' by com-
position with the canonical maps 782X — §7+1 X, T87Y —> S*H1 ¥,

We now define a category CJ, whose objects are all CW-lattices. A mapping in
CJ is an ordered triple (¢, U, B), also written as ¢ : A — B, where A, B, are CW-
lattices and ¢ is an §-S-map for some join-homomorphism §: W — B.Iff:
82X —> 8?Y is a representative of ¢. where X = U, ¥ = U, then we also denote
é by {f, . We now use {f} to denote the group of CJ-maps of the form {f, f}
(N.B. these are indexed by 9, B). An isomorphism 8§ : {f} ~ {Sf} is defined by
8{f, {} = {/, S}, where f : 82X — 877 for some p > 0.

Our duality applies to the sub-category of CJ consisting of the strietly finite
CW-lattices and all mappings between them. Tt depends on a duality in the purely
algebraic theory of lattices, which I proceed to describe.
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5. The algebraic duality
Let §, g : W— B be maps of a complete lattice ¥ in a complete lattice B. We
write f < g, or g 2>, if, and only if, 4 < g4 for every 4 € . We denote the
identical map of ¥ by iy
We describe a map {# : B— U as dual to an order-preserving map f : A —> B if,
and only if, it is order-preserving and )

(5.1) izt i

In eonsequence of (5.1) we have {f*B < B, for every B €®B, and, since {# is
order-preserving, 4 < §#f4 < §#B if 4 < B. Therefore, if 9, denotes the set of
all elements 4 €Y such that §4 < B, then Ay has a largest element, namely
#B. Thus {#, if it exists, is unique. It is easily proved that, if  is a join-homomor-
phism then {#, defined by {#B = U p, is dual to f and is a meet-homomorphism (i.e.
i# 0 By= N{#B, for every sub-set B, < B. In particular ¥ U B = UA).
Similarly a given meet-homomorphism §#: 8 —> % has a unique dual §: A — B,
which is a join-homomorphism satisfying (5.1).

The dual of a join-homomorphism § : % — B may also be regarded as a join-
homomorphism {# : B¥ > U¥, where U#, B# are the lattices dual [2; p. 3] to A, B.
Let L denote the category of join-homomorphisms between complete lattices and let
D : L— L be defined by DU = U#, Df = {#. Then it is easily verified that D is
a contravariant functor such that DD is the identity. Thus D determines a
“funetorial” duality in the category L.

Let A*, B* be complete lattices which are the images of ¥, B# in isomorphisms
a: W~ A*, b: B¥ ~ B*. We also describe g, b as anti-isomorphisms of U, B,
We denote the fundamental partial ordering relation in %A*, B* by < so that
4, < A, if, and only if, ad, < ad,, where 45, 4, € . Then we have

f i

A —B —UA
6.2) l a l b l a
L
QI* —_— %* P QI*
where f, {# are as above and §* = af?b1, (f*)# = bfa—L. We describe f* as dual to
f under a, b. A simple calculation shows that (*)¥ is dual to {*, whence {is dual to
f* under b1, o~ 1.

Let (¥, B); denote the set of ordered pairs (4, B), forall 4 €%, B € B such that
§4 < B. Define (4, B) < (4’, B') if, and only if, 4 < 4’, B< B’, where (4’, B)
€ (A, B);. Then it may be verified that (U, B); is a complete latbice. Since {4 < B
if, and only if, {¥B > A, which is equivalent to

*bB = af*B< ad,
it follows that an anti-isomorphism ¢ : (%, B);— (B*, A*); is defined by

5.3) o(d, B) = (bB, ad)..
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It is clear that join-homomorphisms

B4 @, 859
are defined by {B = (N, B), {4, B) = 4. Let

B+ (B, %), <L orr
be similarly defined. Then a straightforward calculation shows that ¥, i’ are dual
to i, funder B, ¢ and ¢, a.
Let (U, M) = (AU, A); (i=1iy) and let {< g: A— B, where g is a join-homo-
morphism. Define
@ D WAWH—>B, Tivg: A—>(B,B)

by (g; 4y, 4s) = g4, U §4,, (T v g)4 = (B, gB). Let a, b, {* be as above and
let g* : B* — A* be the dual of g under q, b. Since § < g it follows that {# > g¥,
whence {* < g*. A calculation shows that

(@ %= T vg*: B*— Q1% %)
(Tf v g)* = (g% ; %) : (B*, B*)—UA*
under g, b and the anti-isomorphisms (4,, 4,) — (ad,, ad,), (By, By)— (b.B,, bB;),
where (g; f)*, (I v g)* are the duals of (g; f), Tfvg-
If A is o CW-lattice, then (A, A) may be identified with TY v, in (4.1), so

that (4, 4,) = T4, U 4,. Then (g, {) = (g; {); and T'f v g means the same as in
§4.

(5.4)

6. The geomefric duality
" The duality between CW-lattices is based on a relation of n-duality between |
polyhedral lattices in 8. Two such lattices, U, A* are said to be n-dwal to each
other if, and only if, there is an anti-isomorphism a: % —> U* such that each
A €W is n-dual to ad. We then say that U*is n-dual to U under 4. Every poly-
hedral lattice in 8™ has an n-dual and the symmetry of this relation follows from the
corresponding symmetry of n-duality in the absolute case. We use D, ¥ to denote
any n-dual of 9.

Let {: > B be a join-homomorphism between polyhedral lattices in 87, let
D, %, D,B be n-dual to U, B under anti-isomorphisms a : A — DA, b:B— D, B
and let D,f: DB — DN be the dual of § under a, b. Then there is a
homomorphism

(6.1) D+ {f}— {Duf}
with the following properties:
(62) if A < id, B* < (D,f)B*, for every A €%, B* € D, B,

then
D, {":: f} = {i*’ an}:
where £: UY < UB, *:UD B < UD 4;
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63) if i< g:U—>B, whence D,f< D,g, and if
% {f}—{g}. u* : {D,f}— {D,q} are the injections, then
(wd)=u*D,$  (pe{f};

(6.4) ﬁaJL%JL& D%+£D%+—DG

where ¢, vy, D, o, D, are CJ-maps, then
D,y ¢) = (D, $)D,p);
8D, = Dy : {f}— {8041}
{ Dy = DppsS : {T}— {D,i}
(6.6) o D, DN, D DB are taken fo be W, B then
DD, G =0 for every 8 c {§} or {D,f}.

(6.5)

The homomorphism (6.1) is uniquely determined by the eonditions (6. 2), -, (6.5)
and it follows from (6.6) that

(6.7) - D, {f} ~{D,f}

Let U be a strictly finibke CW-lattice. Then, for a sufficiently large value of »,
there is a polyhedral lattice U, in 8%, which is related to W by a CJ-equivalence
£: U— Ay Lot AT be n-dual to U, under an anti-isomorphism b : Yy — 4F and
let A* be a strictly finite CW-lattice which is related to U by a OJ-equivalence
E*UF > W* Leby : U~ W, 1* : UF A A* be the lattice isomorphisms associated
with &, £* (ie. £ € {t}, &* € {r*}). Then we describe A* as weakly n-dual to W nnder
the anti-isomorphism p*by : A — A*. The propositions stated above are valid for
weak duality with the appropriate reservations concerning the choice of &, £* ete.
For example in (6.4) it is to be understood that the maps ¢ — D, and p— D,y
both refer to the same OJ-equivalences between B, D, B and polyhedral lattices in
8", analogous to &, £* above.

7. External duality
Strictly finite CW-lattices U, W* are said to be externally n-dual to each other if,
and only if,
{(7.1a)} NA, NA* are S-contracitible,

(7.1b) there is an anti-isomorphism a : W—> W*such that the lattice TH * v U*
1s weakly n-dual to T4 v W under the anti-isomorphism T4, U 4,—
T(ad)U ady. In this case Wt is soid to be externally n-dual to U
under a.

The propositions in §6, with the appropriate qualifications, are also true for
external duality.
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Let U* be externally n-dual to U under . Then, for every pair 4,, 4, € U such
that 4; < A,, the CW-complex T'4; U 4, is weakly a-dual to T(ady) U a4,
whence 4,/4, is weakly n-dual to ad,/ad,. Moreover this duality is such that, if
Ay Ay < Ay Ay < Ay (A, 4, €N), then the canonical S-map 4,/4, — 4,/4,
is dual to gdzfad,— ad,fad,. Since NY, NW* are S-contractible it follows that
A is weakly n-dual to X*/qd and X to X*, where 4 ¥, X = U, X* = UY*,

Let U be any strictly finite CW-lattice such that N9 is S-contractible and let
A5 be weakly (n — 1)-dual to % under an anti-isomorphism @, : % — AF. Then it
is not difficult to prove that TUF v AT is n-dualto TW v under the anti-
isomorphism T4, U 4,— T(ay 45) U q, 4,. Let A* be the CW-lattice ohtained
from ;¥ by pinching NAF to a point, let g : UAF — UA* be the identification
map and let g: Uy a~ A* be the isomorphism defined by g4 = g4. Then U* is
externally n-dual to % under ga, : ¥ — Y*.

In contrast to external n-duality we desecribe the duality discussed in 6 as
snternal duality.

8. Dual attachments

Let U, B be strietly finite CW-lattices, let § : W-— B be a join-homomorpbism
and f: X — ¥ an f-map, where X = U9, ¥ = UB. Let f be cellular and assume
that fr = 2ifze X N Y,aswilbethecaseif X N Y =0Qorf: X < ¥Y.Let Z be
the CW-complex obtained from 7'X U Y, where 7X n Y= X N Y, by identi-
fying each point 2 € X with fr € ¥. Let €, be the lattice consisting of the sub-
complexes 7'4 v B, for every pair 4 €Y, B €B such that f4 < B, where
TA v B denotes the image of T4 U B in the identification map 77X U Y — Z.
Clearly €, may be identified with (2, B);, in §5, so that T4 v B= (4, B).

Let A*, B* be weakly n-dual to A, B under anti-isomorphisms q : W— A*,
b: B— B* and let {* : B*— W* be the dual of { under g, b. Let n > 2 dim Z.
Then U*, B* may be chosen so that the injection [{*]— {{*} is onto, whence
{f, f}* = {f*, {*} for some (cellular) map f* : UB* — UY*. Then we have

B —ag s €=,
(8.1) e le | s
P TPLLEN DL (€* = ),

where {, f, cete. are asin §5, 5 : & ~ Sis defined by sL = SL, for any CW-lattice
£, and

8.2) (T4 v By= T(6B) v ad.

The join-homomorphisms {', s¥° are dual to ¥, { under a5, ¢, 8b. Let4: ¥ < Zand
let k: Z—> 8X be the canonical map in which Y and the vertex of Z correspond
respectively to the first and second poles of §X. Let i”: UI* < UG* and &' : UC* —
8 U B* be similarly defined. Then ¢ is an i-map, b an sf-map, ¢’ an {’-map and
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k' an sf’-map. It may be proved that €* is weakly (n - 1)-dual to € under ¢ in
sueh a way that

(8.2) D,y 6, iy = —{F, st} Dk, st} = {i', 1},
A similar result holds for external duality provided » > 2 dim Z + 1.

9. The dual sequences

Let f < g : %A— B be join-homomorphisms, where 9, B are strictly finite CW-
Iattices. Let A*, B* be either (weak) internal or external n-duals of %, B and let
*, g* : B* — A* be the duals of {, g. Then §* < g* and we have

(@ P :TAU—>B, (Tf*vg*): 88— TUA* v Y*,

It follows from (8.2) and (5.4) that
9.1 D, {a; Th ~ {TF* vg*}h-
The homomorphisms », w’ in (4.2} are defined by composition with the canonical

CJ-maps TUvU— 8, TPV v B— 8B, suitably suspended. Hence it follows
that there is a commutative diagram :

i (B o (G {05 Tl

9.2) [

s (> (8%~ (8% Pl

where D,, , == D, and F,, .=k "1 Dy, .

It will sometimes be convenient to express (9.2) in terms of n-duality. For this
purpose we introduce the pair (3, p), which we also denote by 87U, for any negative
integer p. Thus 8?9 is defined for every integral p and we write SP(S9) =— S7+7,
evenif p < 0 org < 0.If f : A— B is a join-homomorphism, then {{2} will denote
the group consisting of classes of j2}7-S-maps 827 UY— 82+ UB, for all r >
max (—p, —¢), classified as in the definition of S-maps and indexed by S, §98.
Thus {{7} means the same as before if p > 0, ¢ = 0 and if p <C 0 or ¢ << 0 then

8 i} ~ {ffi (= max (—p, —q)),

where 8" is a conventional suspension isomorphism. We write

{)=S.M (=30
Smal@ DD = Salgs ) S™U(@ Do) = Sales .

With these conventions we i:nay apply the isomorphism S~/ to (9.2) and thus
obtain the commutative diagram

e T Sl > Salgs ) — -
(9.3) l D, l D, l F,

s T > S > e P
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Similar results hold for the sequences of triples (9, g, 1), (B*, g*, {*), where
f<g=<ph

10. Combinatorial duals

If X is a finite CW-complex and z, a 0-cell of X, then (X, x,) will denote the
latitice of all sub-complexes of X which contain x;,. Thus, if z; is the only 0-cellin X,
then (X, x,) consists of all the non-vacuous sub-complexes of X. In this case we
may write WX, z,) = A(X). A finite CW-complex X* will be called a combinatorial
n-dual of X if, and only if, W(X*, x¥) is externally n-dual to (X, z,), for some pair
of O-cells z,, wg‘ in X, X*_ Tt follows from an inductive argument, which depends on
the (external) duality between €, €* in §8, that such an X* exists. If W(X*, ) is
externally n-dual to (X, z,) under an anti-isomorphism a : A(X, zy) — W(X*, z5),
then we say that X* or, more explicitly, (X*, »¥) is combinatorially n-dusl to
(X, %y) under a. In this case (X, x,) is combinatorially n-dual to (X*, zy') under a—*.

Let (X*, 2¥) be combinatorially n-dual to (X, #,) under a. Let X = X? or,
according as p 2> Oorp < 0 (p = 0, -£1, - - -) and let X* be similarly defined. We
describe 4,, 4, € WX, z,) as adjacent if, and only if, 4, £ Ay, A4, < Ajor 4, < A,
say 4; © 4,, and 4; < A < 4, implies 4 = A4, or 4,. If 4;, A, are adjacent so
are qd,, ad,. This is the case, with 4, < 4,, if, and only if, 4, = 4, U ¢, wheree
is an open cell of X. If this is so, then A4,/4, is a p-sphere, where p = dim e, and
ad,fad, is an (n — p — 1)-sphere. Hence it follows without difficulty that

(10:1) oX, =Xy o (p=0 %1,

By a closed cell of X we mean the smallest sub-complex which contains some
point in X, and hence the open cell of X which contains that point. If o is a closed
cell of X, then O(X, o) will denote the largest sub-complex of X which does not
contain g, We write o0 € X — z, to indicate that ¢ is a closed cell of X other than x,.
A sub-complex of the form x4 U ¢?, where ¢? € X — z;, (dim ¢? = p), is charac-
terized as a minimal element 4 e WX, z,) such that A < X, 4 & X ;. A sub-
complex of the form O(X*, 79), where 7 € X* — xf, is a maximal 4* € A(X*, x})
such that X2, < 4%, Xy & A* Also of ¢ (X, ¢%) and f= 7% if 7{ ¢
O(X*, v%). Hence if follows that a determines a 1-1 correspondence, 0, from the set
of closed cells of X ~— x, to the set of closed cells of X* — zf such that

dimc—[—dim(ﬁa):n——l

(10.2) ,
afxg U o) = O(X*, O¢), aC(X, o) ="aF U fo.

. Tt may be verified that 6 is order reversing (i.e. oy < 0y if, and only if, 0g, < boy).
If A e (X, x,), then a4 is the wnion of af and the closed cells O, for every
o € X — zysuch that o & 4.

Hdim X < n — 1,then X,_, = X, _, and it follows from (10.1) that X§ = X*,.
That is t0 say «F is the only 0-cell of X*. In this case, if X# is any other combina-
torial n-dual of X, then the dual of the identical CJ-map of WX, x,) is a CJ-equiva-
lence Y(X*) — W(XH).
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11. Dual exact couples

Let ¥, B be strictly finite CW-lattices and {, g : W — B join-homomorphisms.
Thenf U ¢ :¥Y— Bisdefined by (f U g)d = 4 U g4. Ttisa join-homomorphism
and, if {*, g* : B* - A* are dual to §, g under a: A— A*, b : B— B*, where
A*, B* are n-duals of A, B, then

(11.1) (U @*=i* U g*.

The duality between 2, B and A*, B* may be either internal or external. To fix
ideas let us take it to be external, N, NB being S-contractible,
Let K, L be given elements of %, B. Then we define

(11.2) fULin Li=-—K:A—>B

byfu L) d={f4 U L, f n L)4 = {4 n L and the condition that (f = K)4 is
the smallest B € B such that 4 < f#B U K. Then § U L, { n L are join-homo-
morphisms and {# U K, defined in the same way as f U L, is a meet-homo-
morphism. Clearly § + K is the join-homomorphism dual to % U K and it follows
that{# U K = (f + K)*. Therefore {* n aK = (f = K)* and

(11.3) (fn L)*=§* - bL:B*— A*.
Nowlet < gandlet L, B (p= 0, +1, - - -) be such that L, = L,,. Define
(11.4) h=fU(@n L):A>B.

Then § < B, < byu1 < g- Let () denote the exact couple which consists of the
groups
(115) Ap,q - z:p-{»q (I)p)’ Op,q :Zp+q (bp, I)P_l)

and the exact sequences (as in (9.3)) of the pairs (§,, §, 1)
1t follows from (11.1), {11.3) that

(11.6) by = f* U (g* = L¥): B*>A*  (L¥=1pL,)

and, by the commutativity of (9.3), the exact couple (§*) is isomorphic to {h)
under external n-duality, Thus

('Dn : Zm(bp) e Z—m (h;:)
Dn : zm({)ﬂ’ !):n—l) e z_m(b;:: {);—-1)'

There is also an exact couple, (%), which consists of the groups

(11.8) A;,,q = 2pr4( Dp1)s Coa= 2p+albp Dp—1)

and the exact sequences of the triples (g, §,, b,_,). This is isomorphic under D, to
the corresponding exact couple (h¥).

Let B =WY, y,), B* = WY*, yF), where ¥ is a finite CW-complex and
(Y*, y) is 2 combinatorial dual of (¥, y,). Asin §10let ¥ = ¥? or y, according

(11.7)
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as p > 0 or p < 0. Let W= A(8°, z,), UA* = (8", ), where S° consists of z, and
some other point, and let §, g be defined by
§8° = fwy = g% = Yo, g =7.

Let L, = Y. Then (h) is the S-homotopy exact couple of ¥ with
[Ain.q = Ay, (V) = 2y ()

_—C' q(Y) ZP-,—Q( Y -—1)'
We have L¥= Y ,_; and (h*) is the S-cohomotopy exact couple of ¥*, as
defined (for ordmary homotopy theory) by Franklin P. Peterson [3]. It consists of
the groups
(11.10) AP Y ¥y == FrL(Y* Y E L), O YT *) = 3T YYF, Y )

and the exact S-cohomotopy sequences of the triples (Y*, ¥'*, Y ,). The duality
is expressed by

(11.9)

{Dn : 4, (¥) ~ Av-12(T%)
(1.11) ’

D,:0,,(Y) ~ 271 (%)
The couples (&), (h*) consist of the groups

(11.12) Ao X)) = Zpi ¥ Y1), Opg= Zpi (¥ Y1)
{11.13) ArYY*y = TrYYYF) ,Gf’q-z STUYE, YE)
and the corresponding sequences, with

(11.14) D,: 4, (Y) ns A7 LYTH),
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DUALITY AND THE SUSPENSION CATEGORY

By E. H. SeaniEr

1. Introduction

This report is a summary of some of the joint work of J. H. C. Whitehead and the
author on duality in homotopy theory [5; 6; 7; 8; 9; 12]. We shall present a state-
ment of the results for the absolute theory and sketeh some applications.

The underlying motivation iy the existence of an analogy in homotopy theory
which is like a duality principle. The analogy seems to be between the following:
homology group—cohomology group, homotopy group—cohomotopy group,
inclusion map—identification map, lowest non-trivial dimension for homology—
highest non-trivial dimension for ecohomology. That is, theorems concerning these
concepts seem o oceur in pairs, one being obtained from the other by interchanging
the paired concepts above. As a well-known example of a pair of dual theorems we
cite the Hurewicz isomorphism theorem (the lowest dimensional non-trivial
homotopy group is isomorphic to the integral homology group of the same di-
mension, if the dimension in question is larger than 1) and the Hopf classification
theorem (for a finite dimensional space the highest dimensional non-trivial co-
hometopy group is isomorphic to the integral cohomology group of the same
dimension).

Though not universally valid this dualization leads to correct theorems often
enough to suggest that there should be a precise formulation of the duality. An
examination of the sets of dual theorems shows that these theorems are stable under
suspension. For example, the Hurewicz theorem for dimension 1 is different from
the higher dimensional result, and we exclude this as it is not stable. We are limited
to the stable case because the cohomotopy groups are defined only in that range,
there being no natural way of imposing a group structure on the set of homotopy
classes of maps X — 8" unless dim X < 25 — 1, Hence, the first sbep in seeking a
rigorous duality seems to be to consider only the stable situation. This is done
systematically by means of the suspension category which we discuss next.

2. The suspension category

For given topological spaces X and Y let [X, Y] denote the set of homotopy
classes of (continuous) mappings X — ¥, The homotopy category is the category
whose objects are topological spaces and whose maps are homotopy classes of
continuous mappings from one space to another. If {1 X — ¥ is a mapping we use
[f1to denote the homotopy class of f.

Let 8X denote the join of X with an ordered pair of points; thus if X £0,
SX can be regarded as the space obtained from X X I by identifying X X 0 toa
point and X X 1 to a point. Given & map f: X — Y we define Sf : $X — 8Y by

(), 2) = (flx), 1)

259
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Iff, g : X — Y are homotopie, then Sf, Sg are homotopie so § gives rise to a map
S:[X, Y]—[SX, 8Y] by setting S[f] =[Sf1. We set 8*X = S(§*1X) for k >1

obtaining the sequenece

X, Y]— - -—>[8*X, S"Y]LSL[S"’HX, e i e
We define {X, Y} to be the direct limit of this sequence. The elements of {X, ¥}
are called S-maps from X to ¥ and consist of equivalence classes of maps §¥X —

S8EY for k2> 0 where f: 58X — 8*Y and g : °X — S7Y are equivalent if and only
if there exists an integer p 2> 0 such that the two maps

Si+of, §htag : QIHRDX s Qithis Y
are homotopic. We denote the element of {X, Y} determined by & map f: X —
S*Y by {f} and shall use Greek letters to denote S-maps.

There is a natural pairing of {X, Y} and {Y, Z} to {X, Z} by composition. This
follows from the fact that given « € {X, Y} and f e {¥, Z} there exist an integer
k2> 0 and maps f: S°X — 8*¥Y and ¢ : S*Y —» S*Z such that o = {f} and g ={g}.
Then gf : 8*X —> S*Z represents an element {gf} € {X, Z}, and it is easy to see that
{gf} depends only on « and § and not on the choice of %, f, or g. We set fo = {gf}.
With this law of composition we define the suspension category or S-category to be
the category whose objects are topological spaces and whose maps are S-maps
between spaces [6; 8]. '

If X is a non-trivial space, there are isomorphisms

S:H(X)—H,.(8X), S:HX)— H"*(8X)
which are defined by taking the join of the homology (cohomology) class in question
with the basic 0-dimensional homology (eohomology) class of the ordered pair of
points joined to form the suspension (all homology and cobomology groups are
taken reduced [2, p. 18] and the coefficient group can be arbitrary unless it is
specified). Furthermore, if f: X — ¥, we have commutativity in the diagram

- m,m
S S
s
H,.,(8X) —3 H,,,(87)

and similar commutativity for the corresponding diagram of cohomology groups.
Hence, it follows that we can unambiguously define e, : H,(X)— H (Y) for
« €{X, Y} by choosing a map f: §¥X — 8*Y which represents x and then defining
oty S0 that the following diagram is commutative

Gy
H(X) —> HY)

s e

H,,,(S*X) ELY H,,(S*Y).
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Similarly we define a* : H2(Y)— H?(X) for x € {X, Y}. It follows from [11,
Theorem 3] that an S-map «: X — ¥, where X and Y are CW-complexes, is an
S-equivalence if and only if o, is an isomorphism onto for every p or, equivalently,
if and only if a* is an isomorphism onto for every p.

