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1. Introduction

Let M be a smooth compact manifold, and X, C X := T*M a closed compact do-
main with a smooth boundary. In this paper we address the question: what quantum
objects are naturally associated with X.? This question has been addressed indirectly
in “classical” cases. For example, if X, is the unit disk bundle associated to a Rie-
mannian metric on M assumed compact, then morally speaking X, corresponds to the
(h-dependent) subspace H of L?(M) spanned by the eigenfunctions of the semiclassical
Laplacian, P= h2A, with eigenvalues in [0, 1]. This heuristics is in good measure justi-
fied by the theorem that, if IT : L?>(M) — H is the orthogonal projection, then for any
h-pseudodifferential operator @ one has:

1 _ 1

lim ——— Ty IO = —— 1

o g @ Vlec/QdA’ (1)
Xe

where (@ is the principal symbol of @ and d\ is Liouville measure (see [8]). But can one
say more?

We discuss a more systematic answer to this question in the case when X, is “fibrating
and Bohr-Sommerfeld”, by which we mean the following. The boundary X, is always
foliated by curves tangent to the kernel of the pull-back of the symplectic form. The
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fibrating condition is that there exists a manifold S and a submersion 7 : 9X. — S whose
fibers are the leaves of the null-foliation. This is satisfied iff X, has a globally defining
function whose Hamilton flow on 90X, is periodic with a common minimal period (see
Lemma 3.2). The Bohr-Sommerfeld condition is that all leaves, ~, of 7 satisfy

/a € 2nZ,

~

where « is the tautological one-form in 7% M. We will show that under these conditions
there exist spaces J“™ of pseudodifferential operators with singular symbols naturally
associated with X.. (Here (¢,m) is a bi-degree, to be explained later.) The frequency
sets of their Schwartz kernels are contained in the union of Lagrangian submanifolds of
T*(M x M)

ALUFoX],
where
Ac={(z,7) € X, x X}
and F0X, is the flow-out
FoX.= {(o_c, y) € 0X. x 0X.; T, ¥ in the same leaf}.

Here, for any Lagrangian submanifold A’ C T*M xT*M, A = {(z,&;y,m) € T*M xT* M,
(z,&y,—n) € A’} is the canonical relation (see [20, Definition 21.2.12]). Intuitively speak-
ing, the diagonal part, A., is expected to be a part of any pseudodifferential operator
calculus associated with X.. The flow-out part, F9X,, is there because the fibrating-
and-Bohr—Sommerfeld conditions imply that there should be a significant part of Hilbert
space associated with the symplectic reduction of the boundary of X,.. The two symbols,
one on A, and one on F0X,., have a compatibility condition that comes about most
naturally in our setting.

In particular, the space J—1/2:1/2

is closed under composition, and it includes the pro-
jector IT mentioned above, in the case of Zoll metrics. The Bohr—Sommerfeld condition
is needed for the existence of a global symbolic calculus, and goes along with having to
restricting Planck’s constant to take the values A = 1/N, N = 1,2,.... The fibrating
condition is needed in order for F 90X, to be a closed submanifold of X x X.

The Schwartz kernels are semiclassical analogues of the oscillatory integrals with singu-
lar symbols of [24,16], associated to a pair of intersecting conic Lagrangian submanifolds.
See also [21], where a precise calculus for a more generalized class is discussed, and [17]
where a connection with a class of Legendre distributions is explained. In the conic case,
the realization that if the Lagrangians are the diagonal and a flow-out one obtains a
symbol calculus is due to the results in [1]. This is possible because
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AcoFOXe, FOXcoAr, FOXc0 FOX. C FOXe;  AcoA.CA,

S0 composing two operators with wave-front set in A,UF 90X, produces an operator with
wave-front set contained in the same union. We believe that the present semiclassical
setting provides a very natural expression for the Antoniano—Uhlmann algebra.

In the Zoll case, there have been numerous papers aimed at refining the general
result (1), mostly in terms of the remainder estimate. For instance, in [11], the second
term in the Szegd formula for Zoll manifolds is proved. Other references in this direction
are [12,6,23,22.27].