The S-category has several desirable properties. Firstly, it is stable under
suspension. That is, the map 8 : {X, Y}— {SX, SY} defined by 8{f} = {Sf} is a
1-1 correspondence, as is seen from the definition of {X s Y}. Secondly, for any two
spaces X, Y the set {X, Y} can be given the structure of an abelian group by the
track addition [1], and in terms of this group structure the pairing of {X, ¥} and
{¥, Z} to {X, Z} by composition is bilinear. Also the pairing of {X, Y} and H, (X)
to H,(Y) defined by ayz for « € {X, Y}, z € H,(X) is bilinear with a similar
property valid for cohomology.

Let 4 denote a subcomplex of a finite CW-complex X and let X[A4 dencte the
complex obtained by identifying 4 to a single point. Then we have the identifica-
tion map X — X[A, and we consfruct a map X[4 — SA by regarding SA4 as the
union of two cones 7.4 and T'_4 over 4 which intersect in 4 and extending the
identity map 4 — A to a map X — T 4. Regarding the latter map as into S4 we
deform it by contracting T4 over itself to a point thus obtaining a map X —S4
which sends 4 to a single point so corresponding to a map X/4 — 84. Since
S(X/A) = 8X|SA, we can form the sequence .

A—> X—> X|A—> 84— 8X > 8(X[A)—> - - -

This sequence is exact in the sense that for any finite CW-complex ¥ the following
two sequences are exact [8]

s (XA, Y} {X, Y} {4, Y} > {X)4,8Y}—>" - -
v (Y, A} (Y, X} {¥V, X[A} > {Y, 84} > - .

The first is a generalization of the cohomotopy sequence of (X, 4) (which would
result if ¥ were a sphere), and the second is a generalization of the homotopy
sequence of (X, 4).

Frequently it is convenient to consider spaces X with a base point z, and to
form the reduced suspension S, X (which is obtained from the suspension SX by
identifying Sx, to a single point to serve as the base point of §,X) instead of SX.
Sinee the identification map SX — 84X is a homotopy equivalence, by taking the
limit with respect to 8, instead of § we obtain an isomorphic copy of the S-category
for spaces with a base point. This treatment has the advantage that when X is a
CW-complex 8, X doesn’t contain any extranecus cells.

Lastly, there is a natural map of the bomotopy category into the S-category
which is the identity map on the objects and which sends[f]into {f}. This map bas
the property that it is an isomorphism of [ X, Y]onto {X, ¥ }for finite CW-complexes
in the stable range (i.e. ¥ is {n — 1)-connected and dim X < 2» — 1) [8]. Hence,
the dusality principle formulated below for the S-category gives rise to dual pairs of
theorems in the homotopy category in the stable range.
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8. ¥-theory and the suspension eategory

In a certain sense the S-category for finite CW-complexes is dominated by the
stable homotopy groups of spheres. We indicate one way in which this statement
can he made precise.

Let X be a finite CW-complex with a single 0-cell to be used as base point of X.
If X consists of more than a single point, let dém X = maximum dimension of the
cells of X of positive dimension and codimX = minimum dimension of the cells of X
of positive dimension. Then

dim § X = dim X 1, codim 8, X = codim X -+ 1.

We define height X — dim X — codim X, and for two complexes X and ¥, we
define stem (X, Y) = dim X — codim Y. Then we see that

height §;X = height X, stem (8, X, 8, Y) = stem(X, Y.

The concepts of stem and height are useful for making inductive arguments in the
suspension category.

Let € denote a class of abelian groups closed under subgronps, quotient groups,
extension groups, and isomorphisms as used by Serre [4]. We shall be working
modulo %. A sequence

b1

Gl—>G2-—>G

will be called €-exact if Py, = 0 and if kernel ¢, modulo image ¢, is in €.
This is not the most general concept of ¥-exactness that could be defined, but it
suffices for our applications. Note that an equivalent formulation is that the
homology group of

¢ e

G —>Gy—> Gy

at Gy is in €. We shall need the following form of the 5-lemma for € theory.
Leva. Consider the commutative diagram

y &y a3 &y
Adi—> A, —> A4, ——> 4, —> A,

. |
AR
by by ¥ by b,

By —> By~—> By—> B,—> B;

in which the two rows are C-exact and Ay, Ay, Ay, A5 are €-isomorphisms. Then Ay is
also a €-isomorphism.
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Proor. Let K; = kernel 4, and @, = 4,/K, so we have the commutative diagram

RN

Ki—> K)y—> K;—> K, —> K

[ R

Ay —>4y—>A;—> 4, —> 4,

SN

Qi —> 0 —>Qy —> Gy —> G5

b

0 0 0 0 0

in which the columns are exact, and the horizontal maps are induced by the a’s.
By assumption K, K,, K,, K, are in %, and to prove 4, is 8 ¥-monomeorphism we
must show that K is in €. Now (4, o;) can be regarded as a chain complex with
subcomplex (K,) and guotient complex (@,). To prove K, € ¥ it suffices to show
that H(K;) € € because K, is an extension of Z(K,) by a group in ¥, and Z(K,)
is an extension of a group in € by H(K,).

The maps A, : 4;,— B, induce monomorphisms g, : @,— B,, and we denote the
quotients B,/1,Q, by C;. Then we have the commutative diagram

IR

Q1“_)'Q2‘_—>Q3’—‘>Q4'—_>Q5

F‘ll ﬂzl {tsl #41 lﬂs
b, b, by b,

B, —» By—>» B;—> B,—> B

oyl

C;—>Cp—>Cy—> 0y —>Cy

CUT

0 0 0 0

in which the columns are exact and the horizontal maps are induced by the b’s.
To prove i3 is a % -epimorphism we must show that Oy is in €, and since €}, Oy, C,,
Uy €€, this is equivalent to showing that H(C,) € €.

To complete the argument we use the fact that there are exact sequences

s> H(K)—~ H(4)— H(Q)—> H(K; )~
and
o> H(Q)— H(B)— H{C))— H(Q; 1) >+ -

Since (4, ;) is G-exact, H(4,) € €, and because K, € % it follows that H(EK, s eET.
Hence, from the first exact sequence H(Q,) € ¥. Since (B,, b,) is €¥-exact, H(B,) ¢ ¥
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so from the second exact sequence H(C,;) € 4 so A, is a F-epimorphism. A similar
argument shows that it is a ¥-monomorphism and completes the proof.

For a given abelian coefficient group @ let I denote the homology funetor from
the S-category of finite CW-complexes te the category of graded abelian groups and
homomorphisms defined by

HX)= H(X;®), Ha)= oy :HX)— H(Y).

We agsume the coefficient group G and the class € so related that for any 4 < X
and any Y the two sequences

-« -—> Hom (H(X]A), H(Y))— Hom (H(X), H(Y))— Hom (H(4), H(Y))—> - - -
-+ +—> Hom (H(Y), H(A)) — Hom (H(Y), H(X))— Hom (H(Y), H(X/4))—> - - -

are ¥-exact. For example, taking % to be the class of finitely generated groups we
can take G to be the trivial coefficient group, or, taking % to be the class of torsion
groups, G can be the integers or the rationals.

Tarzorem 1. With the same relation between G and F as above asswme that the map

H:{X, Y}— Hom (H(X), H(Y))

is & G -isomorphism when X and Y are spheres of stem <k.Then H is a €-isomorphism
for arbitrary finite complexes X and Y of stem <k.

Proor. The proof will be carried out in two stages. First we prove it is true for
arbitrary X when Y is a sphere and stem (X, Y) X k, and then we prove it is
valid for arbitrary X and ¥ with stem (X, Y) < k.

For the first part we use induction on the height of X. If height X =0, X is a
union of spheres of the same dimension with a point in common. Then both {X, ¥}
and Hom (H(X), H(Y)) are isomorphic to direct sums of groups corresponding to
the spheres of which X is the union, and the map H : {X, ¥} Hom (H(X), H(Y))
corresponds under these isomorphisms to the direct sum of the maps corresponding
to the spheres. Since, for spheres of stem <k this map is assumed to be a %-
isomorphism, it is & @-isomorphism for arbitrary X of height 0 if ¥ is a sphere and
stem (X, Y) < &

Now we assume the result for X of height <% (where £ > 0) and let X have
height % and stem (X, ¥) < k. Let dim X = # -+ 1 and consider the commutative
diagram

(SeX», ¥} — (X)X ¥} — {X,¥} - (X7}

H l H H H
(H(SgX™), H(Y))— (H(X[X™), H(Y)) —~ (H(X), H(Y))}— (H(X"), H(Y))
— {X|X*, 8,7}
H
— (H(X[X™), H(S,Y))

where in the bottom row we have abbreviated Hom (G, ) by omitting the prefix
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Hom. The top row is exaet while the bottom row is ¥-exact by the assumption on
G and €. The height of X" — height S, X" < 2 and stem (S X", Y)< stem
(X, V) X k&, sbem (X", ¥) < k. Also X/X" has height O and stem (X/X", 8,¥) <
stem (X/X", ¥} < k. Hence, by the inductive assumption the first two and last
two vertical maps are €-isomorphisms. By the lemma the middle one is also a %-
isomorphism.

The second part of the argument follows similarly by induction on the height
of ¥.

As applications of this theorem we point oub that if ¥ is the class of finitely
generated groups and @ is the trivial coefficient group, we obtain the result that
{X, Y} is finitely generated for X, Y finite complexes. Also taking @ to be the
rationals and € to be the class of torsion groups we obtain a result of Thom that if
two maps o, § : X — ¥ induce the same homomorphisms on the rational homology
groups there exists a positive integer IV such that Na = Nf and given any homo-
morphism ¢ : H (X)— H . (Y) (rational homology) there exist a positive integer
N and a map « : X — Y such that «, = N¢.

It is clear that Theorem I can be strengthened in that we can define stem (X, ¥)
in terms of connectedness and coconnectedness instead of using dimension and
codimension. That is, we define virtual dim X < p if all the S-cohemotopy groups
of X of dimension >p vanish and wirtual codim X > q if all the S-homotopy
groups of X of dimension <(g vanish. Then we define virtual stem (X, ¥) =
virtual dim X — virtual codim Y, and Theorem I can be extended to virtual
stem instead of stem. Similarly we can extend the result by defining dimension
and codimension mod % by taking the largest dimension for cohomotopy not
in € and smallest dimension for homotopy not in %, respectively, but we shall
not go into details of this generalization here.

4. Duality

The duality we construct will be in the S-eategory, It has its origin in the duslity
between a subset of a sphere and its complement. Homologically this duality is
well-known under the name of the Alexander duality theorem [3] (which asserts
that for a closed subset 4 < 8" there is an isomorphism of HP(4) onto
Hd, , (8" — A4)). This bomological duality is basic for the general duality we
consbruct below.

‘We consider §” with a fixed triangulation and rectilinear subdivisions relative to
this triangulation. Let X denote a subpolyhedron of 8*. An n-dual D, X of X isa
subpolyhedron of 8% — X which is an S-deformation retract of 8* — X (this
means that the inclusion map D, X < 8% — X is an S-equivalence). Hence, an
n-dual is a polyhedral model of 8* — X, and the inclusion map D, X < §» X
induges isomorphisms of the homology and cohomology groups of these two spaces.
Then the Alexander duality theorem gives isomorphisms (depending on an orien-
tation of §%)

9, HX)~ H,_, ,(D,X) foreveryp.
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If X is a subpolyhedron of 87, it has an n-dual. To show this we subdivide 8" so
that X is a compleie subcomplex (every simplex having all its vertices in X itself
belongs to X). Then the complementary complex of X (the set of all simplices having
no vertex in X} is an n-dual of X. A similar argument shows that given a eollection
{X} of subcomplexes of 8" and given for each ¢ a compact subset €, < §* — X,
there exist n-duals {D X} such that for each ¢ the compact set ', is contained in
D, X, and whenever X; < X, then D X, < D, X, This is important in proving
the main results later.

It is easy o verify [7, §3] that if D, X is an n-dual of X, then X is an n-dual of
D, X and also 8D, X is (n + 1)-dual to X and D, X is (n -+ 1)-dual to SX. Thus
we see that the S-category enters naturally when counsidering n-duals because a
space and its suspension have the same complex as n-dual, {» 4 1)-dual, respec-
tively.

The prineipal facts about the duality are summarized in the foﬂowing theorem.
Detailed proofs ean be found in [7]

Taeorem II. Given n-duals D, X, DY of X, ¥, respectwely, there exisis a
unique homomorphism

D,:{X,Y}—~{D,Y, DX}

having the following properties:
1.Ifi: X < Yand i : D, Y < D,X are inclusion maps, then

D,fi}={i'}.
2. If D, Z is n-dual to Z and if o € {X, Y}, f €{¥Y, Z}, then
D, (B a) = (D,a)(D,f).
3. Since Y, X are n-dualito D,Y, D X, respectively, there is also a homomorphism
D,:{D,Y, D, X}— {X, Y}, and this s inverse to D, : {X, Y}~ {D,Y, D X}.
4. If o € {X, Y}, we have commutativity in the diagram

o*

Yy 25  HeX)
e

H, , «D,Y) Lf—)ﬁH (D, X).

5. Taking 8D, X, 8D, Y as (n + 1)-dudl to X, ¥, then
8D, —D,,,: {X, Y}—> {8D,Y, 8D,X).
6. Taking D, X, D,Y as (n + 1)-dual to 8X, SY, then
D,,,8=D,:{X, ¥}—{D,¥, D,X}.
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Note that 82 < 8" is n-dual to a sphere S¥~?~1. Hence, if we define the p'® stable

homotopy group of X by Y (X) = {8?, X} and the ¢ stable cohomotopy group of
Y by S4¥) = {Y, 8%}, then we sce that

- D, : 3 X)) &~ 2D, X), D, :37X)~ 3, pa(DX)
Furthermore, leb s* € HY(S%) be a generator of HY(SY) (with integral coefficients)

determined by an orientation of 8f and let s € H,_, (8" %) be the generator
defined by s = Z,s*, which is used to orient §7~9-1, We define two homomorphisms

¢* : >SUX)—~ HYX), ¢: T AY)—>H(Y)

by ¢*o = a*s* and  § = B,sfor o € {X, 8%}, § € {87, ¥}. That the maps ¢*, ¢ are
homomorphisms is a consequence of remarks made in §2. Property 4 of Theorem II
yields commutativity in the following diagram
P*
29X) — HY(X)
2 2.

¢
Zn—q—l(‘DnX) - Hn~q-—1(DnX)-
Henee, it is a consequence of Theorem II that the Hurewicz isomorphism theorem
is dual to the Hopf extension theorem.
Though there is not a unique n-dual of a space X, it follows from 1 and 2 of

Theorem ITI that if D, X and D, X are both n-duals of X then correspondmg to the
identity map ¢ : X < X there is'an S-map

D, {i}: D, X— DX

which is an S-equivalence (because {i}is an S-equivalence). Hence, any two n-duals
of X have the same S-homotopy type, and if D, X is an n-dual of X and D, X isan
m-dual of X, then 8™D, X and §"I), X have the same S-homotopy type.

5. Weak duality

In order to extend the duality map D, to spaces other than subpolyhedra of
gpheres we introduce the eoncept of weak duality. Given finite CW.complexes X,
X* and S-equivalences & : X — X', £* : D, X" —> X* where X', D, X' are n-dual
subpolyhedra of 8%, we say that £, &* form a weak n-duality between X, X*. If we
have a similar weak duality 7, n* between Y, Y* where 9: ¥ — Y/, * : D, ¥ —>
Y*, then we can define a map D, : {X, Y}— {¥*, X*} by defining first «’ and
then D, o so that cach of the diagrams below is commutative

o 0
X—>7 X* — Y*

bt e

14

e
—~—» Y’ D, X" <«— D, T
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Then properties similar to those of Theorem II are valid for this extension of the
map D, provided that the eguivalences £ £* are suitably chosen (as the map
D, depends not only on the choice of X* but also on the choice of &, £¥).

Axny finite CW-complex has a weak n-dual for sufficiently large n. This is because
any finite CW-complex is of the same homotopy type as some simplicial complex
[11] (which can be imbedded in S* for large enough ») and any n-dual of the im-
bedded simplicial complex is a weak n-dual of the original complex. Hence, weak
n-duals exist. The next result gives some indication of how to obtain a weak dual
for a complex which is constructed from other complexes for which weak duals are
knovwm.

Let f: X— Y be a cellular map of the finite CW-complex X into the finite
CW-complex Y. Let T'X denote a eone over X which is taken disjoint from Y and
let Z, denote the CW-complex obtained from 7'X U Y by identifying » € X with
fr € Y. We parametrize the points of TX by pairs (z, {), # € X, t € I where the
vertex of the eone is the set of points of the form (z, 1) (all identified to a single
point of TX). Then Z, consists of points (#, f) € TX and y € ¥ with the identifica-
tions (z, 0) = fz. Clearly there is an inclusion map ¢ : ¥ < Z,. We define a natural
map g: Z,—8X by gz, {) = (@, t) and g{y) = (x, 0) in SX. With these pre-
liminaries out of the way we can state the next result, which is proved in [7].

TuaroreMm L1, Let f* . Y*— X* be ¢ cellular map weakly n-dual o f: X— Y,
and, let Z = Z; (as above) and Z* = Z.. There is a weak (n -+ 1)-duality between Z
and Z* such that in the two sets of mappings

) g a* 7*
Y—Z7Z—>8X, SY*<—Z*<«—X*

we hawve the relations
D, {5} = —{g*} D,{g} = o},

it being understood that ¥, SY* and 8X, X* are weakly (n -4 1)-dual by the given
weak duality.

This theorem shows how to construct a weak dual of the complex obtained by
adjoining a cell to another complex for which a weak dual is already known. For
example, 87+ is weakly (2p + 2)-dual to 87, and relative to such a weak duality the
essential map SPH > 8% (for p == 3) is self dual. Letting M?+2 denote the space
obtained by adjoining 7'8?+! to 8% by this map (which gives a space of the same
homotopy type as the (p — 2)-fold suspension of the complex plane) we see by
Theorem II that M?+2 is weakly (2p -+ 3)-dual to itself. Hence,

DMy g EPTER(YPE).

6. Examples and applications
We present some examples of duality and some mappings defined by the duality.
Also we indicate an application of the theory to imbedding questions. First we show
how the duality acts on joins of mappings.
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TaroreM IV. If X, D, X are n-dualin 8% and X', D, X' are m-dual in 8™, then the
joins X * X" and D, X = D, X' are (n -+ m + 1)-dual in S*+m+1 = §* » 8™, Moreover,
if Y, DY and Y’', D, Y' are similar pairs of duals, then for o € {X, Y} and B €
{X', Y’} we find for the join a * § that

Dy s * f) = Dyfo) * D, (B).

Proor. We can find a triangulation X of 8" such that X is a complete sub-
complex whose complementary complex X * contains D, X. Similarly we can find a
triangulation X' of 8™ in which X' is a complete subecomplex whose complementary
complex X'* contains D, X’'. Then K # K’ is a triangulation of 8% » §™ in which
X = X" is a complete subcomplex with complementary complex X # X'*. Since
D, X < X* and both are n-dual o X, D, X is an S-deformation retract of X*.
Similarly D, X’ is an S-deformation retract of X'*. Hence, D, X * D, X' is an
S-deformation retract of X* # X’* and since X* * X'* is an (n 4+ m + 1)-dual of
X*X' s0is D, XD, X" an (n-+m -4 1)-dual of X = X',

To prove the second part about the dual of a join map, note that if ¢: X = ¥,
i’ : X’ < Y’ are inclusion maps dual to inclusions j: D,Y < DX, §': D, ¥ <
D, X', thenthe inclusion map i %¢ : X * X' < ¥ * Y isdualtoj*j’: D, ¥Y* D ¥’
< D,X * D_X’'. Since any map can be factored as a composite of inclusion
maps and inverses of inclusion maps [7, Lemma (9.13)], the general result follows
from the above special case.

Let 82241 = 87 + 82. Then we take S?7 as (2p -+ 1)-dual to S? and obtain an
involution D, : {87,8%} — {87, 87}. Theorem IV is used in determining this
involution.

First let 8t = 8, # S, where 8, is the pair of points ¢, &’ and 8, is the pair of
points b, &¥'. Taking D8, =8, and D,8, = 8, we want to determine the map
D, : {8, 8}~ {8, S,}. Now {8, S;} is infinite cyclic generated by {f} where
f:8,~>8, is defined by f(a) =8, f(a') = ’. Also the map ¢: 8,8, defined by
gla) = V', g(a') = b represents a generator of {S,, S,}, and {g} = —{f}. We carry
through an explicit proof that D,{f} = —{f}.

We use the notation |z, y| to denote the closed segment from  to y in S, * S,
{if 2 and y belong to a 1-simplex of §, * 5,) and 2y/2 to denote the midpoint of this
segment. Letting C denote the subset a, b| U |o’, b'| of 8, * S, we see that the map
fis the compogite

8, < C—8,

where the arrow represents a retraction. Then as 1-duals for §,, C, §, we take
SF = |ab'[2,¥'| U |a'b[2,b], C*=ab'[2VUa'Bf2, SF=|ab'[2,a|U]a'd/2, o)
whieh satisfy the conditions ’
C*<8¥ngs¥, DS,=8,<8 DS,=8,<8F
so that D,{f} is represented by the composite

8, c8f>0*c8¥ 8,
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where each arrow represeuts a retraction. The composite is easily seen to be the
map g, which completes the calculation.

Now let §7 =S8, *---*5, be the join of (p + 1)-pairs of points and let
8Y = Sy, * = % S(, be a sm:ular join. Then 87, 8% are (2p + 1)-duals in §2PH =
87 % 83, and i fi:8,,—> 8y, is as above, then {fy*- - *f,} is a generator of the
inﬁmte gyeclic group {SI’ S”} Using Theorem IV and the ealculation above we find

Dypidfo® - *fo} = Dapyal{fo} # - * {}) = (—1)P{fy *- - - % f,}.

Therefore, we have proved that D, ,; on {87, 87} is the involution obtained by
multiplying by (—1)#+1. (Note that this correets the sign in [5, page 200 line 9 from
bottom] for p odd.)

A similar involution can be defined for any space X and n-dual D, X because
D,:{X, D X} {X, D,X}. We do not know this involution in general; however,
it follows from the above considerations that the diagram

8
(X, D,X}— {8,X,8,D,X}

Dnl l_Dn+2

. D,x}—2> (5,%,5,0,%)
is commutative.

The duality gives rise to an involution in the stable homotopy groups of spheres
also. To see this let §* be an oriented n-sphere (with#n = p 4 ¢ + & + 1 where
P, ¢, k= 0) and let §2%, S? be oriented spheres contained in 8" with n-duals
84, S§+% oriented by the orientations of 87+, §?, and S". Then we have a map

D, : {87+, 87} — (84*F, 81},

and since all the spheres in question are oriented, this can be interpreted as a map
of the stable group {8§7*, 87} into itself (note that reorienting 8" reorients both
89t% and 8¢ so doesn’t change the map). Letting A* denote the stable group
{87+, 87), we have constructed an involution .D, : A¥— A*. Since D, S = D, ,,
this involution doesn’t depend on # so we end wp with an involution which we
denote by

D : Ak A*for every k > 0.

For k =0, 1, 2 this map is the identity but we do not know it for general £.

‘We now indicate how the duality theory can be applied to imbedding questions.
Suppose X it a finite CW-complex which is S-equivalent to a subpolyhedron
X' < 8 Let D, X' be an n-dual of X', If X is S-equivalent to X" < §°%, then
any (n — 1)-dua1 D, X" of X" has the property that SD, ;X" is a weak n-dual of
X. Since D, X’ is also s weak n-dual of X, it follows that §D,_, X" is S-equivalent
to D, X’. Hence, if X is S-equivalent to a subpolyhedron of 871, then I}, X’ can
be S-desuspended, and, more generally, any weak m-dual (m>n) can be S-
desuspended m — n — 1 times. Explicit study of a weak m-dual of X may show
that it cannot be desuspended (in the S-category) more than k times in which case
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we can conclude that X is not S-equivalent to a subpolyhedron of §™*-1 (so, in
particular, X cannot be imbedded in §™*-1),

As an example let X denote the complex projective plane. We have seen that SX,
which we denoted previously by M5, is weakly 9-dual to itself. With coefficients
mod. 2 the cohomology of M? is non-trivial in dimensions 3 and 5§ and trivial in
other dimensions and Sq? : H3(M5) — H5(M?®) is non-trivial, Tt follows that M5
cannot be S-desuspended twice because if it could there would have to exist a
space Y with Sq?: HY(Y)— H3(Y) (coefficients mod 2) non-trivial, and this is
impossible. Hence, SX cannot be imbedded in S7 so X cannot be imbedded
in S8.

This proof is essentially the same as that of Thom [10, p. 163]. The operations
6, defined by Thom in homology mod 2 are dual by means of D,, 2, to Sq? in the
dual of the original space.

This can be generalized to dualize any stable operation, By a stable cohomology
operation 0 of type (k, @, G') we shall mean that for any finite CW-complex X and
any p > 0 we have a homomorphism

6: HY(X; G)— H* ¥ X; &)
such that if f : X — Y then commutativity holds in the diagram

woy; o) 2> By @)

i* l l i*
mx; o) -2 mex; o),

and for any complex X commutativiby holds in the diagram

o (x; )% e x; @)

5| |s
H Y (8X; G) ——q-> HP+(SX @),

Similarly we define a stable homology operation ¢ of type (k, G, @) as a homo-
morphism ¢ : H (X; @)— H, ,(X; G") which commutes with induced homo-
morphisms and suspension. Given a stable cohomology operation 8 of type (%, &, G')
we geb a stable homology operation D(0) of type (%, G, G') by choosing a weak
n-dual X* for X and letting .D(6) be defined in X to correspond to § in X* by
means of Z,,. The resulting operation D(6) is easily seen to be independent of the
choice of # and X*, and the map. 6 — D(B) thus defined is an isomorphism of the
group of stable cohomology operations of type (&, G, &) onto the group of stable
homology operations of type (k, G, &').

If we take G = @' = a field F, then H (X; F) and H?(X; F) are conjugate
vector spaces. Hence, there is an isomorphism between homology operations of
type (k, F, F) and cohomology operations of type {k, F, F) by taking the con-
jugate operation. Hence, combining these two maps we get an isomorphism
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6 — D'0 of stable echomology operations of type (k, F, F) onto itself by letting
D' be eonjugate to the homology operation D. Thom [10] has shown that for F
the field with two elements and 8 = Sq¢* that I’'Sq® is completely determined by the
formulas

SHD'SgHS¢f =0 for r>0.

It should prove worthwhile to determine D'8 for other operations 6.
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HOMOTOPY THEORY OF MODULES AND DUALITY

By P. J. Hooon

1. Introduction

In this article a homotopy theory is presented for modules (over a ring with
unit element) which in many respects parallels the usual homotopy theory for
spaces with base points. The usual constructions for homotopy theory find their
analogues in the new setting; however, the basic result

(1.1 #(8X; Yy~ #(X; QY)

is missing from the theory. It is replaced by a duality in the exact category (in
the sense of D. A. Buchsbaum) of modules. This duality leads to the introduction
of dual definitions of homotopy for module-maps and the expressions on either
gide of (1.1) have analogues in the homotopy theory of modules relative to the
dual definitions. In the second section of this article the homotopy theory of
modules is developed and in the third section the corresponding duality is studied
in the homotopy theory of topological spaces.

The work described in this article was carried out jointly by B. Eckmann and
the author. Complete details are to be published later in a joint article.

2. Homotopy theory of modules

The definition of homotopy presented here is motivated by the observation that
a map f: X-— Y from the topological space X to the topological space Y is
nulthomotopic if and only if it may be extended to every X' 2 X such that
(X",X; Y)is an H. E. {riple in the sense of Barratt, and that it is in fact only
necesssry to extend f to the cone on X to ensure its extendability to every such X',

Now let A be a ring with unit element. We will consider A-modules 4, B, ...
(precisely, left A-modules) and maps ¢ : 4 — B, i.e., homomorphisms from 4 to
B which are, of course, required to preserve the module structure.

Drrixerron 2.1. 4 map ¢ : A — B is i-nullhomotopic if it may be extended to every
module A’ containing 4. Two maps g, ¢y : A —> B are i-homotopic if ¢y — ¢4 18
s-nullhomotopic. :

We write g =, 0, $g==; ¢,

It is well-known that every module may be embedded in an injective module.
We will write 4 for an injective module containing 4 and may prove

TaroreM 2.1. Let A be an injective module containing A. Then ¢ : A—> B is
i-nullhomotopic if and only if it may be extended to A.

For let 77 : A’ — A be an extension of the embedding 4 £ 4. Thenif$: 4> B
is an extension of ¢, ¢z : 4’—> B is an extension of ¢ to 4.

273
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Let Hom (4, B) be the group of maps ¢ : A — B. Then the set of s-nullhomotopic
maps obviously forms a subgroup. The quotient group

7(A; B)
is called the i-homotopy group of maps from 4 to B. It is easy to verify that if
bozyp:A—>B,0: D—A4,p: B—~C, then

Yho=2; Yy, $ob =2, 40.
Thus 7 is a funetor of two variables, contravariant in the first and covariant in
the second. We may define ¢-homotopy type (or 4-type, briefly) in the obvious way
and 7(4; B) is then an invariant of the i-types of 4 and B. Among the
“ranslations” from topology which lead to important theorems we mention

TueorEM 2.2. (Homotopy extension theorem). Let ¢ : A— B, ¢" = ¢ cut down
to A" ¢ A, and ¢' =, ¢’ : A'— B. Then ¢, p: A— B such that p | A’ = v'.

In fact, one can even extend the homotopy between ¢ and o’ in the following
sense. Such a homotopy is a map y’ : A’—> B where 4’ is an injective module
containing 4" and 3’| 4’ = ¢’ — y’. Assuming that 4'n 4 == A’ (this is reason-
able and guite unrestrictive), we form A*, the direct sum of 4’ and 4 with the
sub-module 4’ amalgamated. Then we may write 4 for 4* since this is an injective
module containing 4 and we may extend y' to.y:d— B. Let p=¢ — x| 4.
Then ¢oz, 9 and p|d'=¢ —y|4' = ¢ — (¢’ —y') = y'. Moreover, the
homotopy x between ¢ and ¢ “‘extends” the homotopy ' between ¢’ and v’

A basic idea in homotopy theory is that of suspension. In reality the suspension
is a function from homotopy type to homotopy type and we find this situation
reproduced for modules. Given a module 4, let 4 be an injective module containing
4 and let 8(4) = A[A. We prove

TrarorEM 2.3, The i-homolopy type of 8(A) depends only on that of 4.

We prove more. Let ¢ : 4 — B be a map. Then ¢ may be extended to ¢ : 4 — B
and hence induces S¢ : S(4) — S(B). Let ¢ = 0. Then S¢ may be factored
through B and so 8¢ ~~, 0. Now let ¢ be arbitrary and let ¢, $, be two extensions
of ¢. Then §, — &, is an extension of 0 and if 3,¢, Sy are the maps induced by
&1 P, we have Sy — 8y = 5(0), so that Sy oz, Sy¢. Thus the homotopy class
of 8¢ depends only on ¢ (and not on the choice of ¢). Now suppose that
¢ = p : A— Bwith homotopy y : 4 — B, i.e., x| 4 = ¢ — . Choose § — yasan
extension of y; with this choice Sy = S¢. Thus we have proved that the homotopy
class of 8¢ depends only on that of ¢. We write S{¢} for the homotopy class
containing 8¢, ¢ € {¢} € 7(4; B). Let {y} € 7(B; C). Then it is clear that {y} {¢} =
{y¢} € 7#(A4; C). The assertion of the theorem now follows by classical arguments.
Indeed if {¢} is a class of homotopy equivalences 4 ~z, B, then S{$} is a class of
homotopy equivalences S(4) =<, S{(B).

It should be noticed that the relation between S(4) and S${B) is in fact closer
than homotopy equivalence. We remarked above that if ¢ = 0 then S¢ may be
factored though B. For arbitrary 4,B and ¢ :4-—> B choose fixed modules
8(4), 8(B) and induced map S¢ : S(4)—> 8(B). We prove

THEOREM 2.4. ¢ =, 0 : A— B if and only if S¢ may be factored through B.
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Let us write xy, «, for the maps 4 — 8(4), B— S(B) and let ¢ : A — B be the
chosen extension of ¢ so0 that S(d) x; = K.

Now let ¢ ==, 0 and let 5 : 4— B be an extension of ¢. Then ¢ — y is zero on
A so that a map 0 :8(4)— B is defined by 0k, == ¢ — x. Then r,0x; = 1, =
S(d)xy, so that w0 = S(¢).

Conversely, suppose that @:8(4)->PB exists such that x,0= S(¢). Then
¢ — Ox, actually maps 4 into B since xy(¢ — Ox;) = 0 and (¢ — b)) | 4 = .
Thus ¢ ~, 0

We remark that a map 8(4) — S(B) may well be i-nullhomotopic and yet not
admit a factorization through B.

Let S™(A) represent the iterated suspension of 4. We may then define 7#,(4; B)
unambiguously as 7(8™(4); B). The groups 7,(4; B) may aetually be regarded as
homology groups of a suitable chain-group. For let

) ] é

0>A—>Cp—>--—>C,—>---

be an injective resolution of 4. Then Cyf/4 is a suitable S(4) and, generally,
C,/6C,_; has the i-homotopy type of §7t1(4). Let D, = Hom (C,, B) and let
é:D,— D,_, be the boundary operator induced by é. Then

@.1) H, (D)= #,,,(4; B), n>0.

We may relativize the concept of homotopy group, but instead of defining
relative groups of a pair (¥, B) we prefer to consider the more general concept of
the homotopy groups of a map ¢ : B— Y. Precisely, we will first define a group
#{0; ¢) where 0 : 4 — X, ¢ : B— ¥. We understand by Hom (8; ¢) the group of
pairs of maps a, 8, where o : A— B, f: X— 7, such that do = £0. We must
now distinguish the nullhomotopic elements of Hom (9, ¢). First we will say that
§": A'— X’ extends (or contains) : 4 - Xif(l)Ac 4, X c X', i) 04 a X =
04, (iii) 6'-1(0) < A. Restriction (iii) asserts that the kernel of 8 is not enlarged
in passing to §’, so that, in particular, § is an embedding if § is. In the latter case,
restriction (ii) asserts that the overlap between 4’ and X is minimal. The effect of
(i) and (iii) is to justify a generalization of Theorem 2.1. We say that a map
6 : A~> X is an injective extension of # if it is an extension?; certainly injective
extensions exist and we may prove

Tarorem 2.5. 4 map (u, §) from 0 to ¢ may be factored through any exiension
of 0 if it may be factored through some injective extension.

It is important to observe that, if we call § : 4 — X an injective semi-extension
when we drop condition (i), then we may replace “injective extension” by
“injective semi-extension” in Theorem 2.5.

It is now clear how we should define the subgroup of Hom (8; ¢) consisting of
i-nullhomotopic elements. The factor group is #(f; ¢). We may also define
7,(0; &), but we will be more eoncerned with a group #,(4 ; $) which we now define.

1 A map from one injective module $0 snother is an injective object in the eategory of maps
of modules with our definition of inelusion of maps.
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Let ¢, : 87 4)— 8"1(4) be the embedding map. Then it may be shown that
71,3 $) depends only on the homotopy type of 4 (indeed, of §%~1(4)) and we write

7“;:')1(‘4; ‘16) = 'ﬁ'("n; ﬁﬁ')

Any map S8*(4)— Y may be regarded as a map 8™ H4), §*14)— 7Y, 0.
By this association a natural isomorphism

(2.2) To(d; V) 2 7,(4; )

is established where @ : 0— Y is the embedding. Using (2.2) we obtain an exaet
sequence

(2.3) s> g, (4 By 7 (A4 Yy 7,(d; d)— 7, 4(d; B)—- -,

ending with - - -— 7(4; B)— 7(4; Y). The first homomorphism is induced by ¢,
the second by the obvious map @ — ¢, and the third by “restriction” to 8*—1(4).
The proof of exactness may be carried out directly or by appeal to (2.1) and the
theory of Cartan-Eilenberg. The latter technique involves a lemma identifying the
sequence with that obtained from a certain three-term sequence; there is also the
question of ensuring that the last few places of the sequence preserve exactness.

‘We may pursue the analogy with ordinary homotopy theory further by defining
a cohomotopy sequence; namely, if (X, 4) is a pair, there is a sequence

@4)  #XJA; V) 7(X; T)— 7{d; ¥)— #(X]4; 8¥)— #(X; 8F)—> - - -

The homomorphism #4; ¥)— #(X[4;8Y) is defined by extending a map
A—Y to a map X— ¥ and then taking the induced map. The sequence is
always exact at #(X; ¥); it is exact ab #(X/4;8Y) if 8 : #(4; Y)— #{S4;8Y)
is onto; and it is exact at #(4; Y) if 8 : 7(4; ¥)— #(84;8Y) is (1 — 1) and
8:#X; Y)—#{S8X;8Y) is onto. Thus we may apply S-theory, in the sense of
Spanier-Whitehead, and obtain an exact sequence.

We may define a map ¢ : B—> ¥ to be a fibre-map if any map of any injective
module into ¥ may be lifted into B. Let K = ¢~%{0); if ¢ is a fibre-map it may be
shown that there is an isomorphism

(2.5) Acdi, (4 K)o & (45 6);
the homomorphism 1 is defined by regarding a map 0 : 8" }{4)— K as a map

sy a3 B

b oot

SH4)— Y
This isomorphism gives rige to the exact sequence

(2.6) o> i, (4 By—> 7 ,(4;Y)—> 77, y(4; K)— 7, _{4; B)—- -~
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Notice that the above differs formally from the usual procedure in which ¢ is
taken to be an embedding and ¥ — Y/B is a fibre-map. :

If wo consider the purely algebraic aspects of our definition we may state the
following results.

TueoreMm 2.6. Let A,B be modules. Then the cohomology groups Ext® (4; B)
depend only on the i-type of 8" UB). A map ¢ : By— B, induces the zero homo-
morphism on Ext™(4; By) for all A if and only if S"(¢) =2, 0.

TreOREM 2.7. The following statements are equivalent: (i) 7,(4; B) =0, all B;
(i) Ext*H(B; A) = 0, all B; (ifi) §7(4) =, 0.

The latter theorem establishes, in a sense, the nontriviality of the homotopy
groups.

‘We now refer to the duality which exists in the exact category of A-modules
and maps. This enables us to give a dual definition of homotopy, namely

' DuFinreioN 2.1*%. 4 map & : B-> A is p-nullhomotopic if it may be factored
through every module A’ of which A is o quotient. Two maps ¢g, by B— 4 are
p-homotopic if ¢o — ¢y is p-nullhomotopic. We write o= 0, foe, by,

TarorEM 2.1%. Let A be a projective module of which A is a quotient. Then
¢ : B— A is p-nullhomotopic if and only if it may be factored through A.

We now define the group #(B; 4) in the obvious way. We call this the p-homo-
topy group of maps from B to 4. We may then continue to dualize the concepts
and statements introduced for ¢-homotopy. In particular, we remark

Tarzorem 2.2*, (Homotopy lifting theorem). Let ¢ : B— A and let 56 B4’
where pu: A— A’ is an epimorphism with ¢ = ud. Then if ¢’ =~ v : B— 4’,
there exists y : B—> A with =2,y and v’ = uy.

Given a module 4, let u: A— A be a map of a projective module 4 onto 4
and let Q(4) be the kernel of p.

TreoreM 2.3%. The p-type of UA) depends only on that of A.

We define 7,(B; 4) to be #(B; Q*(4)). Let

0
o 0,0, > Oy A0

be a projective resolution of 4. Then the kernel of @ : ¢,,— C,,_, has the p-type of
Q™1(4). Let B, = Hom (B, C,) and let ¢’ : B, — F,_, be the boundary induced
by that in C,. Then

(2.1%) H{EB)= m,,,(B; 4),n > 0.

We relativize as before by passing from the category of modules to the category
of maps. Omitting the details, we may prescribe conditions under which a map
from the map 0’ : X’ — 4 to the map § : X— A4 is to be called a projection and
hence define the group ={¢; §), where ¢ : Y — B. In particular if «,, : Q" 1(4)—
Qn-1(4) is the projection from the projective module Q" 14} onto Q"-1(4),
we define

(s A) = n(d; «,)
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Any map ¥ — Q"(A) may be regarded as & map from { to ,; where { is the
map? ¥ — 0. This leads to an identification

(2.2%) oY Ay 7 (5 4)
and hence an exact sequence c
@3%) o m (B A)—> (Y A)—> mo(; A) > w4 (B A)— -+,

ending with - - -— 7(B; Ay— @(¥; 4).
There is also a p-cohomotopy sequence. Let u be an epimorphism of X onto
A with kernel K. There is then a sequence

(2.4%) w(Y; K)—» a(Y; X) > w(¥; A)—> w(QY; K)— - - -

The homomorphism #(Y; 4) — 7(QY; K) is defined by lifting a map ¥ — 4 to a
map ¥ — X and taking the induced map QY — K. The sequence is always exact
at w(Y; X); it is exact at w(QY; K) if Q: a(Y; A)— w(QY; Q4)is (1 — 1); and
it is exact at #(¥; 4) if Q: 7(Y; 4)— #w(QY; QA4) is onto and Q: 5(Y; X)—
#(QY;QX)is (1 — 1). There is thus an Q-theory dual to the S-theory for
i-homotopy. ‘

We have seen that ‘“homotopy lifting” is dual to “homotopy extension.” To
obtain a sequence dual to (2.6) we must impose a homotopy-extension property
on the map ¢ : ¥ — B of (2.3*). We say it is a p-fibre-map if any map of Y into a
projective module may be factored through ¢. The p-fibre is then L = B[¢Y and
we have an isomorphism

(2.5%) Ty a(L; A) 22 7,($5 4),
giving rise to the exaet sequence
(2.6%) cor > (B Ay w (Y5 A) > 7, (L Ay— 7, (B; A)— - -

We also quote

TaEOREM 2.6%. The cohomology groups Ext, (4; B) depend only on the p-type
of Q*YA). A map ¢: A,—> A, induces the zero homomorphism on Ext® (4,; B)
Jor all B if and only if Q"Y($) =2, 0. Moreover, the homology grouwps® Tor,, (4; B)
depend only on the p-types of L371(4), Q*YB).

Tororem 2.7%. The following statements are equimlent: @) 7,(4; BYy=0, all
A; (i) BExt*+t (B; 4) == 0, oll 4; (i) Q"B) =~

There is a character theory relating z-homotopy and p-homotopy. Preclsely,
let B be a divisible abelian group, possessing elements of order » for every*n > 1,
and for any abelian group 4, let A¥ — Hom (4, R). Then if 4 is a left A-module,
A* may, in an obvious way, be given the structure of a right A-module. We may
then prove

Taeorem 2.8. If A =~ B, then A% o, B*.

® For the purpose of the exsct sequences we may regard [ as the null map ¥ — B, bub
in principle the image of { is » fixed trivial group.

2 Here we take A to be a right A-module, B a left A-module.

4 This condition is only necessary if we require 4 & A**,



HOMOTOPY THEORY OF MODULES AND DUALITY 279

More precisely, if ¢: A—> B is a map, then a map ¢¥ : B¥ — A4*, dual to ¢,
is defined and ¢* is an i-homotopy equivalence if ¢ is a p-homotopy equivalence,

TarOREM 2.9. (QA4)* = 8(4%).

It follows that ¢ — ¢* induces a homomorphism

(2.7} @45 B)—> 7, (B*; 4%).

{(Added in Proof.) Eckmann and the author have recently proved
TaeoreEM 2.8. The following 5 siatements are egquivaleni: (1)¢ 1A o, 47;
(2) p*: w(A"; B) o2 7(A; B), all B; (3) dy: 7(B; A) =2 (B; A'), all B; (4) dy:

[4 e
Ext (B, 4) ~ Ext (B, A"}, all B; (5} ¢ factorizesas A —> 4 + 1 —> A" 4 J —>
A’, where I, J are injective, « embeds, i projecis, and ¢ is isomorphic. The equivalence
(1) <> (B) has been poinied out by A. Heller. (There is also a dual Theorem 2.8%).)

3. Duality in topology

We saw at the start of the previous section that ¢-homotopy for modules is a
natural analogue for homotopy in topology; equally well, p-homotopy for modules
is analogous to homotopy in topology. For we saw that every module-map is a
“fibre-map’” with respect to p-homotopy (Lheorem 2.2%) and, for topological
spaces, a map f: 4— B may be lifted into every fibre-space over B if and only
if it is nulthomotopic. Thus the dual theories of ¢-homotopy and p-homotopy may
be said to coincide (with homotopy in the usual sense) for topological spaces, and
the relation between statements in the i-theory and corresponding statements in
the p-theory may be expressed in terms of Kan’s notion of “adjoint functors”.
Precisely, (1.1) derives from the fact that § and Q are adjoint (8§ is a left adjoint
of Q), and so indeed are the functors X — X X I, X — XZ,

Let us briefly examine the exact sequences of the previous section from this
standpoint. We recall that we are always eoncerned with maps and homotopies
with basepoints. Certainly we have an exact sequence

8.1 s> a,(d; By (4; Y)— w45 f)—>r,

1(A;B)_._>..-’

wheref : B— Y is a map and «,{4; B), for example, is the group (or set if # = 0)
of homotopy classes of maps §%(4)— B. Indeed if 4 is locally compact this
is just the homotopy sequence in the usual sense of the map f4 : B4 — ¥4 induced
by f. ¥ f is & fibre-map {with respect to maps of suspensions of 4), then f4 is a
fibre-map for maps of polyhedra and (3.1) becomes

(32) o my(ds By (s ¥) o>y y(A; F) o> 7y (s By e,

where 7 is the fibre.
Dually, if f: Y — B is a map, we have an exact sequence

{3.3) o (B Ay > m (Y A) > m (f; A)—> 7 (B A)—> -+ - ;

if B and Y are loecally compact this is the homotopy sequence of the map
A7 : AB —» AY induced by f. If (B, Y) is a pair with the homotopy extension
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property with respect to maps into Q™(4), n= 0,1, ..., then 47 is a fibre-map
and (3.3) reduces to :
(84) o w (B A) > 7w (Y; A)—>w, (B|Y; A)y—>m, ((B; A)—>-- -,

which is Barratt’s track group sequence. Thus homotopy extension and homotopy
lifting properties are adjoint and (3.3), (3.4) may be deduced from (3.1), (3.2) by
using Kan’s theory of adjoint functors. It is to be noted that (3.4) contains the
cohomology sequence {obtained by replacing 4 by a suitable Eilenberg-MacLane
complex) and, essentially, the cohomotopy sequence (obtained by replacing 4
by a suitable sphere and desuspending within the suspension range). The ¢-cohomo-
topy sequence also yields the usual cohomotopy sequence, while the p-cohomotopy
sequence yields a sequence which is rarely exact owing to the fact that Q: =(X; ¥ )—
#{QX; QYY) is rarely (1 — 1) onto.

Let us reexamine the derivation of the cohomology sequence from (3.4). Confining
attention to pairs (B, Y) which are CW-complexes or C.8.S. complexes (B being a
subcomplex of Y) we have the sequence (3.4} in particular when 4 is the Eilenberg-
MacLane complex K(G; m 4 n). Now ,(B; K(G; m + n)) = w(B; Q"E(G;m -+ n))
= w{B; K(G; m)). The group =(B; K(G; m))is naturally isomorphic with (H™B; G)
and the boundary homomorphism =, (Y; 4)— 7, _,(B/Y; A) is thereby converted
into the homomorphism §: H*(Y ; G)—>H™Y(B]Y ; G) of the cohomology sequence.
In this way we obtain the eohomology sequence

(35) - H™(B; @)— H™Y; @) — H™YB|Y; G)— H™(B; @) — - - - ,

we remark also that H(B|Y; () = H"(B, Y; ), the cohomology group on the
left being the reduced group. Thus we might take the point of view that the
cohomology group H™(B, Y; G) may be defined as #(B/Y; K(G; r); that is, as the
group of homotopy classes of maps BJY — K(@;r), the group structure being
induced by that of K(G;7) (i.e., by the presentation of K(G;r) as QK(G; r + 1)).
Thus cohomology groups have been defined in terms of homotopy groups, using
the H-structure of Eilenberg-MacLane complexes. Dually, homotopy groups may
be defined in terms of cohomology groups.® Given an abelian group G, let Y(@; 7}
be a space with a single non-vanishing cohomology group @ in dimension r. If
r > 2, Y(G; r) is a suspension of Y(G;r — 1) and thus #(Y(G; r); HM) has a group
structure; the resulting group is precisely the homotopy group =, (M) if G is the
group of integers. We may relativize by considering, not a pair, but a fibre-map
F: Y- B with fibre F. Then we define the 7" homotopy group of f: ¥ — B
with coefficients in G as 7(Y(@; r); F). The exact sequence (3.2) with 4 = Y (G; )
is thus dual to (3.4) with 4 = K(G; r). It would be of some importance to place
this duality en a rigorous basis, in which ils relation to the duality between

5 ((Added in Proof.) Eckmann has remarked that there are advantages, in certain contexts,
in defining homotopy groups with coefficients not by means of Y(Q; r), as above, but by means
of the space K'(G;r), first considered by J. C. Moore, with a single non-vanishing homology
group, namely ¢ in dimension )
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H-gpaces and S-spaces (spaces of the second category) would become apparent.
We may demonstrate this heuristic duality with one further example.

Let f: X— ¥ be a map from the CW-complex X to the CW.complex Y. If
7{Y)=0,0= r <, then f is homotopic to a map f' sending X*1 to y, the
base-point. Write X, = X/X" 1 and let f;: X,— ¥ be the map induced by f'.
If fo, f1 : X*— Y are both approzimations in the above sense to fand if p : X*1.—
X7 is the projection, then fyp ~ f,p.

The dual statement; is as follows. Let f : ¥ —> X be a map from the CW-complex
Y to the CW-complex X. If H"(Y) = 0, r > n, then f is homotopic to a map f’
sending ¥ into X" Let f0: Y — X" be the map f' regarded as a map into X™.
H f9, f1: ¥ — X" are both approximations in the above sense to fand if ¢ : X" —
Xn+1 i the injection, then 4f%~ ift. The dual statement requires that X be
simply-connected (if = = 2, we must take X simply-connected).

Finally we consider the two propositions

(3.6) S(X X Y) = S(X)vS(Y)vS(X 2 V),
(3.7) QX v = QX)X YY) X QEX X ¥, Xv ).

Here X o Y is the factor space X X Y/X v ¥ and E(X x Y, X v Y) is the space
of paths on X X ¥ starting in X v ¥. These decompositions are in some sense
dual to each other. Recently John Milnor has shown that, if X, ¥ are suspensions,
say X = 8(4), ¥ = S(B), then Q(X v Y) admits an infinite decorposition as a
product of loop spaces constructed from A and B using the a-product®. A similar
expression for §(X X Y) should be available.

Universiry oF MANCHESTER
MancuesTER, ENGLAND

& Milnor argues from the free group complex construction; it i possible to obtain a geo-
metrical proof by setting up a homology isomorphism.



APPLICATIONS OF MORSE THEORY TO SYMMETRIC SPACES

By R. Borr anDp H. SAMELSON

1. The paper deseribed here (a complete account will appear elsewhere) forms a
a sequel to[3]. Let K be a compact, connected Lie group, and let it act, by isometries,
on the (complete) Riemannian manifold M. Let  be the space of paths (D’-curves,
parametrized proportional to arclength) from some point p of M to some K-orbit
N in M. Our purpose is to study the Morse theory of Q, using the information
contained in the action of K on M. We consider transversal geodesics in M, i.e.
geodesics which are orthogonal to one (and then automatieally to every) orbit they
meeb. A variational vector field or Jacobi field along a geodesic will be called
transversal if it is derived from a one parameter family of transversal geodesics.
Let 8 be the set of all transversal geodesic segments from p to N. For any element
s of 8 we let: C be the stabilizer of s, i.e. the group of those elements of K that leave
s pointwise fixed; the stabilizer C, of any point « of M is defined analogously. A
parameter value ¢ € [0, 1) will be called exceptional for s, if, putting s(f) = g, the
dimension of €, is greater than that of C,. Suppose there is only a finite number of
exceptional values for s, and that 0 is not exceptional; let values be 0 << 4, <<~ -+ <C
& <<1. Write C; for Oy, put W(s)=0C; X ++- X Cpand U(s)=C, X -+ X C,
{k factors). We let U(s) operate on W(s) by w-w == (cs, * ~, ). (#y, "=+, Ug) =
(0ytty, w7 Togly, * * + , wy_ Loy ); this defines W(s) as Ul(s)-principal fibre bundle, whose
base space (a manifold) we call K(s). With w= (¢, - - - , ¢;) We associate the geodesic
polygon w-s=8U¢;"s;Ucy-Cy- 83U~ Ucy -~ ¢, &; here s;is the part of s
from ¢, to £;, ;. This association constitutes a map of W(s) into Q, which is invariant
under the action of U(s) and so induces a map f, of K(s) into Q. Let k(s) denote the
J-image of the fundamental cycle mod 2 of K{s): if K(s) is orientable, let k(s)
denote the f-image of a fundamental integral cycle of K(s).

‘We say that K is variationally complete on M if every transversal Jacobi field
(along a tranversal geodesic), which is tangent to the K-orbits at two points, is
derived from a one-parameter group of K. (If K is the identity this means absence
of conjugate points.)

TusoreMm L. With the notation as above, let K be variationally complete on M;
let p lie on an orbit of highesi dimension. Then the k(s), s €8, form a basis for
H(Q; Z,); if all the K(s) are orieniable, then the k{(s) form a basis for H.(Q; Z)
[in particular there is then no lorsion in 0Q].

The proof is an application of Morse theory. Briefly speaking, the Z(s) are
absolute c¢ycles completing the relative cycles which in the Morse theory are
attached to the critical points of the length function on Q.

2. The foregoing will now be applied to symmetric spaces. Let ¢ be a compact
eomnected Lie group, let ¢ be an involution (automorphism of order two) of @, and
let K be the component of the identity of the fixed point set of ¢. The quotient

282
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space M = GJK is then a symmetrie space, and we shall call (@, K) a symmetric
pair. @, and therefore also K, acts in a well-known way on M. In addition K acts,
by the “adjoint action, on the tangent space M, to M at the point x,, represented
by K.

Tarorem II. Jf (G, K) is a symmeiric pasr, the action of K on M = G/K and on
MM, is variationally complete (in the meiric derived from a bitnvariant metric on G).

For the proof one has to analyze the action of G in some detail. For this and for
the subsequent discussion an important role is played by the maximal flab toruses
in G/K [or equivalently by the maximal toruses of &, which intersect K as little as
possible]; it is known that any two such toruses through x, are conjugate under K.
‘We apply now Theorem I to M under the action of K, with NV consisting of the
point x,. If 7 is a maximal flat torus containing p and x,, then all the geodesics
from p to x, lie in T'; the intersection of the K-orbits of non-maximal dimension
with 7' (the singular set) consists of a finite number of toruses whose dimension is
one less than that of 7. As is well-known, the situation is best described in the
universal covering space £ of 7', in which p appears as a lattiee of points, and the
singular set-as union of a finite number of families of parallel equidistant hyper-
planes [the diagram of (&, K)]. If 5 is one of the points representing p, if s is the
straight segment from § to the origin &, of #?, then the exceptional points on s, in
the sense of Theorem I, are the points (except &,) where s meets the diagram of
(G, K) and one can easily determine the dimensions of the various stabilizers, and
therefore the dimensions of the manifolds K(s). In slightly different terms this can
be expressed as follows: Let H be a Cartan algebra of @, containing the Cartan
algebra, H™ corresponding to 7' (H— can be identified with the ' above; it is also
characterized as the eigenspace to the eigenvalue —1 for the involution, induced by
o on H). Let 6, be a set of positive roots of & (linear forms on H). Define a function
A on H by Mx) = 3, [|f,; (2)|]; here [ ] stands for the integral part.

TaeoreM YII. The Poincaré series of the loopspace O of M, mod 2, is given by

PQ, ¢, Zy) = j O,
H—

the inlegral taken with a suitably normalized Buclidean measure in H-.

In the case where @ = K X K, and o is the interchange of the two factors, one
knows that M can be identified with K. It turns out that in this case all K{(s) are
orientable and even dimensional; in particular Q(K) has no torsion (cf. [1], [2]);
and it is easy to read off the Betti numbers of Q(K) from the diagram of K [each
cell, in the positive chamber, corresponds to a eyele, whose dimension is twice the
number of singular planes separating it from the origin]. One derives easily the fact
+that the 3 homotopy group of a simple Lie group is eyclic-infinite. Furthermore,
the cohomology ring of K(s) can be computed from the fact that K(s) is an iterated
2.sphere bundle; the description is as follows: K(s) corresponds, asnoted, toa cellin
g positive chamber; let @, « - + , g, in this order and with possible repetition, be the
(positive) roots belonging to the singular planes met by the segments s from a point
@ in the cell to the origin; let «;; be the Weyl integer belonging to the psir (@, w,).
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TueorEM IV. H*(K(s)) is the polynomial ring in two-dimensional variables
®y, + - - , %y modulo the ideal generated by the elements p; = xf + Si tomm,i=1,
-k (of. [4]).

It is possible to use this information to compute the low-dimensional part .of
H*(Q(K)), in particular to find out whether the powers of the generator of H2({Q(K))
(assuming K simple) are divisible by any integers (below the dimension of the next
primitive exponent of K), and thereby to determine the next nonvanishing
homotopy group of K after the third. For B;, F,, B4 these dimensions are 9, 11, 15,
and the computation shows that the groups in question are c¢yclic-infinite. This in
furn means that the homology of these groups up to the critical dimensions is that
of the Eilenberg-MacLane space K(Z, 3).

UNIvERSITY OF MICHIGAN, ANN ARBOR, MICHIGAN
InsTiTuTE FOR ADVANCED STUDY, PrRINCETON, NEW JERSEY
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SINGULARITIES OF MAPPINGS OF EUCLIDEAN SPACES

By Hassner WHITNEY

1. Introduction

‘We shall describe here some results and methods pertaining to the following
general problem (details will appear elsewhere). Suppose a mapping f, of an open
set R in n-space E* into m-space E™ is given (we shall write f: B* — E™). How can
we alter f, slightly, obtaining a mapping f with nicer and simpler properties?
By the Weierstrags approximation theorem (generalized), we may require that f be
analytic in R; if f; was r-smooth (had continuous partial derivatives through the
78 order), we may require the partial derivatives of f through the ™ order to
approximate those of f; (we then call f an r-approximation). Now take any regular
point p of f, that is, a point p such that f is of maximum rank » = inf (n, m) at p.
{Equivalently, using coordinate systems in E* and in E™, the Jacobian matrix of f
at p is of rank ».) Then, by the implicit function theorem, we may choose coordi-
nates so that f has the form

(L.1) . Y=ot @G=1,--+,9), y=0 (>vifm>n).

Hence ab any regular point p, f has the structure of the particular mapping (1.1);
we shall be satisfied with f here.

Any non-regular point we call a singular point of f. In general (unless m 2> 2n;
see §4) we cannot avoid the presence of singular points. We would then like to
reduce them as much as possible, making them lie in small and simple point sets,
and requiring the structure of f to be as simple as possible in the neighborhood of a
singular point. We shall show that the set 8' of singular points may be made to form
& smooth manifold plus boundary. There will be subsets of §’, also manifolds with
boundaries, consisting of points in the neighborhood of which fis more complicated.
This gives a splitting of §” into sets, in each of which f satisfies specified conditions.
Thus the singularities of f are divided into various types. We give the geometric
basis of this splitting in Part I. Examples of the types of singularities will be found
in Parb I1.

The manner of defining the singularities is as follows. Let L7 be the space of
possible values of the differentials of a mapping f : R* — E™ through the order r
at a point p (zee §2). Each L7 contains a certain set of manifolds, say Ly, Ly =<+
of various dimensions. Given f, the values at p of the differentials of f give a map-
ping f*: R®— L7, for each r. (We may keep r < 2n; see §11.) By a slight change in
[ we may require f7 to be “crosswise” to the L} (see §5); then f7(R) does not
intersect any L{j) of small dimension, and it interseets other L{i) in as simple a
manner as possible, Using a suitable », we then say fis locally generic. The sets in R
which map into the L;, are the singular sets of f; at a point of one of these sets, we
say f has a generic singularity.

285
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Suppose p is a generic singularity; say q = f7(p) € L. Then f7is crosswise to
L7, at g. It follows that for any good (r - 1)-approximation f; to f, ff will also be
crosswise to L, ab some point ¢, = fi(p,); thus a generic singularity cannot be
removed in this manner. (It may be removable underak-approximation for smaller
k; see for instance §22 of [13].)

We say the above f; has a singularity at p, of the same type that f had at p.
A basic question now is, to what extent is f; near p, like f near p? If the division
into singular sets is sufficiently complete, then we would like f; to be obtainable
from f by “changes of coordinates.” Explicitly, there is then a mapping F defined
by

. yi:(ﬁi(xl,...’xn) (i=1,"’,M),

such that both f and f; may be put into this form by proper choices of coordinate
systems. We then choose a particular mapping F, and call it a normal form for the
type of singularity, and we say that f is siable at p.

Our principal conjecture is that the division of singularities into types satisfies
the above condition. The general program may be described as follows.

(a) Carry out the definition of types of singularities, as proposed below. This will
be seen to run into questions about the relation of planes to certain algebraic cones.
{The basic theoretical considerations are not difficult, but carrying out the des-
cription of the singularities in high dimensional cases seems very complicated.)
It is then easy to show that arbitrarily near any f, there is a locally
generic f.

(b) Show that the division into types is complete, in that any locally generic
mapping is stable at each point. This is the most difficult part of the program.
{The choice of a normal form for a given type of singularity is relatively easy.)

A further study should include the following:

{c) Find topological properties relating to the singularities, both locally and in the
large (with E” and E™ replaced by smooth manifolds). We shall not discuss this
problem here. See [11] and [13]; also Thom, [4], [5] and [6].

The program has been carried through in certain cases, as follows: For m = 1,
we have a real function f in E"; the singular points are the critical points of f.
The theory of Marston Morse, in [1] and [2], covers this case (see §16). For m = 2n,
there are no singularities; see §4. For m = 2» — 1, we can have singularities at
isolated points; see [9] and §20. For » = m = 2, 8’ consists of smooth curves, and
there are isolated points of other type on the curves; see [13] and §17.

Suggestions have been made about the possible types of singularities in more
general cases. F. Roger [3] described the types we call S). R.Thom found explicitly
the types in low dimensional cases in [4] (the entry S,(S;) appears first for (n, m) =
(5, 4) (see §25), not (4, 3)). But no proofs that the division into types is complete in
these cases has been given.

Singularities which can be removed by small deformations (for instance branch
points; see §7 of [13]) of course may nevertheless be of importance. We shall not
consider these here,
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I. GEOMETRIC STRUCTURE OF SINGULARITIES

2. The differentials of a mapping

Let V(E™) = V™ denote the space of vectors in E™. The differential df(p) of fat p
is the linear transformation of ¥* into ¥™ defined by

1
2.1) df(p) - v=1lim, 4, ;Lf(p +w)—flp)leV™, wvelV™

The second differential d2f(p) is the bilinear transformation of ¥* X V* into V™
defined by

1
22) &f(p) - (v, w)=Tm,, o —[flp + sv +tw) —f(p + v)

— f(p + tw) + f(P)]-
It is symmetric: .
23) d&f(p) - (v, w) = d*f(p) - (w, v).
Higher differentials are defined similarly, or by induction.

Tf coordinate systems in the spaces are given, then naming the first r differentials
of f is equivalent to naming the partial derivatives of orders up through r. Relation
(2.3) corresponds to the symmetry of cross partial derivatives.

Let I! — £ denote the space of linear transformations of V" into V™; it is a
linear space, of dimension nm. More generally, let 2" denote the space of multilinear
symmetric transformations of the Cartesian product V* X - -- X V% (r factors)
into V™. Thus an element of £ is a multilinear symmetric function F(vy, -+ -, 9,),
whose values are vectors of V™. Set

(2.4) Ir=0g---@g.

Now with f given, d%f(p) is an element of €%, for each k. Let f*(p) denote the set of
& (p), & < r. Thus
(2.5) df(p) e £,  f(p)= (df(p), f(p)," -, Ff(p)) € L".

8. The structure of L'
Bach point 7' € I! is a transformation of V" into V™. The rank of T is the
dimension of the image space T(V"). Let L}, denote the set of points of L' of rank p.
Now

(3.1 = LluElu---ULl, »=inf(@n,m).
It is eagy to see that each Lﬁ is a manifold, of dimension
(3.2) dim (IY) = (n + m)p — p?=mm — (n — p)(m — p).

The codimension of a manifold in a fixed containing space is the difference of the two
dimensions, Hence

(3.3) codim (L}) = (» — p)(m — p).

Clearly any Limit points of L} not in L} lie in the sets LY, p’ > p. We express this
by saying that the L! form a manifold collection.
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4. The rank of f
Given f, : B" — E™, there corresponds a mapping f§ = dfy : R* — L% Set
4.1) p(n, m)=sup {r + 1: (n — r)(m — 7} > n};

this is the largest number r + 1 such that the condition shown holds.
Set p’ = p(n, m) — 1; then
codim (LL) = (n — p’)m — p’) > m.

It follows {13, Theorem 11A] that a small deformation of f,, will give a mapping f
such that no point df(p) lies in L.

We say f is of rank p at p if df(p) is of rank p. The rank of f is the smallest rank at
any point. The result above is that by a small deformation, we may make f of rank
= p(n, m).

The deficiency of f is (with » = inf (n, m))

(4¢.2) dfe (f, p) = v — rank (f, p), dfc (f) = v — rank (f).
Set-
4.3) 8(m, m) = v — pln, m).

Then we may make f of deficiency < d(n, m).

Some special cases of this are the following:

(a) If m = 2n, then p(n, m) = n, 6(n, m) = 0; hence we can remove all singular-
ities in this case. Take any smooth manifold M, and set f(p) = ¢, € B?>* (p € M).
Applying the result above gives an “immersion” f of M in E2* (There may be
self-intersections of f(M).)

{b) Supposem > {n — 1). Usingr = n — 2in (4.1) shows that p(n, m) > n — 1.
Thus all singular points may be made of deficiency <1.

(¢) For n > 2m — 3, we find p(n, m) = m — 1, and d(n, m) < 1 again.

() I n=m < (k+ 1)% we find 5(n, m) < k.

The results given are the best possible, in that there exist mappings such that
any sufficiently nearby mapping has the rank p(n, m) and deficiency &(n, m).

Some values of §(n, m) are given in the table. (This was found in large part by
Wolfsohn, [14].)

m

X 1 2 3 4 5 6 7 $ 9 10 11 12
1 1. 6 ¢ 0 o 0 o © 0 0 0 o
2 1 1 1 o0 o0 o o o0 o0 o0 o 0
3 1 1 1 1 1 o o o 0 o0 o o0
4 1 1 1 2 1 1 1 o o o 0 o
5 1 1 1 1 2 1 1 1 1 o o o
6 Tt 1 1 1 2 2 2 1 1 1 1 @

Table of d(n, m).
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5. Crosswise mappings

Consider F : R” — ¥, and let M be a smooth manifold in E¥. Suppose F(p) =
ge M. At g we have the tangent vector space P(M, g} of M, and the image
dF(p)}( V™) of V* under dF at p. We say F is crosswise to M if, for all such p,
these two vector spaces span V¥:

(6.1) dF(p)(V") + P(M, F(p)) = V™.

Note that if
n - dim (M} < N, ie., n < codim (M),

then F(R) n M must be void.

Levma (Thom, [6]). Let M be a manifold collection in L. Then arbitrarily near
any fo : B* — E™ there is an f for which fT is crosswise o each manifold of M.

Suppose f* : R* —> L7 is crosswise to the smooth manifold M, and codim{HM) =
. 8 < n (otherwise f(R) does not intersect M). Say f"(p) =g & M. Let ¢y,+ -+, $, be
real functions defining M near ¢; they vanish only in M, and their gradients are
independent there. Set p,(p) = ¢,(f"(p)) in B. Now the functions y,, - - - , p,, near
P, vanish only in 8 = (f*)y"}(H), and their gradients are independent at p, since J7 is
crosswise to M ; hence S is a manifold in &7, of codimension s.

6. The singular sets S,

Let f : B — E™ be locally generic (§1). Then (§5) f* = df is crosswise to the
L, Set
f

(6.1) 8= ("L p), »=inf(n,m).

Then (§5) the §, are smooth manifolds in £*; they form a manifold collection.
Now 8, is the set of regular points of f, and 8’ = §; U 8, U - - - is the set of singular
points; f is of deficiency k in S;. By (3.3) and 35,

(6'2) codim (Sv—p) = (ﬂ’ - P)(m - p)a

provided this number is <z; otherwise, §,_ .

is void, Thf.s gives
(6.3) codim () = k(jn — m| + k).

As special cases (provided the numbers shown are between 0 and ),

. codim (8) =n—m +1,  dim (S))=m—1,
t= '{eodim(szy=2(n~m+2), dim (S) = 2m — n — 4,

{co&m(ﬁ'ﬂ:m—«n%—l, dim (8;) = 2n — m — 1,
n< me

codim (Sg) = 2(m —n + 2), dim (S,)=3n — 2n — 4.
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v, Structure of the 8,

Take any point p where fis of rank p; thenp €8,_,, ¢ = fi(p) € L},. It is easy to
see that coordinate systems (z%, - - - , 2®) and (%%, - - - , y™) may be chosen near p
and f(p) respectively so that f has the form

(7'1) yi =at (ig_—— P): ?/i = 3{’5(‘”1: s, 7" (j > P)-
Let 3. denote 0yi/0z*. The Jacobian matrix of (7.1) is
o gt

J =

Yor1" " Yn
I ig the unit matrix of p rows and columns, and 0 is a matrix of zeros. Moreover,
the elements of J” and of J” vanish at p.

The %} occurring in J” are a set of h,= (n — p)(m — p) real functions in B" near
p. Now assume that f is locally generic. Then f is crosswise to Lﬁ, and as a result,
it is easy to see that the gradients of these functions are independent at p. We may
choose functions 2 (b, <<j < %) which vanish at p and whose gradients are
independent of the above gradients; now these yi and 2¥ may be chosen as mew
coordinates in E* near p, with origin at p.

Note that

(1.2) rank (J) = rank (J') -+ p.

Hence the set 8,_(,+1 18 given (near p) by setting all (k - 1)-rowed determinants of
J' equal to zero. This is a set of algebraic equations of degree & -- 1 in %, of the new
coordinates, For an example, see §23 below,

JTJ’

8. The null spaces N(p)

The null space N(p) of f at p is the set of all vectors » mapped into 0 by df(p).
Clearly

n—m-+k fn>m,

For p €8, N(p) can be related in various ways to S, near p, and more generally
to the sets 8,_;, - - - , 8, near p. This will be used to split 8, into several sets.

(8.1) forpe8,  dim (N(p) =

9. The differentials df"
Given f, we have f7(p) € L7, and since dd*f = d*¥f,
=, -, &)= @, -, dHY).
Thus knowing the value of f7 at p, the possible values for the tangent veetors
dfr(p) - v ate severely vestricted; only the last term d7tif(p) - » is arbitrary.

There are also restrictions due to the symmetry of higher differentials. Thus,
JHp) = df(p) € L, hence df'(p) - v € L}, [df*(p) - v] - w € V™, and

[4fY(p) - v] - w = d&¥(p) * (u, v) = @%(p) - (v, w) = [df(p) - u] - v.
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Suppose we know the point f**i(p) € L. Then we also know the d*f(p)
(8 < r - 1), hence df7(p), and thus the tangent vectors df "}(p) - v in L7,

In particular, the statement that f7 is crosswise to a given manifold eollection
M < L7 is a statement about df7, and thus is equivalent to the statement that
JT(R) avoids a certain point set M, < L+l One might prove Thom’s lemma
($5) by showing that any such M, is a manifold collection of codimension >u.
Such a proof seems difficult to carry out.

10. The mapping f2 into 12

In the expression (2.4) for L%, if we drop oub the last terms, we obtain any
IF, k < r. Hence to each point of L7 corresponds a definite point of easch IF,
k < r. Let L be the subset of L thus corresponding to L in LY. Clearly

(10.1) codim (L) = codim (L}),

and f* is transversal to the L7 if ! is erosswise to the LL.

Supposing that f* is crosswise to the L, we now consider, for each point p, the
relation of the null space N(p) to the sets §,, which contain p. To give the relation
of a vector v to §;, (p € §,) is to give the relation of df}(p) - vto L!_,; hence a given
position of N(p) relative to the §, corresponds to a property of df(p), ie., a
property in L? (see §9).

By 8§86 and 8,

{10.2) dim (8;) +dim (N(p)) =n i n=m;

hence we may expect, at most of the points p €8, that N(p) and the tangent
plane P(8;, p) have only the zero vector in common. More generally,

(10.3) dim (N(p)) = codim (S} + (¢ — D —~m -+ & if n=>m.

Then
k= dim [N(p) n P(S;, p)]
might be 0, or >0.

To say that fi(p) = g € L] and f* is crosswise to L2 at g is to say that f3(p) € L2
but f3(p) avoids a certain subset of L2 (of codimension >>n). Let L*2 be the part of
L2 in no such subset; seb L} = L*2n Lf.

The different values of k above correspond to different subsets of L}%,, and give
a splitbing

(104) L =L UL, 0 .
Set
(10.5) Sk,k == (fg)"l(L:k_z,k,k); then Sk = Sk,O U Sk,l Uee-r,

Now 8, is the subset of 8, where, if we consider f in §; alone, f has deficiency .
The 8, ,, are called 8,(8,) in Thom, [4] (provided that # > m).
‘We have similar splittings for » <C m.
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Now consider p €8,, assuming # > m. We must consider the relation of N(p)
not only to P(S,, p), but also in relation to S; near p. This is a more complex
situation; see §23 below. The possible relationships of ¥(p) to the structure of
§, near p is reflected in a splitting of the L}%, ; near f(p), and this givesacorrespond-
ing splitting of the §, ,. We shall not give names to the new sets here. In a similar
manner, each S, , is split into subsets, on considering the possible relationships
of N(p) to the §, ({ < k) near p €8,.

Note that 8, (the set of regular points) is not split. Also, since (usmg coordinate
systems) the possible relationships of the N(p) to the §, are expressible by algebraic
equations, and hence the new sets in L*2 are algebraic varieties and hence manifold
collections, we see that the new sets in " are manifold collections. There is an
open subset of 8’ where N{p) is in the most general position; the rest of 8’ forms a
manifold collection of dimension less than that of 8,.

11. Further splitting of the S,
_In I3, we have the subset L*3 corresponding to mappings f such that f2 is
crosswise to the sets in L*2. We have also sets L¥3 < L*3, corresponding to the
L} (see §10); they also correspond to the L2 in L2 But these sets L} have been
sp]lt up; this gives a splitting of the L¥3. We shall split these further

The S, in B* have been split into subsets, forming a manifold collection. At any
point p, we have considered the relation of N(p) to the §,; we now consider it also
in relation to the new sets. The various possible relationships correspond to facts
about df2, and hence to subsets of L¥8 (sce §9); this gives the desired further
splitting in L*3, Through (f3), we find a further splitting of the ;.

As in the last section, the first new manifolds we obtain are of dimension one less
than that of the previous new ones at most, and hence of dimension two less than
that of §; at most.

Remarg. Though we have described the manner of splitting in L*? and in ) L3
through a discussion of the function f, the definitions of the sets in L2 and I3 aré
clearly intrinsic; they depend on the properties of the £ alone.

‘We next consider the relation of the N(p) to the new sets, giving a splitting in L*4
and hence a new splitting of the S,, the largest dimension of a new manifold being
three less than that of 8, at most, ete. The process must stop affer the new manifolds
are of dimension at most zero. Hence the largest 7 and L we need use are those for
which 7 — 1 =dim (8,). In L**, we can make f* crosswise to all manifolds
obtained, and this gives us the desired locally generic f; see also §13. The final
requirements on f employ dr+1f. Thus (see §6) the requirements on f to be loeally
generic involve derivatives through the order at most

m+1 (n = m),
o2n —m+1 (X m).
12. The singular sets S

Suppose first that n > m. In a neighborhood U < §; of a point p of §;, we may
choose a set 2,(p"), - - - . v,,_(p) of independent vectors orienting P(S,, p'); choose

(11.1) y(n,m)=n——}n—m}+1={
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also v,(p'), - -+, v,,(p") orienting N{p") (p" € U); see {8.1). For most points p’ € U,
the.whole set v4(p’), - - -, v,(9") is independent, and an orientation of £” is deter-
mined. In some parts of U, one orientation of £” may be determined, and in other
parts, the opposite orientation; these parts are divided by the set S, ; U8, , U - - -.
Henee

(12.1) dim (8, )= dim (8) —1=m —2 (n>>m).

We shall write S for the manifold 5 ;.

For p e8P, N(p) U P(8;, p) = Q(p) is of dimension 1; it may point from p into
P(8S;, p) in either side of P(S?, p); or at exceptional points, it may lie in P(SP, p).
This exceptional set is a manifold in 8, of dimension m — 3; it is the inverse
image under f3 of & certain set in 3. At these points p, N(p) N P8P, p) = Q'(p) is
of dimension 1 instead of 0; we call this set 8 4 5, or 8. At a point of 8P, Q’'(p)
may point into P(SP), p) in either side of P(SP), p), or be tangent to the latter;
thus we find 8§, etc. We have

(12.2) dim ) =m—i (1<i<m<n).

These singular sets (inverse images of sets in Z1) were found by Roger [3],and appear
in Thom [4] with the notation 8,(8;), 8;{8:(8;)), etc. Nate that the last one cor-
responds to a set in L™; this gives actual occurrences of y(n, m) in (11.1), for n > m.

This gives the total splitting of §;, if n < 4.

For m 2> u, codim (8;) = m — n -+ 1 and dim (N(p)) = 1{p €8;); hence N{(p)
will lie in P(8,, p) (for locally generic f) in a manifold §, ; = 8% of codimension
m — n - 1 in 8, and hence of dimension 3n — 2m — 2. For p €8, N(p) lies
in P(8y, p); it will lie in P(S, p) at each point of a manifold 8, ; ; = S of
codimension m — n -+ 1 in 8P, etc. Thus

(12.3) codim (S%) = i(m — n + 1) if present (1 < i < m > n).

The definition of the 8{? shows that f is locally one-one with nonvanishing
Jacobian in each 8{Y — 8¢*+1); but the image has a cusp manifold in the next set
8D,

: ~ 13. On the classification of singularities

" As before, if we eut out a certain subset of L7, 7 = y(n, m), of codimension >n,
corresponding to mappings not crosswise to the sets we have found in ¥, we
have left L¥T; any mapping f, : R* — E™ is arbitrarily near & mapping f with
f7(p) € L*" (p € R), and any such [ is locally generic. Morevoer, f7 is automatically
crosswise to the sebs of the splitting of L**,

The various sets of the splitting in L*" define the different types of singularities
for locally generic f.

Note that each set 4 of the splitting in L*™(r = y(n, m}) corresponds to a set
B in L7 which is not split further; but part of B may be cut oub when we reduce
I to L**, and what is left may be composed of several connected pieces, which may
correspond to different types of singularities. This happens for instance in the case
m=1,7n>1;see §16.
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14. Encasing of singularities
Givenf : R* — E™, the s-dimensional encasing of f is a mapping F : R*s . s
defined as follows. Write B*+® = E* X E*, E™* = E™ x E%, and

(14.1) Flp, )= (f(p), 9) (pek” qek?).

To each generie singular point of f corresponds a generic singular point of F;
the latter is the s-dimensional encasing of the former. Examples will be given below.
Clearly

(14.2) rank (F, (p, q)) = rank (f, p) 4 s;
henee, for each q € B¢,

(143) SF)n(E" X @) =8(f) X ¢, codim (S(F)) = codim(Sy(f)).

Clearly N (p, g) lies in the space V™ of B always; hence the relation of null spaces
to the S, is the same for F as for f, and we see step by step that the S, are split into
subsets in the same way for each. Finally, at any p, lying in a certain singular set,
J7 (for some ) is crosswise to the corresponding subset in L7(n, m); hence Fr is
crosswise to the corresponding set in L7(n 4 s, m + s), showing that F is locally
generic.
15. Increasing »

Given f: R* — B, with n > m, define F : B ** — F™ near a point p €8; as
follows, Since dim [df(p) - V"] = m — 1, we may choose a vector w, in V™ no$ in
df(p) - V™. (There are essentially two choices.) Set

(15.1) F(p, 1) = f(p) + t*w,.
With a coordinate system in E7,
oF of . oF
= =1, A o 2w,

For p’ near p and ¢ 5= 0, the last vector is independent of the former; hence rank
(F, (9, §)) ==rank (f, »’) + 1 = m =9, and (9’, §) is not a singular point of F.
Fort= 0, Np(p', 0) = N (p'} + V*; the relation of these spaces to the 8,9 for F'
is the same as that of the N(p") to the 8, for f. Thus 8, for f becomes part of
8,% for F at ¢ = 0.

The above discussion fails for the 8, £ 2> 2. For instance, §, may be present for
mappings E* — E4, but not for mappings B° — E* (see §4). ’

I1. EXAMPLES OF SINGULARITIES

16. Crifical points of real funetions

(See M. Morse, [1] and [2]). For BE* — B, we lot E* be the set of real numbers.
Here, Lt is simply the set of real linear functions (Le., covectors) in V*; it is of
dimension #, and L consists of 0 only. Since codim (8;) = codim (L}) =, 8,
consists of isolated points.
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With a Cartesian coordinate system in £" and hence in L1, the components of

JF(p) = df(p) are 5
f o )
() = L Y

(16.1) f( )= (a v )
Now (compare §9) :
of*[0x? = (0%f[0x'0x%, - - - , O¥[Ox"0x?),
and if f is locally generic, these vectors in L' are independent for =1, -, n.

That is, the matrix of second partial derivatives is of rank ».
‘With proper choice of coordinates, f near p may be written in the form (for some &)

(16.2) y= (@)% 4 -+ + (@)% — @2 — .- — (z7)2

For n =1, y = (=) (If we allow coordinate systems reversing orientation,
we may write ¥ = (x1)2.) If we now increase » ag in §15, choosing w, € B sometimes
positive and sometimes negative, we obtain the above critical points.

Note that L32is LE except for all points where the determinant |52f/ axiax’] = 0.
The different parts of L}? correspond to eritical points of different index, i.e., with
different numbers of minus signs in (16.2).

17. Thecase n = m =2

For B* — B, a typical singularity is given by y = 2. If we encase this (§14), we
obtain

171 =2, yP= @

this has a singular set S; on the line 22 = 0.
Consider the mapping defined by

{17.2) yl= y? = gla? — (x2)3.

The Jacobian is J = 0y?/dx? = 2! — 3(+%)?, which vanishes on the curve 8,
defined by #! = 3(x%)2. With unit vectors e,, ¢, along the axes, the image of any
vector v under df is
oyt ay' d
df(at, 2%) - (v'ey + vPe;) = (”l 3%1 + 2 ayg’ + vt az.z)
Along 8, this equals (v, »%?); hence N(p) consists of all vectors ae, for p €8;.
Except for p = (0, 0), N(p) is not tangent to S,; hence we are not in 8 here.
But we have tangency at (0, 0). (The image under f of 8, is a curve with a cusp
point at the origin.) Also, N{p) is crossing §; here (the mapping f2 is crosswise to
the corresponding set), as is easily seen; hence the origin is in 8.
For fuller details, see [13].

18. Thecase m =2, 2 > 3

If we increase n as in §15, we find singular curves S, with isolated points 8P on
them, as in §17. We find typical mappings, first for a point p of 8, — S, with
n = 3, By (17.1), the images of all vectors at p lie in the y'-direction; hence we may
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choose wy = fe, in (15.1); £ is replaced by #°. Inserting the sigh - in (17.1), this gives

(18.1) =2,  Pi= @2+, inS —SP.
Similarly, using (17.2),
(18.2) P=2at, yP=a?— @R (2*)2 inSP.
Continuing this process gives, for typical singularities in the general case,
(183)  gr=at, =L@t @2 S — 8P,

(18.4) Pl=al, P=ae®— (@PL 2L L@  nSP.
19. Thecase n > m =3

Here, we have singularities of types S;, 8P, 8. Typical examples are,forn = 3,
(19.1) gl=uo, =22 P=(@E"? s —3P,
(19.2) =2l yP=a? PP nsP 8P,
(193) gr=al, y2=2a2 P=ald L 20?2 — (Pt indP.

In the last example, the Jacobian is 9y3/02z%, and 8, is the surface

81 ¢ = a2t + 2223 — 4(3)® = 0.

Clearly N(2', =% 2%) consists of all vectors ae,, in the z-direction, at points of §,.
These lie in S if they are orthogonal to the gradient of ¢. Thus 8§ is the curve
given by:
8B =0, p=2%—12(2%%=0.

For points of 8%, ¢; must be orthogonal to the gradient of y also, this gives
2® = 0. Thus 8‘3) contains the origin alone.

For general n, typical singularities arve as follows. As before, ' = 2! and
y? = 2?; in the above expressions for 33, we add J-(z%)?2 4- - - - -L (@™2.

20. The case m = 2n — 1
Here, 8, consists of isolated points. By [9], a typical singularity is given by
yt=at f=1---,n—1),

(20.1) _
Yy =t (j=n,n 41, -, 20— 1).

For instance, for n = 2,
@02) R

21. The case m = 2n — 2
If we take the singularity above for E*?* — E?*3, and encase it as in §14, we
find a typical singularity in 8, for B" — E?*2, We have extra variables, say % and
4%, and the extra equation y“ a%; 8, is the xf-axis. For n 2 3, (12.3) shows that
S is void; for n = 2, we are back to the case n = m = 2.
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22. Some other ecases with » > =
The lowest case not considered is the case (n, m) = (4, 5). Here,

(22.1) dim (8) =2, dim (M) =0 (n— 4, m=5).

In general, by (12.3), 8 appears only if 2m < 3n — 2; 8 appears only if
3m << 4n — 3 (the first caseis n = 6, m = 7), ete. From the table in §4, we see that
the first appearance of 8, with m > = is also for the case n = 6, m = 7.

23. Thecase n—=m = 4.

- In this case, §; may contain sets §{, S& and ¥, but no §; ,. We may now also
have isolated points belonging to 8,. We examine these more closely.

Agin §7, we may choose coordinates in the two spaces so that, near the origin p,,
we have gyt = 2%, y2 = 22 Now the matrix J' in §7 is ‘
A
(23.1) J = .

Ys 9L

We may also (§7) use these 3% as new coordinates near py:
23.2) X=yf Xi=y] X=yg X'=uL

The parts of §; and of S2 near p, are

Xt X2

(23.3) 8;: = X1X* — X2X3 =0,
X3 X4

(23.4) Sp: X1= X?= X3=X*=0.

Thus, in these coordinates, S, is a quadratic cone, with vertex at p,, p, being the
single point of §,. Let 7' be the tangent cone of §, at py; it consists of all vectors »
such that p, + v €8, (and hence p, + av €8, all a).

‘We now ask what relation N(p,) (of dimension 2) can have to §,. If we look for
veetors in both N(p,) and 7T, we find a guadratic relation; there may be no common
vectors 40, or there may be common vectors in one or in two distinet directions.
There can also be more special relations (for instance, if N{p,) is the (X, X#)-plane,
then N(py) < T').

We give two examples:

(23.5) yl = 1, yz o yz’ P = 2iad 4 a?et 28,

and

(8) % = @t — %3 + }a%)? — Fa

(23.6)
(b) yt = oot - 2%3 — }a®)? — ${=Y)2.
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We find at once that S is given in the two cases by

@) (@)?+ (@) — @) — @*)?=0,
(b) (@) — (2% + (@*) — ()2 = 0.

In both cases, N(p,) eonsists of the vectors in the (3, z%)-plane. In (a), N(p)n T
has no vector £0; in (b), it contains those vectors with v® = -Lv%. We thus have
two distinet types of singularities, which might be called 8y ,, §,,.

24, Thecasen —=m —5

Here, 8, consists of curves. We shall illustrate a special singularity at an isolated
point of a curve of §,. Define f by

yr=a'(1=1,2,8), y*= 2%+ (2924 x%f,
@4.1)
Y= @ ke - e + He? + J e,

Then 8, is the x'-axis (near the origin p,), and for p €8,, N(p} consists of the vectors
in the (2%, #5)-plane. Note that §, is not tangent to N(p); hence f maps S, into a
smooth curve.

The singular points are given by yiy? — yhfl = 0, ie.,

(@® + 22" + 2°)(@® + 2t + 2F) — 22t 1 25 + 22t = 0.

Let §'(x') be that part of 8’ with z! fixed; it is a quadratic cone. Let T'(2%) be the
corresponding cone of vectors, as in §23, and N(x!), the null space at (21,0, - - - , 0).
A simple computation shows that N(x1)7' n (¢') has no non-zero vectors if 2 < 0,
and has two independent directions if #! > 0; for 21 = 0, it is the 1-dimensional
space of all vectors a(e, — e;). The origin is a new tiype of singular point.

25, Theeasen —5,m =4
Here we have no 8,, but there can be points of 8, ,. Note that dim (8,) = 3,
dim (NV(p)) == 2(p €8y). Consider the mapping f defined by * = @t (i=1,2,3),and
(25.1) yt = 2ot | 2225 L 2%x%5 L Hx%)® + Hazb)3
Then 8, is given by y} = yi = 0, that is, by
@ - 2325 - Jah)® — 22 4 2% 4 352 =0,

and N(p) consists of all vectors in the (%, 2°)-plane (p €8;). Note that at the
origin p,, the tangent 3-plane to 8, is the (2%, 2%, 25)-plane, which eontains N(pg).

This is a phenomenon which cannot be removed by arbitrarily small alterations
of f. To see this, note that the components of the differentials of y; and y} are

dy} Yl Yh Yh Y Vi

dyt

Y Y T
Yis Y5 Y Y Yss
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To have the (z%, 5)-plane tangent to S;, we must have
dyi(p) - e; = dy3(p) - e,= 0, i=4,5.
These equations give
Yia= 9= Y5 =0,
oceurring at the origin p, in the present example. Note that

yii: x4, .7/&45 = a3, yéfp: 5,

and
dyt, 00010
J*=|ldyis||=10 0 1 0 0
dyt, 00001

Letting p move in 8,, this shows that the mapping (yi,, ¥4s ¥&s) is crosswise to
(0, 0, 0) in 3-space. Now take any sufficiently good 3-approximation f’ to f. It is
easy to see that new coordinates #, §* close to the old may be found so that
yt =& ({=1,2,3). We willhave S, for /' close to 8, for f, and J* for f close to J*
for f. Hence there will be a solution of §i, = 7755 = i, = 0, with crosswiseness, as
required. (The erosswiseness ean of course be expressed in L3.) Note that the fact
that the second differential is symmetric (y§, = y%;) plays an essential role here.

III. GENERAL DEFINITIONS

26. Loecal equivalence of mappings

Take f; : B} — BT (i = 1, 2), and take p; € R,. We say [, at p, is equivalent to f,
at p; if we can write

(26.1) f2 = yfy near p,,

where ¢ : Uj — R} and y : U — EF are smooth homeomorphisms of rank z and m
respectively. Let 9 denote arithmetic s-space (of all ordered sets of s real numbers).
If we take Bf = U*, EF = W™, we have introduced coordinates into B7 and B
through ¢ and y, and the mapping f, becomes

(26.2) y=¢ial,---,2") (=1, m).

We noted in §1 that if f : R* — E™ is regular at p, then f is equivalent at » to
the mapping (1.1). If p is a singular point of f, we would like to choose coordinates
in some way to give a particularly simple representation (26.2) for f. Such a choice
we call a normal form for the singular point. For instance, for f : B — B, if f has
& minimum at p and d?f{p) £ 0, an equivalent mapping is given by y= a2
Various normal forms were given in Part I1.

27. Loeal stability
We say f: B*—> E™ is stable at p if there is a neighborhood U of p with the
following property. Take any neighborhood U’ of p, U’ « U. Then for any
sufficiently good s-approximation [ to f in U, for some s, there is a point p‘ € U’
such that f” at p’ is equivalent to f at p.
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Clearly the mapping (1.1) is stable at all points (use good l-approximations].
So is the mapping y = «? at 2 = 0, using 2-approximations; butb if we used only
l-approximations, we could obtain a new mapping with ¥ constant in some smajl
interval, and local equivalence would then fail.

One form of the principal conjecture is that any locally generic mapping (defined
through the discussion of Part I} is stable at all points. We give a strengthened form
in the next section.

28. Topologies in function space.

Let S be the set of all pairs (f, R), where f: B* — E™ is 00-smooth. We shall
give rough descriptions of two topologies inG, the normal topology and the stability
topology, turning G into topological spaces S, and &, respectively.

InG,, we say that (f', R') is near (f, R) if R’ is near R (with a simple definition),
and for some large 7, ' is a good r-approximation to fin R0 R'. In &, we say
(f’s B') is near (f, B) if we can make (26.1) hold, with the following requirements.
There ave open sets Ry, R] near B, R’ respectively, ¢ maps E; onto By, and ¢ and
 ‘are good r-approximations to the identity in R; and in the domain of  respec-
tively, with large r.

There is an identity mapping I of §, into &,, which is not continuous at most
points (f, B). Let©S(U,) denote the set of all (f, U,). We say f is strongly stable at p
if there is a neighborhood U of p such that the mapping I, considered in &,(U)
alone, is continuous at (f, U). Thus any (f’, U) which is sufficiently close to (f, U)
in the normal topology is also close in the stability topology.

If I is continuous in& (U) at (f, U), it is also continuous in& (U} at (f, U’'), for
any open ball U’ < U. This may be seen by extending f* — f from U’ to U see [12].

Say f is locally strongly stable in R if it is strongly stable at each point of B. If
this holds, then we can cover R by open balls U,, U, - - - such that I is continuous
at (f, U,) m&,(U,) for each 4. It follows that for any sufficiently good r-approxi-
mation f' to f in R, for large enough r, we can write f* = y,f¢, in each U;. We
cannot expeet to have f' = yf¢d in R, unless the self-intersections of f(R) have been
made generic. For example, if f : BX — Bl is given by y = (%2 — 1), thendf = O at
x= —1and at x = 1, and f(—1) = f(1); this will not happen for all nearby f'.

29. General problems

For each R < E*, we have a subset S(R) of S. Ave the locally strongly stable
mappings, or the locally stable mappings, inS(R), dense inS,(R)? Do they form
an open seb in both cases? If the complete pattern of singularities is as suggested
in Part I, these questions are answered in the affirmative,

In §13 we discussed the description of singularities, in terms of the method of
splitting of the L7 used; each connected piece LY, corresponds to a singularity type.
The test of this is as follows. Let ¢, and g, be points of the same L. Let

Ji: B} —>E™ and f,:RE—E™
be mappings such that, with ¢ defined by (11.1),
Ji™(p) = g5, fEPpg) = ¢,
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Then ¢ and y should exist as in §26, such that f, = yf;$ near p,. In other words a
single normal form will do for all points of any L7;. This has been proved in the
following cases: for m =1, in [1] and [2]; for m =2n — 1, in [9]; for the
s-dimensional encasing (§14) of the above singularities in [14]; and for n = m = 2,
in[13].

Say f: B*— E™ is stable if the following is true. For any sufficiently good approxi-
mation f’ to f (we would use a y(n, m}-approximation, which gets better and better
as ‘we approach the boundary of R), we can find ¢, mapping B onto R", and ,
mapping a neighborhood of f(R") into E™, such that f’ = yfd in R. We could
require that ¢ and 9 be near the identity; we could also require that v be defined in
a larger set, perhaps the whole of B™, We then wish to show that the stable
mappings form a dense open set inS(R), in a suitable topology. As noted in the last
section, we must take care of intersection properties of f{R) to obtain a generic
mapping (i.e., a stable mapping, assuming the truth of the statement). The study
of self-intersections seems less difficult than that of singularities.

Finally, recall that topological questions have been discussed only in certain
cases; see §1. (For topological properties related to self-intersections in the case
m == 2n, see [101].)
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PriverroN, New JERSEY.
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GENERALIZATIONS OF THE BORSUK-ULAM THEOREM

By B. A. Rartray

We prove two generalizations of the Borsuk-Ulam theorem.! Let S* be the
n-sphere 3771 22 = 1. The point —= is said to be antipodal to x. Let R” be §* —
{0,---,0,1}, Whmh is homeomorphic to Buclidean n-space. Let P” be the pro-
jective n-space, obtained from S* by identifying antipodal points.

TrrorEM 1. Any continuous map f: 8™ — 8* of even degree carries ab least one
pair of antipodal points into the same point.

Proor. Suppose that for every pair of antipodal points the images f(z), f(—=)
are different. Then f(x) and —f(—=zx) are not antipodal, so that the segment joining
them does not contain the origin. Tts midpoint A{z) = ¥{f(x) — f(—=)) projects
from the origin into a point g(z) = k(x)/|[(x)|| in 8". Obviously g(x) is continuous
and homotopic to f(x). Also g(—=zx) = —g{z) for each x so that g(z), and hence
f(x), has odd degree [1, p. 135].

As a corollary we obtain the classical Borsuk-Ulam theorem: Any continuous
map [ : 8% — R™ carries some pair of antipodal poinis into the same point. For any
sueh map is a map 8"— §* which is nullhomotopic and hence of degree 0.

TrrorREM 2. Any continuwous map f: 8% — 8" of odd degree carries some pair of
antipodal points into antipodal poinis.

Proow. Otherwise f(x) is homotopic to g(x) = h(x)/|/k()]| where h(x) = }fl(=) +
f(—=)). The map g carries every two antipodal points into the same point, and
such a map is easily seen to be of even degree. Thus f also has even degree.

TeworeM 3. Any condinuous map f:8%—> P* carries some pair of aniipodal
points into the same point.

Proor. Let o : 87— P be the covering map which carries each point of 8% into
the antipodal pair containing it. Any map f can be lifted into & map g:8*— 8"
such that f = ag. Since g has either even or odd degree, it carries some pair of
antipodal points into the same point or two antipodal points. In either case f
carries these antipodal points into the same point of P,

McGriz, UNIVEBSITY
MonTrEAL, QUEBRC
REFERENCE
1. 8. Lerscerrz, Introduction to Topology, Princeton, 1949,
1 ({Added in Proof.) I have recently learned that similar results were published by Guy

Hirsch in his paper, Un théoréme sur les transformations des sphéres, Académis Royale de
Belgigue, Bulletin de la classe des sciences, Se Serie, Tome XXXIJ, (1946) pp. 394-399.)
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ON THE GEOMETRY OF FUNCTION SPACES

By Jamzms Eeris, JR.

Introduction

In the present work we consider function spaces § of continuous maps of a
compact topological space S into a Riemannian manifold M, with a suitable
uniform structure on §. Such function spaces have long played a central role in
the geometry of M, largely because many properties (algebraic, metrie, topological)
of M are simply reflected in §. It will be shown here that for a large variety of
function spaces the Riemannian structure on M determines o differentiable structure
on §; ie., & is a differentiable manifold, not necessarily eonnected and of infinite
dimension, in general. Certain function spaces (of rigid maps) have been interpreted
before as manifolds of finite dimension; e.g., the Stiefel and Grassmann manifolds
(Steenrod {11, §7]), the configuration spaces of dynamical systems.

If I is a paracompact differentiable manifold modeled on a Hilbert space B
{i.e., Wt is locally homeomorphic with ), then we can extend de Rham’s Theorem,
showing that the real singular cohomology algebra of Mt can be described by classes
of closed differential forms on k. In §4C we apply that resulb to a space of loops on
an n-dimensional manifold.

This work has benefited greatly by discussions with several members of the
Institute for Advanced Study during 1956; I hereby gratefully express my
appreciation.

1. Smooth transtormations of linear spaces

Let E and F denote complete locally convex linear spaces! over the real numbers
R, and let £(E, F) be the linear space of all continuous linear maps of E into F.
‘We will endow £(#, F) with the topology—in fact, uniform structure—of uniform
convergence on the bounded sets of F; this topology is called the conjugate
topology on the conjugate space B = {(E, R). If E is a Fréchet space (L.e., F is
metrizable), then B’ is complete in the conjugate topology.

(A) DernrrIons.? Suppose that ¢ is a transformation of an open set U of F into
F. Given® a point 2 € U and a vector v € I we define the directional derivaiive of ¢
at z in the direction v by

¢ (& + W) — ¢ (2)
h

1 v ?S (x,9) = lim, .

* For the fundamental propertics of such spaces see Bourbalki [2].

2 If B and F ave finite dimensional, then thesé concepts coincide with the usual ones. For
the class OF see Graves and Hildebrandt [6].

3 The distinction between a point xz € ¥ and a veclor v € ¥ is made to emphasize the different
roles played by @ and v.
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if the limit (1) exists as & approaches zero through positive real values. For each
x € U we suppose that V ¢{x, ») exists and is linear and continuous in v. Then the
differential ¢, (x) of ¢ ai xis the element of (&, F') defined by ¢y (2) - v =V ¢(x, v}
for all v € B. We say that ¢ is of class C* on U if ¢ is continuous on U and the map
¢y 1 U— B, F) defined by (dy)r = ¢, () is continvous. (¥f Z and F are Banach
spaces and ¢, is continuous on U, then ¢ is Fréchet differentiable and is therefore
continuous.) We say that ¢ is of class C* on U (k> 1) if ¢ is C* and the map
¢y : U— QE, F)is O%1; ¢ is smooth if it is OF for all k.

(B) We are especially concerned (ef. de Rahm’s Theorem) with linear spaces B
which satisfy

ConorTiox (S). Given any closed bounded subset B of E and any neighborhood
U of B there is a smooth real function ¢ defined on B such that ${xz) =1 for x € B
and ¢(x) =0 forz € £ — U. )

Any real Hilbert space satisfies Condition (8), for its inner product is a smooth
function, and we can compose it with a suitable smooth real function of a real
variable to construct ¢. More generally, a Banach space will satisfy Condition (S)
if the square of its norm is smooth; however, differentiability properties of the

norm imply strong restrictions on a Banach space; see Smulian [10]. I do nob
know whether the Banach space C of continuous functions on the unit interval
(with uniform norm) satisfies Condition (8).

2. Manifolds modeled on linear spaces

(A) As in the finite dimensional case we make the

Dervrrions. Let E denote a complete locally convex linear space. We say that
a topological space I has a smooth manifold struciure modeled on I if for every
point z € It there is a neighborhcod U of x and a homeomorphism 6 mapping U
into B such that if 2, 2 € 9 have overlapping neighborhoods U, U’ in which the
homeomorphisms 0, 6’ are defined, then the map 6’ ° #~! is a smooth transformation
of the open set (U n U’') of B into E. The homeomorphisms § are called co-
ordinate systems of I and their domains are called coordinate paiches.

M is locally compact if and only if ¥ is finite dimensional (Bourbaki [2, Ch. I, 2}),
whence 9t is a smooth manifold in the usual sense. If It has a metric for which it
is complete, then 9N is of the second (Baire) category; in particular, I is not
expressible as a countable union of compact sets unless it is finite dimensional.

(B) We are able to give a standard definition? of the fangent space T(I, z) to M
at the point %, defining a tangent vector as an equivalence class of smooth paths at
xz; T(M, x) has a complete uniform structure induced from that of B. If K is a
Banach space, then T(M, z) is normable.

(0) Tensor analysis can now be developed on I via the theory of tensor bundles
(Steenrod [11, §6]). It is convenient in the case of r-contravariant tensors to take

4 Apparently the functional definition of tangent vector as given by Chevalley [4, p. 76} is
not applicable in infinite dimensions,
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as fibre the r-fold projective tensor product of B (Grothendieck [7]); the fbre in the
r-covariant case is then the conjugate space with conjugate topology.

3. The manifold ¢(8, M) ,

‘We give here examples of function spaces which are manifolds modeled on
Banach spaces.

(A) Let M denote a smooth Riemannian n-dimensional manifold, and (,},, the
associated inner product in the tangent space T'(M, m). We denote by p the metric
on M, giving the distance between two points m, p € M as the infimum of the
lengths of the rectifiable paths joining m and p. If g: (I, 0, 1)~ (M, m, p) is a
(shottest) geodesic from m to p, then g determines the vector u = d/difg(#)];—o in
T(M, m), and p(m, p) = |[(x, ), ['2 = l|u|,. Set u=1yp,(p); then the inverse
function (with m fixed) p = ¢,(u) exists in a suitable neighborhood of
0 € T'(Bf, m). It is a basic result in the theory of differential equations that y,,(p)
and ¢,,(#) are smooth functions of their arguments.

(B) Let 8 be a compact topological space, and let € = §(S, M) be the totality of
continuous maps of § into M. The metric p on M induces a metric on € by -

|2, 9| = sup {p(x(s), y(s)) : s €8}

TaroreM. The function space §(S, M) is a smooth manifold locally homeomorphic
to a real Banach space (of infinite dimension, in general).

Proor. Given any map & € G(8, M) the fangeni space to € at x is the totahty
T(E, x) of maps (the “continuous variations of 2} # € €(S, 7 (M)) such that
7 o u(s) = #(s) for all s € 8, where J (M) is the tangent bundle over I with
projection #. Clearly T(€, x) is a real linear space, complete with respect to the
norm |ul, = sup {|u(s),, : 8 €8}

Every point z € € has a neighborhood mapped isometrically onto a neighborhood
of 0 € T(€, x). For since %(S) is a compact subset of M, there is a number 4, > 0
such that for every ¢ € 8 the set {m € M : p(m, x(s)) < A} is a normal coordinate
pateh at x(s). Thus given y & € such that |z, y| < A, there is for each s € § one
and onlty one shortest geodesic (of length <CA,) joining x(s) and y(s); then u(s) =
Vpoy(y(8) s in T(M, x(s)), and w € T(C, ); furthermore, |u}, = |z, y|. Con-
versely, given u € 7'(C, ) satisfying |u, << 4, we define y(s) = d,,(u(s)); then
y€C,and [z, 3| < A,

We set u = y,(y) and will call g a coordinaie system of € af x; the metric ball

={y € C: |z, y| < A} is called a coordinate patch ot %. If U, and U,, are over-

Iappmg coordinate patches at the points , 2’ € @, then the coordinate fransforma-
tion

(1) » =195t 9T, N Up)—>w{U, n U,)

is a smooth map of an open set of T{E, z) into T(C, z).

First we will show that for any point ' € y (U, n U,) and vector v € T(E, x)
the directional derivative Vy(u; v) exists as an element of 7(€, «"). Take a positive
number by such that ifh e H = {h e B: 0 < h X by}, thenu + kv ey (U, 0 T,).



306 JAMES EELLS, JR.

‘We next define the function F on H X 8 by

F(h, 8) = o [9an(uls) + mo@)],
and set f(h, s) = 0F(k, s)[oh.

The difference quotient [F(k, s) — F(o, s)I/k converges to f(o, &) uniformly on §
as h—0-1-; for, given £ > 0 we can choose h(g) € H so that for each positive
h << h(e) we have | f(k, s) — f(o, 8)|] < ¢ for all s € 8. Using the theorem of mean
value applied to F, for each (%, s} € H X § there is a number £, satisfying 0 < k&,
< b and [F(h, s) — Flo, s)Ifh = f(k;,, 8). Thus for all & < %(c) and s €8 we have

F(h,sy — Flo,s)
h

whence Vy (u, v} exists, and V 9 (u, v)s = f(o, 5). For each v ey (U, n U,) the
derivative Vy(u, v) is a linear function of », continuous because

@ [ £, )arar Z |4 w8} [28) ]ty
where the first norm on the right is that of the Banach space L(T(M, z(s)),
T(M, z'(s))); the inequality

[V p (u, ”)[az' < l'l’* ’"’[ [”!m
follows at once from (2). Similarly, the differential v, is a continuous map of
wa:(Ua: n Ux’) into Q[T(G’ x): T((S, x’)]' R

Thus we see that the coordinate transformation (1) is O in its domain of
definition; that it is C* for all % follows by a standard induction argument, com-
pleting the proof of the theorem.

We remark that the norms | |, determine a natural Finsler structure in €(S, M).

(C) 1. Remarxs. If M is a Lie group with analytic Riemannian metric, then
(S, H) is an analytic group (in the large) in the sense of G. Birkhoff [1], using the
notion of analytic transformation defined in Hille [8].

2. If 8, is a closed subspace of § and M, is a closed Riemannian submanifold of
M, then the function space of continuous maps (S, Sg)— (M, M,) is a closed
submanifold of §(S, M). The (Serre) fibre space of continuous paths on M with
fixed endpoint is a differentiable fibre space (not locally trivial, in general).

3. We can modify the above examples by considering smooth maps of a compact
smooth manifold § into M. For example, let D(I, M) be the function space of
smooth maps of the unit interval into M, with uniform structare given by the
increasing sequence of metrics

e, y* = max {|z, |, |20, D, - - -, |o®, y*}

for any =, y € DI, M), where 2'9)(s) = d'x(s)/ds*. It follows as in (B) that D, M)
is an infinite dimensional manifold modeled on a Fréchet space.

—‘f(O, 8) <&,

4. On the cohomology ring of certain function spaces
We give here an extension of the Theorem of de Rham.
(AY As a tensor field (see §2C) on a manifold It a smooth differential r-form
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can be defined as a section of an appropriate tensor bundle; thus w associates to a
point 2z € I an alternating r-linear real function on T(IM, =) which is simultaneously
continuous in its arguments. The exterior differential dw is defined as in the finite
dimensional case, and its usual properties are valid; the relation ddw = 0 requires
use of the symmetry of the iterated directional derivative Ve (; v, v,) in the
model E (Theorem of Graves [5]), and in particular uses the complefeness of
T(M, ). The Formula of Stokes and the “Poincaré Lemma” carry over to infinite
dimensions without change.

(B) TamorEM. Let It be a paracompact smooth manifold modeled on a linear space
B satisfying Condition (S) of §1. Then the real singular cohomology algebra H* (IR, R)
(with cup product) is algebra isomorphic with the derived cohomology of the exterior
algebra of smooth differential forms on P

The proof follows a standard method in the theory of sheaves (see, for example,
H. Cartan [3]); the Condition (S) is used to insure that the sheaf of germs of smooth
forms on Mt is fine.

Remarg. Using methods of H, Whitney [12, Part 1I] we can establish a version
of de Rahm’s Theorem for any smooth manifold modeled on a Banach space.

(C) As an application of this theorem, let us consider the following function space
{(used in the calculus of variations), resuming the notation of §3. Let P =
P(L, 0; M, m) be the totality of absolutely continuous maps z : (£, 0)— (M, m) such
that the tangent vector field #V(s) = dx(s)/ds is square integrable on the tangent
bundle J(M). The tangent space T(P, =) to P af = is {u e P(I, 0: T (M), 0):
a o u(s) = z(s) for all s € I}; then T(*B, ») is a separable real Hilbert space with
inner product

M (0 0), — f "< us), vD(e) > ds,
i

using the Riemannian structure of the tangent bundles of M.

B is a smooth infinite dimensional manifold; in fact, P has a natural Riemannian
structure with metric tensor induced from (1). The space B, = {x € P: 2(1) = m}
of loops on M based at m is a closed submanifold of . The theorem in (B) is
applicable to the loop space P, and shows that the real cohomology algebra of P,
is isomorphic to its differential form cohomology algebra.

Remark. In our examples we have supposed—for simplicity in handling normal
coordinates—that the range manifold M is finite dimensional. That assumption is
inessential, for it is known (Michal-Hyers [9]) that for any Riemannian manifold
{such as B or PB,) every point has a neighborhood in which a kind of normal
coordinate can be introduced. In particular, we can apply our construction to the
space of loops on PB,.
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ON THE EXACT COHOMOLOGY SEQUENCE OF A SPACE
WITH COEFFICIENTS IN A NONABELIAN SHEAF

By Pavr. DEDECKER

The object of this communication is to give an account of the relation between
the classification problem of principal fibre bundles and the cohomology of the base
with coefficients in a suitable sheaf (generally nonabelian.) The first part of the

‘material covered here has been published elsewhere so that details and proofs are
omitted. In the second part (from §6 on) we discuss two dimensional cohomology
in the line of cohomology groupoids deseribed in the beginning. This improves a
first approach [2] to the matter; for instance the two dimensional classes now
become equivalence classes of cocycles. However, the definition of these is perhaps
not yet the definitive one; they do not coincide with all the classical cocycles in
the abelian case.

The bundles of groups and the “new” principal bundles described here are
precisely those coming in the lectures of H. Cartan and S. Eilenberg.

§1. Introduction

It has been recognized by several authors [1], [5], [7] that the various classes
of principal fibre bundles over a base B with a (topological) structure group & are
in one-one correspondance with the set HY(B, &) of the cohomology classes of B
with coefficients in the sheaf & of local jets (or germs) of continuous maps of Bin
@. In the general case this set seems to have little algebraic structure but possesses
a privileged (or neuter) element ey corresponding to the trivial bundle B X 6.
I, however, @ is abelian it turns out that it coincides with the usual cohomology
group.

The question therefore arises to describe a general property of HY(B, %) which
reduees to the group property in the abelian case. The answer to this has been given
in[3]. There exisis a groupoid Y B, G) in which H(B, 9) can be naturally imbedded
with the following properties: (a) the neuter element (ey) is a unit of the groupoid
and actually the right wnit of all the elemenis of HY(B, 9); (b) any element of B, F)
the right unit of which is ey belongs to HY (B, %); (c) every unit of the groupoid is left
unit to an element in HY(B, ).

Note that by groupoid we understand essentially a Brandt groupoid, i.e., a seb
® with a not everywhere defined associative multiplication satisfying the left and
right cancellation property and in which, moreover, every element has a left and
right unit as well as a left inverse. These turn out to be unique and the left inverse
is ab the same time the unique right inverse. The groupoid (B, %) satisfies as a
consequence of (a)} and (c) the conneciedness condition: every pair of units is the
pair of left and right units of some element. Moreover properties (a), (b), and (c)
together imply that every element of the groupoid is of the form B’ @ E-1 with
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B, ' e H(B, %). Putting B’ = ¢, we get a meaning (at least abstract) to the
operation: take the inverse of a prineipal bundle # over B with structure group @.

§2. Geometric description of 5#(B, %)

Let B = (B, () be any principal bundle (in the usual sense) over B with struc-
ture group G. Now G acts onto itself from the left by means of interior automor-
phisms: this induces an associated fibre bundle! I' = I'(B, G, G,, E) the fibres
I (xe B) of which actually have a group structure isomorphic (but not canonically)
to G; we express this fact saying that I is a bundle of G-groups, more precisely, the
bundle of G-groups associaied to B. It is well.known that & acts from the right on
each fibre £, in E. Now we remark that I, as a group acts in a canonical way on
E_ from theleft.2 We refer briefly to this property saying that I" acts on E from the
left; in a similar sense we may say that the trivial group bundle B X G acts on £
from the right. -

Now let U = (U,);¢; be an open covering of B together with continuous sections
V4 Uy = U0 U;— I satisfying the conditions

Yul®) = yi'(2), =xeUy
Vi@ * Yirl®) * Viil®) = &
2eUy=U;nU, g, identity of T,

Let 7 : I'— B be the projection of " and X the inverse image of U,. In the sum
X = 3,.; X, consider the equivalence relation p

2.1) Vi~ y>aly) = u(y;) =z € Uy, y; = py{x) * ;.

Then the quotient B’ = X/p is a topological space with a natural projection
9" : B'— B on each fibre B, = p"~!(z) of which the fibre T, acts in a natural way
from the right.

For any triple (e, e,, ¥,) € (B, X B, X I',) we may therefore consider the
products ey, € B, and y,e, € B,. Then in B’ X zE = > ., B, X E, we have the
equivalence relation (e;y,, ¢,) ~ (e;, 7, ¢,) the quotient of which can be denoted by
E' @ B. This is a topological space with a natural projection onto B and on which
@ acts in a natural way from the right. It possesses actually a structure of a
(classical} principal bundle over B with structure group G. It defines therefore an
associated group bundle I' acting on it from the left.

Derinrrion. The space B’ together with the projection p’ and the group bundle
T acting from the right is called a principal bundle over B relative to T', or briefly a
T.principal bundle.

1 We use the notation of Ehresmann in which G, stands for @ acting onto itself by interior
automorphisins,

% Bee [4]. Taking the natural onto-map B X ¢ - I, this is induced by the operation
{ezs s €51 — €,965 Ye, of B, X Gon B,
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If instead of the equivalence (2.1} in X we use the one for which y; =
7:5(%) = ¥;3° 7,,(®), the quotient is a group bundle acting on &’ from the left and which
turns out to be isomorphic to I'; moreover, the way in which it acts on B’ @ B
follows from the natural way itactson B’ X , F and the map B’ X 3 B— B’ @ E.

Let & be the sheaf of jets of local sections of I'. Then the classes of I-prineipal
bundles are in one-one correspondance with the 1-dimensional cohomology set
HYB, &), the neuter element of which corresponds to the #rivial I'-principal
bundle isomorphic to I' (defined by y,,(x) = s,).

By definition, £ B, %) as a set is the union of all the H(B, &) for all possible
choices of T' defined as above by means of some B € HYB, %).

§3. Products in 5#1(B,%). Interpretation of the inverse

Every E c s#YB, %) will be identified to a ecorresponding principal bundle
relative to a certain I'; it therefore corresponds to two group bundles T', I’ acting
one from the right and the other from the left. We write

E:T—T.

Now if we have another element B such that B’ : " — I'" we define B’ ® E as
the quotient of 3, B, X E, by the equivalence relation (e,y,, e,) ~ (¢, ¥;¢,) for
(es €5 ¥2) By X B, X I‘ Ore proves:

THEOREM 3.1 The not everywhere defined product ' @ E makes B, F) to be
a groupoid, the units of which can be identified with the group bundles T,

From the construction it is obvious that this groupoid satisfies the conditions
{a), (b}, and (c} of §1.

We now give a geometric interpretation of the inverse B! of an element
E € #YB, ¥); in particular we will get a picture for & € HY{(B, %) of the inverse
of a classical principal bundle.

In the above considerations, the left plays a preferred role since for instance in
(2.1) the y,; are used as left multipliers. For this reason the (relative) bundles
above could be called left-bundies and we might define right-bundles in a symmetric
way, using p, == 9, - p;,{z) in (2.1). On such bundles, the structure group bundle
acts from the left. This leads to the following:

ProrosrTIoN 3.2. There exisis a one-one correspondence between the left and right
bundles relative to a given I'.

ProrvostrrioN 3.3. If B:T'— TV is a left T-bundle, then the operations of T
define on B a structure of right TV -bundle.

To obtain the inverse B of , we first consider on it the structure £’ of right
I¥-bundle deduced from Proposition 3.3. then we consider the left I"-bundle E”
corresponding to B’ by Proposition 3.2; this is precisely . Therefore the inverse
of a classical bundle & is only classical in case its associated group bundle is
isomorphic to B X @. All such classical bundles form a subgroup of the groupoid
contained in Y B, ¥). Of course when @ is abelian I' is always trivial and this
subgroup coineides with the whole set HY(B, %) as well as with 3£%(B, ¥).
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§4. Homomorphisms of structure groups

~ The preceding theory can be made slightly more general if we use (instead of
Gi) a topological group A acting continuously on G by means of continuous
homomorphisms. Then any prineipal bundle (in the classical sense) over B with
structure group 4 defines an associated bundle I' with fibres isomorphic to G which
we will call a generalized bundle of G-groups (with respect to 4). We can define
principal bundles relative to these new IMs and this gives rise to a larger groupoid
HY(B, G).

For instance if @ is a normal subgroup of H we may take 4 — H acting on ¢
by interior automorphisms. Then in a bundle of H-groups each fibre contains
canonically a subgroup isomorphic to @ and these subgroups span a generalized
bundle of -groups with respect to H. However, two different bundles of H-groups
may induce isomorphic bundles of G-groups® and this makes it impossible to
define a canonical map

HYB, G)— HUB, H)
which we would expect.

Let I'E be a bundle of H-groups and I'¢ the bundle of G-groups it defines. Every
principal bundle E€ relative to I'¢ induces naturally a principal bundle E¥ owing
to the inclusion map I'¢— I'¥. This way we have a map which associates B to
the pair (E¥, I'¥), furthermore these pairs are easily made a groupoid s#£L(B, ¥)
and we have & map

i HLB, G)— HYB, H)

which is actually a homomorphism of groupoids®.
If we set K = H|G and if we assume that G bas a local section H we get an
exach sequence of sheaves

=) >G> e,

Also every bundle of H-groups I'Z defines a bundle of K-groups I'f = I'¥/T'¢ and
we easily obtain a homomorphism

L B, H)—> HUB, H).
Prorosrrionw 4.1. The image of 1* coincides with the kernel (inverse image of the
set of units of 31).
In other words the sequence
21 1
HL(B, 9) %> #UB, )L> #YB, H)

is exact.

§5. O-dimensional cohomology groupoids
These will be associated to the exact sequence ().

* We will no longer say “generalised bundles” but simply “bundles”.
4 This means: if © @ y iz defined, so0 is ¢(z) ® i(y) and i(z & ¥) = ilx) & i(y).
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To every I'Z we associate the corresponding I'® and I'%. This way we define
three sheaves of local sections &2, &% and &% and we consider their global sections
(B, &4), I'(B, &% and T'(B, &¥). The sums of these sets (for all possible choices
of units in the groupoid #L(B, G)) are denoted respectively by H#B, ),

HLUB, G), #LUB, A'); we also introduce an object ¢ in one-one correspondence
with the units of #L(B, @)

The I(B, &%) and (B, &%) are naturally groups and this defines an obvious
structure of groupoids on their surms LB, ¥) and H#Y(B, H). Moreover, there is
an injection

HUB, %)% #B, H#).

‘We have a similar structure on #°Y(B, ) but it is an uninteresting one, at least
for the present purpose. Let & : B—> &% be an element of ['(B, §%) < #%YB, )
and choose an open covering W = (U,);c; of B such that there exist sections
hy: U,~>T'H such that jo b = k]U The hph;™ Uy~ I'Z are in the image of 7,
namely there exist sections g,; : U, — I'¢ such that § © 9i5 = h;h; L. The g,; define
a bundle Z relative to I'¢ and an associated bundle of G-groups P’G’ as well as an
associated bundle of H-groups I both of structure bundle I'*(IV¢ < T#). (Note
that I'Y and IV¢ (also I'# and I"Z) become isomorphic if given I'Z as structure
bundle.)

Now H#UB, o) is made a groupoid as follows. A product &’ ® & of sections
L:B—&% k' : B— &% is defined if and only if &% is the sheaf of sections of
IVE, the quotient of the IVH described above by the I''¢ contained in it. In this
case there exists a natural isomorphism 7 : &% — &% and by definition &' @ & =
7k’ + k where - denotes the multiplication of sections of the sheaf of groups &X.

The above construction ha.s also exhibited a map

HUB, A)— HL(B, ¥)
which proves to be homomorphlc. There is also a homomorphism
§0: HYB, H)— HYUB, KA.
TaroreM 5.1. The following sequence of groupoids and komomorphz’sm is exact:

e— HYB, D) > ‘%”"(B .;za)-h;f (B, x;——».;fz(la @)

—>.9"f1(B 5%")—> HYB, A).
It is to be observed that some of the homomorphisms of this sequence are
perfectS This sequence has therefore a similar utility as an ordinary exact sequence
of groups.

(5.1)

5 Weo say that a groupoid homomorphism k: @ —» @’ is perfect if for any pair of units e, ¢, € ®
guch that Ale,) = h{e,) there exists an element o € O with e, and ¢, as loft and right units sueh
that h{z) = hle,) = h{e,). Then two elements @, y € D have the same image under % if and only
if they are in the relation n = myn for suitable m, n & Ker k; actually m(or n) can be chosen
arbitrary in Ker h provided 1 my is defined (or ynz—1). In case of a non-perfect homomorphism
such a criterium exists only if  and y have the same right (or left) unib: then A{x) = h(y) if and
only if there exists m € Ker h such that 2 = mylor » € Ker k such thab 2 = yn).
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ReMarK. Previously one considered cohomology sets with a privileged element
giving rise to an exact sequence of sels

. v
e— HYB, )~ HYB, 3#)-— H% B, %’)—égﬂl(B, ¥)— HY(B, s#)— HY(B, X').

Actually these sets were groups in dimension zero and so was HY{( B, %) if G abelian.
As observed by A. Grothendieck d% was not in that case a homomorphism but in a
sense a “‘crossed homomorphism™; this property is generalized here by giving
HY(B, H) a more elaborate groupoid structure than #'%(B, ¥) and B, )
80 that 6® becomes a groupoid homomorphism.

§6. Non holonomie bundles of groups

‘Wekeop the notations of the preceding section and consider a I'Z, the correspond-
ing I'¢ imbedded in it and I'E= I'E[T'%. For each x & B. we have the fibre
T'Z and its group I(I'Z) of interior automorphisms. These span a set I(I'Y) with a
natural projection onto B (which allows us to speak of sections of Z(T'%) over a
subset of B). A continuous section 4 : U — I'F induces a section 74 : U — I(T'H)
such that for x € U, 7h(z) is the interior automorphism of I'¥ associated to &(z).
Such a section of I(T'H) will be termed admissible. In a similar way we define
I(T'%) and I(IE); in I(TH). The subset induced by interior automorphisms of
elements in I'? will be denoted J(I'®); we have a natural epimorphism J(I'6) —
IT%).

Let W= (U,);¢; be an open eovering of B and consider a family « of admissible
sections a, : U,;— I(I'H) such that

(6.1) gy = umib section, ey = a5,
(6.2) Gy * Oy * 0 = section of J(T'9) over U .

The first conditions mean that o is an alternate cochain and the second that when
followed by the map I{I’H)—»> I(T'E) it becomes a cocycle. We say that « is a
non holonomic bundle of groups relative to I, I'f and @ (briefly non holonomic
U-T'Z.@-bundle of groups). Another non holonomic bundle of this type
' = (o) is said bo be equivalent to u if there exists a family 7 = (1,) of admissible
sections 7; = U,;—» I(I'¥) such that

oy = et (mod J(T'O).

Then the corresponding cocyles in I(I'K) are cohomologous. If we pass to a finer
covering B = (V,),cg any map w: B—>I such that V, < U, associates to
o 3 B-bundle wa and another map @: B—» I defines o which is equivalent to oa.
We then apply the usual direct limit process which leads to a set F(B, I'Z, @), the
objects of which we call non kolonomic bundles of groups over B and relative to
T'E and G.

This set is obviously in one-one correspondence with the units of SFYB, X'),
ab least when B is paracompact. We could also start from snother I"# and get
a set F(B, I"Z, @) in one-one correspondence with F(B, T'Z, @) (B paracompact or



COHOMOLOGY SEQUENCE OF A SPACE WITH COEFFICIENTS 315

not). We could therefore choose T'® — B X H and denote the corresponding F
byF(B B X H, G) or F(B, A, %); for this choice I'* = B X @, '’ = B X K,
=K, %= % and &E= .

§7. Non holonomie principal bundles
Returning to the covering If we consider pairs (k, o) having the following
properties:
(a) & == (&) is & non holonomie bundle of groups relative to i, I'¥ and @;
(b) & = (h,,;) represents a one-dimensional cochain of ¥ in & (i.e., it is defined
by continuous sections k,; : U,;— ') such that:

(7.1) hy; = unit section over U,, h;; = a (b,
(7.2) k; B, HJ¥ is a section of ' over Uy,

”':g = hy, kjk = ), 1k = ot © p(Fogg)e

These conditions parallel (6.1} and (6.2); once (a) is satisfied, (b) implies that the
1-cochain 7h - o0 = (7hy; + &) is still & non holonomic bundle of groups relative to
U, T and G.

Lemma, If for b' = (hy), b= (h;) we set ' < b= (h; - b;;) and if furthermore
(%, &’y and (h, «) are pairs satisfying the conditions (a), (b) above and o’ = 7h - «,
then the pair (&' - b, o) olso satisfies (a) and (b).

Tirst we have

k; kzi - 17( ,_1) &5 h—l) = zz' mza’(h'.j_ll) ‘ k_l * “if(h.‘;;l)
- azi(hjt ) az}(h’ ) Ocz:i(hjz) octi(hjz )
= ol (y; * Bys) .
So (7.1) is satisfied. Next for a pair (%, «) we seb
(7.3) (AP e = (- T} - P,

To prove that (7.2) is satisfied it is sufficient to check the formula

(7.4) AR ~B)= A b - A
This goes as follows

(AR - By = hz'g by - “ii(?‘*j'k k) - ;%P Pg)-
This is equal to

kfj [hﬁa:a’( k)h—l] [hﬁazi(hjk) G(z;mjk(}l’l':s) ad(hﬁ )h-‘&}l] : hijocﬁ(k’k)“ﬁmjk(kki)
= by~ (thye, i)(hjk) (Thogg) (g, * o) (g R
{h:; h’” k] [k:v }1,;% h'k] = (A—rlz.uh Yorg (Aa h)z‘ﬂc
e.q.fd.
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A pair (b, o) satisfying (a) and (b) is called a non holonomic principal bundle
relative to U, « and @. If « is followed by the map I{T%)— I(T'%) i defines a
bundle of F of K-groups. If we similarly compose b with I'# — I'¥ it turns out that
it defines a principal bundle relative to I'® (see[4]). Let Z(; 2, %) denote® the seb
of these non holonomic principal bundles. The lemma renders it a groupoid if we
decide:

#, ") ® (b, o) isdefined if &’ = 75 - «;

it is then equal to (A" - &, o).
Then the above map

vy : LI A, B)—> AW, )

becomes a homomorphism.
Two non holonomic bundles (&, o), (A', &) are said to be equivalent if (1)« and
o are equivalent, which means

oy = o; oy; oL mod J(I'€):
(2) if there exist sections %, : U — I'Z such that
by =h; - a,(h;) - () mod ' 1} = azi(hy).
Obviously, an equivalence class of non holonomic principal bundles is mapped onto
a single element in S, A"). The kernel A/ HW; H#, %) of Ky is an invariant

subgroupoid of Z* and we denote the quotient Z1/ A by HLU; H#, F)°. We
have thus a perfectly exact sequence:

e—> N H,9)— ZFLW; 3, G)— HYW; 56, 9)— ¢,
There exists a natural homomorphism
kY AW H, G)— AU, A
If we pass o a finer covering we get natural maps
HNW, H, G)—> HUB, H, D)

and eommutative diagrams

WY S, §)— AU, A

| v
HUB; A, G)— HUB, A).

Leb #NB; o, &) denote the groupoid direct limit of the H#Y; 7, ¥). We then
have a homomorphism

k¥ 1 HYB; H, G)— HYB, K.
¢ This notation and the coming ones suppose implicitly that the c¢hoice mentioned at the end

of §6 has been made, namely I'Y = B x H. This is the most natural one although any other is
good; instead of ZYU; i, ¥) one should then better write Z(1{; #Z, &%),
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but it will not be injective if not perfect?; in fact, if the kernel of a groupoid homo-
morphism is trivial (i.e., consists only of units), i is injective if and only if itisperfect.

§8. Two-dimensional cohomology

For a covering W we consider triples (o', g, o) satisfying the following conditions:
() o= (x), &’ = (atj;) are non holonomic bundles of groups relative to U, e
and G.
(b) g is a family of sections g, : ¥, — I'%.
Such a triple is called a fwo-dimensional cochain of W with va,lues in &%or I'9).
The bundles o and « are respectively called the origin and iarget of the cochain.
The set C2(U, &%) of these cochains becomes a groupoid if we decide: a product

@, g &)o', g, @)
is defined if and only if & = «" and then is equal to
@.9-9.0, §°9= T’ I
Using the notation (7.3) we define a map
A Y 3, G)— OZ(; 69) by Ak, «) = (vh - a, Ak, a).
Formula (7.4) implies that it is a groui)oid homorphism, in fact

A[F, o) ® (h, )] = A ko) (o = 7h-a)
= (7 (B B) - oty AR B), @) = (- oy Ay o B Ah, )
= (oF o, A, &)o' Ak, o) = A (W, o) - Ak, ).

A two-dimensional cochain of 1[ with values in &% will be called a cocycle (with
respect to the exact sequence X) if it is in the image of A. The cocyeles form a sub
groupoid ZZ(N, &% < C%(U, &% and one readily sees that the images of
equivalence classes of non holonomic prineipal bundles form equivalence classes in
ZLU, £%: in other words if two non holonomic principal bundles (%, &), (&', o)
have the same coboundary A(h, o) = AR, «’), then the A-images of their classes
coincide. Every such class of eocycles will be called a fwo-dimensional cohomology
class with values in &¢ (with Tespect to the exact sequence X). The set of these
classes will be denoted by s#%(Y, £¢).

Let us denote BZ(1; &°) the image in 22 of the subgroupoid A/ XWU; #, ¥) <
ZYU; ., ¥). We know that A is invariant in Z* and on the other hand it is
clear that if # € 41 has an image Az which is a loop in ZZ(; &), then » is

* 8o that it be so, 16 is necessary and sufficient thab for any pair of units ¢, &’ € #YB; o#, %)
having the same image by x* there exist & covering ¥, units ey, &)y in Y U; ), %) defining
e, & and an element B € #4(M; #, #) having left and right units gy, efy so that () be & unib
in HFUB, ).
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itself a loop. From this it follows that %% is an invariant subgroupoid of 2% and
the quotient 2%/ F% = H#2U, &%) is therefore a groupoid.8
We have the commutative diagram with perfectly exact horizontal lines:

o> N, 2, G)—> LU S, D) > AN S, G)—> o
N i

.y 4

e— BLA; €F) 2 ZLW, & I, HELU; 6% — e

From which we deduce a homomorphism
Ok 1 W I, G)— HLU; EF)

completing the diagram and leaving it commutative.®
Passing now to the direct limit we get a groupoid H#L(B, £%) and a homo-
morphism
ot : HYB; H, G)— H%(B, &).

Suppose now that B is paracompact; then the homomorphism «* is onto. Let
E € 5B, ) be a principal fibre bundle such that & : '€ — [VZ, We can then
find a covering U and an element () € F(U : I'Z, G) represented by « = («;;) the
image f = (B,;) of which in I(T'X) reprosents I'X. In the same way we can find
(ks @) € ZYAU; A, G) such that its image (k, B) in T'F represents . We can there-
fore associate to B the image by o} of the elass [A, o] of (%, «). But this is not
canonical because we had first to choose « {or more precisely its class). This forces
us to define a JFL(B, X') instead of B, A’} and to replace the homomorphism
ji by one

§t= HYB, H)— HL(B,X).

This is done if we put FL, ) = HLQ; #, %) and if we take j'! to be the
natural map

%Y, &%) a class [h, o] lel be said to be neutral if it contains an element
(%, oc) Whlch {L)a is a true cocyele, (2)Alh, o) = (vh * «, e, &) where e is the family of
unit sections e,y : U, —> I'C. Clearly an element B € #5(B, A') is in the image of j;
if and only if 8'(E) is newiral. The neutral classes form a subgroupoid of s#Z(, ¥).
This leads to neuiral classes over B forming a subgroupoid in S#%(B, %).

The boundary homomorphism 41 is onto and gives the

8 A loop in s groupoid @ is an element the right and left units of which are equal. A sub-
groupoid ¢ < @ is invarions if for any loop u & ¢, any element « &€ ® multiplying u to the lefs,
then the loop wux—t is still in ¢. If ¢ is invariant then the equivalence z ~uaw (z €@,
4, v € ¢p) is compatible with the multiplication in @ and the quotient is still a groupoid called
the quotient of @ by ¢. See [3].

9 One may observe that this conclusion does not depend on the fact that ¢ and 4’ are in-
clusions nor on the fact that j* is perfect; perfeciness of j is howsver essentisl.
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TraEOREM. If the space B is paracompact, the following sequence of groupoids and
homomorphisms is exact.

40 40 &

e— HUB, G)— HYB, H) > HLB, A)—
(8.1)

4t 41 5t
HL(B, G) > HYUB, H)—> HLB, A)— H%B, §)—e
Of course at S#°L(B, A") exactness means
image of j'! = inverse image of neutral subgroupoid.

This property characterizes the image of 1 and also that of j1. It is sufficient to pass

through the inverse image of B ¢ (B, ') by «* (see {7.5)) which must contain
some element mapped by &' on a neutral class so that # & Im j1.

§9. Final remarks

1. This machinery could probably be generalized by taking imbeddings of & not
only in H but in any group L in which it is normal. One would then obtain more
general non holonomic bundles which would still retain a law of composition owing
to the possibility of amalgamasing two imbeddings of @ in L, and L, in the amal-
gamate product of L; and L,.1® This would give rise to more two dimensional
cohomology classes and so to a larger groupoid J#£%(B, %) (not depending on 3 this
time) and a larger groupoid of neutral classes,

Then to define an S#%(B, ) we should only eonsider imbedding H-> L such
that both H and @ are normal, H and J(H) now playing similar roles to ¢ and J(G)
and yielding a homomorphism.

i2: HUB, G)—> HLB, H).

Finally 5P%B, o) would be defined like S#%(B, %) just replacing @, J(I'?) by
K, J(T'E). Out of this an onto-homomorphism '

Jo: HEB, H)—> H¥B, A"
would appear with a possibility of ending (8.1) by

o i3 3
—HXB, G)—> KB, H)> HYB, A )—e.

2. One notes that the only two-dimensional classes introduced are those which
can be killed by a suitable imbedding of the coefficient group. Therefore, in the
abelian case we do not get all the classical fwo-dimensional classes. P. Olum has
suggested o me to search a definition of 2-coeycles assuming local acycliciby. [(Note
added in proof.) A hint to this consists in the following identities satisfied by
(%5 Gimpr €25) = Alhyy, £4)(8;; = unib seetion, oy; = 7hy,):

G = B WilTem)y  Trer = %eslGancds
1 . —1 _ —1
Givg = U Tess == %; %058 )y  Toe = %303 )

10 About amalgamsbe products, see H. Neumann [8].
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(these formulas are substitute for the aliernate condition on 2-cochains) and

G = 9:;3 9”%1 glazI’ 95k = %mn CnilGisn)
(which reduces to the usual coeycle condition in the abelian case).]
3. Finally we want to justify the terms non holonomic bundle of groups and non
holonomic principal bundles by a geometrical picture.
(a) non holonomic bundies of groups. For a covering ¥ and the projection
p: I B, we put X, = “1(U iy X=U; X, X {i} X’ iy =

X, ¥ {i}. Let (o) = (a, )lbe anon holonomm bundie of groups relatlve to I,

21"

= a,nd @. We define a family of maps
Vi  Xy—> Xy, by py(z5) = (22), 9)

where p(z) = % is in U,; and the value of o,; at = is considered. These involve

non commutative triangles
k <—— X
Ny
zjk

The measure of the non commutativity is the non trivial coboundary o, ;a;04,;0f a.
It is therefore not possible to identify points in X as in the case of usual bundle
theory. However, the family of these maps is defined and is transformed in a
similar one by passage to a finer covering or passing to an equivalent non holo-
nomic bundle. This last operation is in a certain sense an isomorphism between the
families of maps. These maps keep invariant the group structure of the fibres of the
sets XZ, this is why we speak of non holonomie bundles of groups.

{b) non holonomic principal bundles. For the same covering Y, we consider the
pair (b, «) satisfying (a) and (b) of §7. We set X!, = X, . X {k} X {I}. Now
we set

M= (b)) (defined in Uy)

}"%l = Oy mli(hij) (deﬁned in Ui:ilcl)

Then condition (7.1) is equlvalent to kY = (hk)y? for k=1 or j (only). The
expression. A ib" It — h‘h kk in (7.2) may be cons1dered ‘t-component of the
{4 4, Ic)»component of the boundary” of A. Now we define maps for &= 1 or j:

%,1 X’”_>'Xf]t’ by qp?j(z’ k’J) = (hz 2, k’ z)
and we identify the maps p,; above as

Yyt X i X:} ) Y2, 4, k) = (“ij(z)’ i, k).
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Condition (7.1) may also be viewed as meaning that the following diagram is
commutative

Ve
XLt
%

T P @, &= 1,3).

4
%,
. Xij

X%k —_ Xk

These families of maps retain these properties when we pass to a finer covering;
also passing to an equivalent object may be interpreted as an isomorphism between
the corresponding families.

Now the maps y keep invariant the group structure of the sets X%, or X%; the
maps @ do not. However, X acts from the right on X} in a way compatible with
these maps, meaning by that

oz 2) = ¢k(5) -z for Ze XY, 2eX
PE) = p(), b=1,].

In this sense the non holonomie bundles of groups o act from the right on thenon
holonomic principal bundle (&, o).

Let us put §;; = 7(k,;). The pair (8, o) may be considered as a ““non holonomic
bundle of groups relative to «”’; instead of condition (7.1) we have f,0;; = a5 "
Then if we introduce §; = 7(k%) we have maps

% . Yki (%]
Wy ¢ ij - 'Xi] y

wklz, j, k) = (B5(2), i, k).
To the bundle &’ = 7(h) - « corresponds maps y;; which can be deduced simply
from mfj and y,;;. Now we may say that the bundle of groups «’ acts from the left

on the principal bundle (%, &) since we have
Ph(22) = () k(). 2 € XEI, 2 XK.
Umaversrré DE Lrites, Brrerom.
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SPECTRAL SEQUENCES OF CERTAIN MAPS

By I. Fary?!

1. Introduction

We give in this lecture & summary of our papers [3] and [4]. The main result of
{3] can be roughly formulated as follows. Given a not too complicated eontinuous
map f: X — Y, a simplicial one, for example, we first define critical sets Yy > - - -
DY, > ---offin ¥ (¥,=Y,NY, = &). Then we construct a spectral sequence
{E,} beginning with the direct sum of the cohomology algebras of ¥, — ¥,
(g=10,1,-- ) based on local coefficients &, and ending up at a graded algebra
of the cohomology algebra H(X) of X. If X is a fiber space, [ is its projection onto
the base space ¥, and F ~ f~Y(y) (y € Y) is the fiber, then ¥, = @, and {£,} is the
well known spectral sequence beginning with H(Y, H(F'),), where the fundamental
group « of ¥ acts on H(F). The &, of the general case is also constructed using
cohomology algebras H(f(y)) (one for each component of ¥, — ¥,,;) and
operator groups (fundamental groups of these components).

Even in the general case, our {,} is as simple and as easily computable as in the
case of fiber spaces. This point is illustrated here by an outline of [4]. This paper
aims to give a new version of Lefschetz’ classical homology theory of algebraic
manifolds (see, for example, [6], [7]). We consider an affine algebraic manifold V*
in the complex affine space (%, and define a map f: V*—C onto the Cauchy
plane of complex numbers €' (example of such an f : f(x) is the last coordinate of
x € V™). The spectral sequence {£,} can be described quite explicitly in this case,
and gives relations between the homology of ¥, V21 = f-1(£), £ € C (non-singular
section) and singular points of the series {V2 1},

‘We have no time to stress the point that our theory can be considered as a
generalization of Morse’s theory of critical values of & function to the much more
complicated case of maps.

To sum up, the theory of {#,} generalizes at the same time Morse’s theory of
critical values, Lefschetz’ theory of homology of algebraic manifolds, as well as
the homology theory of fiber spaces. On the other hand, it is a specialization of
Leray’s theory [8], [9], [10], [11] of speciral sequence of an arbitrary continuous
map f : X — Y. However, this is not a trivial, not even an easy specialization, as
it is based on our results concerning the possible topological structures of stacks.
In the technical sense our papers [1], [3], [4] are thus contributions to Leray’s
theory [11]: (1) we have initiated a topological structure theory of stacks (see §4
below) based on the notion of critical sets of a sback; (2) we consider what we call
homologically simple maps f only, and choose & special filtration in the spectral

1 While preparing this paper, the author was a fellow of the Sumnmer Research Instibube,
Kingston, Ont., Canada.
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sequence (50.2), (50.3), p. 91, [11], to the effect that its first term be directly
connected with the critical values of the map f, and be at the same time expressible
in terms of classieal homology invariants, i.e. cohomology algebras based on local
coefficients.

2. Notation

We consider locally compact spaces X, Y,--- only, and continuous maps
f: X — Y. We choose once for all a commutative coefficient ring 4 with unit {(in
§86 and 7 this will be either the ring of integers Z or the field of rationals R), and
we denote by ‘

H(X) = 3.0 HYX)

the compa,cf cohomology algebra of X based on 4. Let us recall that for a compact

space X, the groups H?(X) are isomorphic to the Cech eohomology groups. If X is
locally compact and X* denotes its one-point compactification then H?(X)=H?{X*)
for p 2> 1. If F is a closed sub-space of X, the natural homomorphism H(X) — H(F)
is defined; the image of # € H(X) under this homomorphism will be called restriction
of b to F and will be denoted by Fh. A characteristic continuity property of the
restriction will be formulated below.

3. Stacks

The main result of [3] which was mentioned in the introduction does not make
explicit use of the notion of stack. However, as this notion is important in other
connections, and as it is used in the proofs of our results, we formulate some notions
in the general theory of stacks.

We use here the word stack in the sense of [11] and [1],[2], [3]; a similar structure
is called “Garbendatum” in [5].

A stack & on a space X is a certain collection of modules and homomorphisms
subjected to the axioms (3), (4), (6) below. The collection is

0 {LA); ppa}
such that: (1) for every closed set 4 < X, there is a module F(4); (2} for every
inclusion 4 > B for closed sets of X, there is a homomorphism

(2) Opa: L(A4)—>F(B)

called restriction. These data are subjected to two naturality conditions:
(3) F(@)=0

(4) if 4> B>0, then ¢¢4=@cpPpa

and the following continuity axiom. Given a closed set 4 in X,
(5) {L V), gpps V, W closed neighborhoods of A}

is a directed system of modules. Hence, we may speak of the direet limit of (5).
The continuity axiom requirves that

6) F(A) = lim (V).
—
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Let us formulate this rather complicated continuity axiom in a different way.
The axiom is equivalent to the conjunction of the following two conditions:

™ Given o € S (A), there is o closed neighborhood V of A in X and o v € F(V)
such that @ = @ 4 (v). ‘

() Given a € SF(A) and B < A such that gz 4(a) = 0, there is a closed neighborhood
W of B in A such that @z 4(0) = 0.

Fhere are several obvious variants of this definition. Instead of stacks of modules
F(4) we may speak about stacks of groups, rings, algebras, efc. Sometimes the
modules F(4) are given by the data of the problem for a special class of closed
sebs (for example, for the compact sets only), and we define the modules for other
closed sets conveniently (setting & (4) = 0 for non compact 4), or else, we develop
the theory by generalizing the notion of stack admitting systems (1) such that 4
runs over & certain class of closed sets of X.

Before giving examples of stacks, let us notice some obvious topological and
algebraic operations which can be performed on stacks, Given a locally compact
sub-space Y of X we define the resiriction & [Y : this stack is defined on Y and
(& [ YYA4) = L(4) for closed 4 < Y (some precautions have to be taken, if ¥ is
not closed in X). We say that J is a sub-stack of &, and we write 7 < &, if
T is defined on the same space X as &, 7 (4) is a sub-module of #(4) for every 4,
and the homomorphisms in & are the restrictions of the ¢ ,. Hence, we may
simplify the notation and write Ba instead of ¢y ,{a) in most cases (see the
notation FPE in §2). Quotient stacks, homomorphisms of stacks, exact sequences
of stacks, tensor product, torsion product, ete., are defined in the same natural way.

A trivial example of stack is the constant stack € : €(4) is the same module for
every closed set 4, and @y 4 is always the identity. A less trivial example is the
loeally constant stack . defined by the following conditions. % is given on a
Tocally conmnected space X (components of open sets of X are open in X); there is a
covering {V,} of X by connected open sets V,,, such that Z|V, is a constant stack
for every V.. Every constant stack (defined on a locally conmected space) is locally
constant, of ecourse, but the converse is far from being true. In fact, the starting
point of our paper [3] was the remark, that in some of the applications of $he theory
of stacks we can reduce problems to those concerning the locally constant stacks. Hence,
it is worthwhile to state a few facts concerning these sbacks. Let & be a locally
constant stack defined on a space X, which is connected, locally connected and
locally simply connected by arcs. Then every closed curve based on z,e X
determines an endomorphism of #(x,) in an obvious way; furthermore, it can be
shown thatthis gives a homomorphism of m, (X, @) into the group of endomorphisms
of Pxg). Now Z is determined by Z(x,) and this homomorphism, and these data
can be chosen arbitrarity. In other words, given a module M as well ag a homo-
morphism of 7, (X, #,) into the group of endomorphisms of M, we can construct a
locally constant stack .4 on X, such that .#(xy) = M, and m (X, x,) operates in
A in the prescribed way.
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Another important stack defined on an arbitrary space X is the cohomology
stack 57 for which 5#(4) is the eohomology algebra H(A4) of 4, and gy , is the
restriction homomorphism of cohomology algebras. The axiom (6) or, equivalently,
(7) and (8), is satisfied as the compact cohomology satisfies the “continuity axiom”.
The stack J is the direct sum of the sub-stacks JF?(HFP(A) = H?(4)), and
HP(z) = 0, p = 1, for every point z € X.

In what follows, the most important stack will be the so called cohomology
stack & of a given continuous map

)] J: X7

This stack & is defined on the space Y : for every closed set 4 < Y define
(10) F(A) = H(fA4) (4 closed in Y)
{11 @p.4 18 the resiriction homomorphism H{fA)— H(f'B).

Let us notice in particular that
(12) Fly) = H(fy)

is the eohomology of the inverse image of the point y € Y. If, for example, Y is
the base of a fiber space X, then f—(y) is homeomorphie to the fiber ¥ and F (y) is
isomorphic to H(F).

Given a space X and a stack .%° defined on X we can define the cohomology
algebra H(X, &) of X based on & (see [11], [5]). In what follows, we only use the
fact that, in case & is locally constant, H(X, %) is the classical cohomology
algebra based on local system.

Let M and A be given stacks on the same space X. We say that these stacks are
pointwise isomorphic, if there are homomorphisms @ : A — A" and ¥ : A — #
(i.e. collections of homomorphisms @, : H(A) — .V (4), etc. which commute
with the homomorphisms of the stacks) such that ¥ @, and ®_,F, are the identity
automorphisms of #(x), A (x) respectively for every point x € X. Pointwise
isomorphic stacks may have fairly different structures (for example, the stack #7
is pointwise isomorphic to the nul stack if p > 1). However, if .# and A4 are
pointwise isomorphie, H(X, ) and H(X, #") are isomorphic (in fact ® and ¥
induce this isomorphism). This fact suggests to introduce a new notion called sheave
which is the class of stacks pointwise isomorphic to a given stack (see “Garbe’” in[5]).

4. Critical spaces of a stack

The introduction of this notion (called critical set in [3]) is suggested by the
properties of the particular stack & (see (10), (11)), and the classical notion of
critical value of a map. Hence, we formulate here our definitions using this stack.
It goes without saying that the same definition makes sense for any stack.

In what follows we consider a given continuous map f: X — ¥, where Y is
supposed to be locally connecied (this restriction concerning ¥ could be avoided,
but this would complicate the exposition).
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Tt is quite natural to agree that y, is a non critical value of the map f, if H{fy),
ie. the cohomology algebra of the inverse image of a point y € Y, does not change,
when y runs over a certain neighborhood of y,. Let us notice that every point
sufficiently near fo ¥, is also a non eritical value of f. In order to formulate this
condition in terms of the stack & defined in (10), (11), let us consider a closed
neighborhood U of g, and let us set

o
(13) F(U) aﬂ;d" )]
ker iy =N coker @,; = Q.

Drrinrrion 1. We say that y, is @ non critical point of & (and a non critical or
ordinary value of the map f) if there is a closed neighborhood U of y, such that ker ¢4
is independent of y and coker @ = O when y runs over U. If such a U does not
exist, Yo 15 called critical point of F (and critical value of f).

If y, is non eritical, #(U)[N is mapped isomorphically onto #(y) = H(fy) by
@,y hence the cohomology of the inverse image of a point is invariant in a very
strong sense. In other words, our conditions concerning the ordinary points are
very restrictive. It is also clear that every point in the interior of U is also an
ordinary point; thus the set of ordinary points is an open set. Hence the set of
critical points is a closed sub-space of Y. Let us also notice that, if Y is not locally
connected at y, (and X is compact) then y, would necessarily be critical in view
of the properties of HY(f~1U)— H%fy); we prefer to exclude this case.

If X is a fiber space with locally comnected base space Y, and fis the projection,
then every point of Y is a non critical point of # and a non critical value of f,
as it should be. Another simple instence: X, ¥ are simplicial complexes, f is
simplicial, and y, is an interior point of a principal simplex of Y. This example
shows that our conditions are not too restrictive.

Returning to the general case, let us denote by Y the set of critical points of .
We will call Y, first critical space of #, as we shall define a whole sequence

(14) YOD YID'-'D YU.D;“:D YQ

of critical spaces by transfinite induction (less generally than in [3]).

Lot us set ¥y=Y. Y, has already been defined; all of its points are critical
points of F and critical values of f. If Y, is not locally connected, (14) contains
these two spaces only. If, however, Y, is locally connected some of its points may
be non critical for the stack & { Y, and for the map f|X, where X, = fY).
-In this case we define

(15) Y, = set of critical points of F ] Y.

The definition of ¥, is then analogous, provided that ¢ = f - 1. Tn case of a
limit number @ we set Y, = N ., ¥,. It can be proved then that there is a
transfinite number Q such that Y, ; = Yq; for every ordinal number Q' > Q
we have then Y. == ¥ 5. By definition, this critical space is the last element of
the sequence (14) of critical spaces of .
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In what follows, we consider the most favorable case only, when
(16) ' N2y ¥, = o,

ie. the sequence (14) is finite or else ¥, = @ for the first transfinite ordinal.
In this case the map f will be called komologically simple; it can be proved that
every simplicial map f: X — ¥ (X, Y locally compact simplicial complexes) has
this property.

Let us now consider the restrictions & {(Yq — Y 1), g=0, 1,---. By the
definition of the critical spaces these stacks are free of eritical points. It can then
be proved that they are pointwise isomorphic to locally consbtant stacks.

This analysis of the strueture of & will be used in the next section. Let us
notice presently that it also could be used in order to compute H(Y, &) in terms
of classical invariants. In fact, H(Y, — Y, %,), where &, = F|(¥, — ¥ ), is
a classical cohomology algebra, and although these algebras do not determine
H(Y,%) completely they form a sort of approximation to it as their direct sum
is the first term of a spectral sequence whose last term is (or includes) a graded
algebra of H(Y, %).

5. The speciral sequence of a homologically simple map

In this section we suppose that f is a given homologically simple map, ie. (16)
holds true. Let us set ¥, — ¥, ,; = UZ,,, where the Z, are the connected com-
ponents of these difference spaces. Z,, is open and closed in ¥, — ¥ ;; it is locally
compaet, connected and locally eormected. &, = F| [ZN is pointwise isomorphic
to a locally constant stack. Hence it is determined by % (,,) = H(Fy,) = H(f(y,,))
and by the operation of =(Z,,, y) in this algebra. Thus H(Z,,, H{F,,)} is a classical
eohomology algebra. Obviously

(17) H(Yq - Yq+1: 9"“4} = Za H(qu H(qu:)n-)

(direct sum}.

‘We now formulate the main result of [3] concerning the spectral sequence {E,}
attached to a given homologically simple map f.

The map f determines the critical spaces Y, ¢ = 0, 1, » « -, such that (16) holds
true. It also determines the stacks &, F, = F|¥, — ¥ 1), F|Z,, hence the
classical cohomology algebras (17). The second term of the spectral sequence wiil be

(18) Ezziz‘;oH(Ya— Yo, )

which is a direct sum of classical cohomology invariants. If p stands for the ,
filtration degree, # for the total degree, and we denote by Ef(n) the corresponding
sub-module of (18), then

(19) Ef(n) = 32 o H? Y, — Y0, F 279

(In the theory of fiber spaces the usnal notation is B "%, but n — p has no
immediate meaning in this commection; this motivates the change in nofation.)
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We have the usual rule concerning the differentials:

(20) dy : BR(n) — EZ %n + 1)

21) d, : BE?(n) — EZt(n 4 1).

The first, of these differentials can be rather explicitly given:

(22) dy=d"+d", d'd'=0 dd"=0, d'd"=-—-d"d,
where

(23) d HYY,— Y, ., F)—>H"* Y, — Y, ,F)

(24) A" HYY,— Y, F ) HWY, — Y, 1, F ).

Here d” is the coboundary operator of the exact sequence belonging to the space
Y, 1— Y, closed subspace Y, — Y_,; and open complement Y, _, — ¥, in
cohomology based on the stack & l(Yﬂ'—l — Y,.4). d” is the second differential of
the spectral sequence of the map f ‘(X(Z — X,3), where X, = 1Y ). As this last
map has no critical value, we can compare it to the projection map of a fiber
space and say “the homomorphism d” is the second differential in the spectral
sequence of a fiber space™.

As to the multiplication, H(Y — ¥, %) has the usual cup-product structure,
and all the other products are nul in Z,,.

The other terms of the speciral sequence cannot be given explicifly in the
general case. However, we have the rule (21) for the differentials and the degrees
derived from (19).

Finally we have a certain graded algebra GrH(X) of H(X), and

(25) E (n) > GzHMX) {n=0,3,---).
This inclusion is replaced by the equation
(26) Eny=CrH*X), if r>r

under favorable conditions. A sufficient condition for (26) is: dim ¥ < m
(<o), ¥,=¢,and rg=m -+ s.

We already mentioned in the introduction that this speetral sequence is obtained
by using special filtration in a spectral sequence introduced by J. Leray.

6. Homology of algebraic manifolds )

In the next section we will deseribe quite explicitly the spectral sequence {#,}
of the preceding section specialized to the map (51), (52) below arising in algebraic
geometry. Presently we give the less technical results obtained by this method.

Let W™ be an algebraic manifold of complex dimension # in the complex
projective space P*. A poinb ¢ € W™ will be called quadratic singular point of W*,
if local coordinates {z,} having the origin at ¢ can be introduced in a neighborhood
27 B:lgfP+--+ff<2
of ¢ in P%, such that
(28) W NB: zZf+4---+22,,=0, 2=0 i=n42---,4
i.e. W™ has the shape of & quadratic cone near ¢,
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If we do not state that the manifold has such a quadratic singular point, it is
understood that the manifold is free of singularities.

We say that W is a complete inlersection, if there is a sequence of manifolds
(i.e. manifolds having no singularities)

(29) Wrec Wl - Wl < Pt,

such that W* is an element of a linear series {W%+*} on W™t with basis in the
hyperplane at infinity PiSY, W+ being free of singularities, except for £¢ T,
T, finite, for which values it has just one quadratic singular point ¢ (see (28)). ]

‘We denote by V* the affine part of W»: Vo =W» — (W" N Py =W — WL

We speak of either the integral cohomology H(W™), H(V™") or the rational
cohomology (i.e. the ring of coefficients is the field of rational numbers); in the
latter case AH(V?) denotes the dimension of the vector space H(V™; R).

‘We shall introduce three sorts of cohomology classes of W*, First, W* is a closed
sub-space of P?, hence we define H ,(W”) as being the image of the restriction
homomorphism H(P!)—H(W™); H ,(W"} is called the group of algebraic
cohomology classes of W". H(P?) is multiplicatively generated by an a ¢ H*(P?)
such that gt = 0, hence H(P*) as well as H ,(W") is a truncated polynomial ring.
The positive generator of HZ(W*) is not divisible by an integer if p < n —1,
and is divisible by the degree of W» if p 2> » + 1. The properties of divisibility
in H*(W™) are more complicated.

V* is an open sub-space of W™, hence we consider the injection homomorphism
H(V") — H(W")., The image of this homomorphism will be denoted by H{W")
and called group of finife classes as their contain cyecles on the “finite part’” V" of
W™ (berminology of [13]). It can be proved that H (W™) has a geometrical meaning,
i.e. it is independent of the choice of P4 L. The finite classes play a certain role in
Petrowsky’s theory of lacunas for differential equations. (See [13].)

An important theorem of Lefschetz states that

(30) HY (W= =0, if 0Z<p<n—1
In [3] we gave a new proof of this thedorem; we even proved that
(31) HY (V" =0, if 0Zp<n—1

for non singular V*. (See also Wallace [14]. Tt is probable that similar theorem
holds true for arbitrary W*.)

Petrowsky [13] proved for hypersurfaces W* < P the decomposition
(32) H™(W") = Hy(W") + HZ{(W")
(direct sum). We generalized this result to arbitrary non singular W™,

In order to introduce the third kind of cchomology classes, which we call
Lefschetz classes, we first consider the affine quadric

(33) @i B2y =6 (0real)
in the complex affine space C*1. We have
(34) H((g) = H"Q5) + B> Q) ~ Z + Z
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(Z: group of integers). A generator of H"(¢Jy) is the cohomology class of the sphere
(85) 8*: 24+ 22, =1 zrel i=1---,2+1
This class will be called Lefschetz class I of @". Similarly a Lefschetz class I = l{c, y)
ean be introduced for & W% in a linear series which is such that for § = y w3 has
a quadratic singular point ¢ (see (28)), because, if lE — 'yl is small, 520, W™ has the
shape of a quadric (33) near the singular point c. For a general W” we introduce
Lefschetz classes whenever W™ can be embedded in a linear series {W?%} having
elements with quadratic singularities. This is possible for a complete intersection.
For a given W" we will denote by L the sub-group of H*(W") generated by certain
Lefschetz classes (called “cyeles évanouissants’™ in [6], [7]).
We can state now some results of [4] concerning the cohomology of V* and W™.
If V* is a hypersurface in C™t, then

(36) HYV®) =0, if p+£mn,2n
hence ~

@1 H(V™) = HYV™) + H*(V")
(38) Tor H(V*) =0

(39) AH™(V*") = (m — 1)1

where Tor G denotes the torsion sub-group of @, and m is the degree of V™.
For projective hypersurfaces W? in P* we have

(40) Tor H(W™) =0

{41) HY(W* =0, if p+£mn2n

(42) HAW*Y~ HY W™, if Wri=W*NP" and p+£n,n—1
w_ 1%, peven, 0 p< 2n,

43) B (g Lo P

 [HAW™, p<n—1
(44) BT =y, 1<y 77

mim 1€} + HEW™), neven
(45) HMW™) = {Hg(W”), n odd
where {¢} ~ Z and a multiple of e belongs to H%(W™).
(46) AHY W) = ;‘:11 (=1, — 1),

These results (partly known for hypersurfaces) were generalized in {4] to complete
intersections. Only the equations (39), (46) have to be replaced by the recursion
formulse (47), (48), (49), (50) below, where y, is the number of points of I'; (see (29)
and sequel above). For affine complete intersection ¥* in % we have
47) ARV 4 AHYV™) = u,
hence

(48) AHY V") = — pa+ """t Bpn
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(Where Vil = W N 0%, For projective complete intersection we obfain:
{49) AHYW®) = AH*V*) — A YW1 4 1
(50) AHRW™) = AH™(V") — AHFY(Wr1).
H*(V7; R) can also be interpreted as the vector space of relations of certain
Lefschetz classes of a hyperplane section V™ of V.
These results are obtained in [4] by using the spectral sequence of the preceding

section, Specifically, let V* be a given affine manifold and V™2 one of its non
singular hyperplane sections. Then we can define a map

(51) | f:Vr 0

of 7* onto the plane ¢ of complex numbers, which is homologically simple and
such that

(62) Vot = &) (60 €0)-
As to the spectral sequence of this map, by (26) we have an equality
(53} B, = GrH(V™).

Computing H,, d,, hence B, and estimating d; we arrive at the following relation:
(54) GrH(V") = Ny + @ + (H(V™Y)[L)/(d,N)

where I, generated by certain Lefschetz classes, N, Ny and ¢, can be computbed
(or at least estimated) by writing down the other terms of the spectral sequence.

7. The spectral sequence of the preceding section

In this section we give some details concerning the spectral sequence {E,} of
the map (51), (52). We set:

(55) Vit =f7(&) (£ €C; V™t =fH&))

We now apply the general theory to this parbicular map. The correspondmg
notations in the general and the present particular case are:

X, Y, 5 [:X Y, [y, Y, Y,

Ve, O, & f:Vr—>C, VEL T, @,
where I' stands for the finite set of points ¢ of €' such that:
(57 i E¢T, V! has no singularities
(58) i yeX, V% 'has jusi one quadratic singular poink c,.

The last two notations in (56) show that the first critical set of f is I" and that the
second one is empty. Hence the spectral sequence {,} of this map exists.

By the definition of the critical value of a map, {13) is not an isomorphism if
Y = 9 € I'. If the neighborhood U of y in € is a retract of yp, the kernel N and
cokernel §) in (13) depend on y only and will be denoted by N{y), @(y) respectively.

(56)
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Tt can be proved that 7%~ is a retract of f~(U), hence we have a homomorphism

H(f10)
2 N
(659} H( V;L-—l) : s H(Vg'—l) (EeU).
ker = N{y) coker = Q(y)
As we supposed that 7%~ has just one quadratic singular point, we can prove that
(60) gither N(y)=0 ond Qy)=
(61) oo Ny)=PR and Qy)=0

hold true in rational cohomology. (The first case is the “usual’” one, the second is
exceptional. For integral cohomology a less simple result can be proved.)
The first invariant term of the spectral sequence is E,:

(62) By=S,er H(V,) + H{C — T, F,) + H¥C — T, %),

where %, is a system of local coefficients in C’ - I, such that & (£) = (V’g“i)
(E¢T).

In order to describe another form of H,, we introduce
(63) H? = 35, HY V™Y, H=73, 0%

which is a direct sum of g groups isomorphic to H (Y1,

A closed path in € — I, beginning and ending at &,, and enclosmg only one
point y of T, induces an automorphism 6, of H(¥V"), If [, denotes the Lefschetz
class of V™1 which belongs to the value p, it can be proved that

(64) h— 0} = (b, 1)1,

where (k, 1) is the Kronecker index. (This formula of Lefschetz [6] plays an
important rdle in the theory; a new proof by J. Leray is published in [4].) :
Now we define an endomorphism & of H (see {63)). Let % be an element of (63):

h = zyerky.
Define ity image 6k by
0h = 2 ep(l — 0,4,
Then, setting
H 0= ker 6,
we have:

HYC —T,F ) ~ H
HYC — T, F,) ~ H? (V™YL

where L? denotes the sub-group of H?(V"-1) generated by the Lefschetz classes ,
(under our present assumptions L? = 0 for p £ n — 1). This gives us the term #,
in a more explieit form:

By = 3, erH( V;f_l) + Hy -+ H(V" )/ L.
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By (22), (23), (24) we can compute d, and we find:
dy: (CyerH(Vy ™) —H,
kerdy = N = 3, N(p)
coker dy = Qo = Ho[(Hy N Z,erl,) © @ = Zyer Q).
Thus we arrive at the following form of the third term of the spectral sequence:
By =N + Qg+ H(V" )L

' Now, taking into account the degree properties of dy, we known that it is a
homomorphism

dg: N — H(V*Y/L.

This gives the final form (54) of the fourth term of the spectral sequence (where
N is a sub-group of N). By the properties of degree of the differentials d,, r > 4,
E, is the last term of the spectral sequence, and it is a graded algebra GrH(V*®)
of H(V™). This completes the proof of (54). We already mentioned that our results
concerning the cohomology of V*, W™ are simply applications of the equation (54).
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