Here we are not focusing on remainder estimates, but on the fact that there is an
operator algebra with a symbolic calculus that provides a quantization of X, and, among
other things, a broader (symbolic) setting for Szegd limit theorems. Furthermore, the
existence of the operator algebra allows us to go farther in the analysis of the operators
I @H mentioned above, with respect to previous works.

The issues we raise here are also connected with work of [10], on the relationship
between symplectic cutting and quantization, in the homogeneous (non-semiclassical)
category. They consider the case when X. = ¢~ !(—o0,0] where ¢ : X — R is the
moment map for a homogeneous action of the circle group on S!. In this setting one can
form the symplectic cut

Y = X,/~.

Their work centers on the algebra of operators {II @H i [, @} = 0} where CAQ ranges over
(non-semiclassical) ¥DOs on M and IT is a spectral projector, as above, associated to a
quantization of the circle action by a Fourier integral operator. Roughly speaking they
show that such an algebra can be considered a quantization of the symplectic manifold Y.

1.1. Main results

We now describe our main results.

Theorem 1.1. Let X. C T*M be such that 0X. is “fibrating and Bohr-Sommerfeld’.
Then there exist vector spaces of semiclassical pseudodifferential operators with singular
symbols, J&™(M x M; A, F0X.), where h is restricted to the sequence 1/N, N = 1,2, ...,
such that:

1. The frequency set of the Schwartz kernel of any operator in the algebra is contained
in the union A"U FoX!.

2. Let ¥ = AN FOX.. Then J“™ are microlocally Lagrangian states of order £ +m
on A"\ X" and £ on FOX.\ X', and therefore there are symbol maps:

o0:J = | AMEHAN\ D), o1:J = | AV2(Fox.\ D)
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(where | A \1/2 denotes the space of half-densities, and we will ignore Maslov factors).
There is in fact a symbolic calculus, that will be described below.
3. Jbm o gt ¢ eE2mAm=1/2 n particular JY21/2 s an algebra.

4. Assume that X. is compact. Then every
Ae J VRN x M;A, FOX,)

with microsupport contained in X. is smoothing and
Tr(A) = (2n) A" / Uo(g)w—' + O(h~ "+ log(1/h))
n!
Xe

where w is the symplectic form of T*M and n is the dimension of M.
The manifold X, has an associated operator algebra, Ax,, which consists of elements
in the algebra J(M x M; A, 0X.) which are microlocally of order O(%*) in the comple-

ment T*M \ X,.. The lack of superscripts here indicates that the operators may be of
any bi-degree.

Theorem 1.2. (See Section 5.1 for details.) Assume 90X, is compact and of contact type.
Then there exist orthogonal projections IT € J~1/%1/2 whose symbol o is the character-
istic function of X.. Moreover, for any zeroth-order pseudodifferential operator on M, @,
the “cut” operator H@H is in the algebra, and GO(H@H) can be identified with Q|x, .

As an immediate corollary we obtain the following Szegé limit theorem:

Corollary 1.3. Assume that X, is compact, IT € J~Y/21/2 an orthogonal projector as in
the previous theorem and let h = 1/N. Then for any integer m > 0

Q)" / QL+ O(N™ log(N)
Finally, we have a result on the propagator I1 e~ith QI where the symbol, @, of
the pseudodifferential operator @@ preserves X, “to second order”:
Theorem 1.4. (See Section 6 for details.) Suppose @ is a zeroth-order semiclassical pseu-
dodifferential operator satisfying the conditions of Lemma 6.1. Assume sub@(h) = 0.
Then

e QM ¢ J=1/21/2 (N[ 5 M; A(t), FOX.(t)),

where
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A) = {(@.9) |27 €T (M x M),z =7 (y)}
Fox.(t)={(z,9) |z, € 0X., s € R such that T = @fq‘)?(g)},

and @f,@? are the Hamiltonian flows of P, Q at times s,t respectively.
Remarks.

(1) The result on the trace (part (4) of Theorem 1.1) extends to the spaces J*™ provided
m > —1/2. If m is sufficiently negative, the leading contribution to the trace comes
from the asymptotic singularity of the kernel of the operator at X.

(2) The symbol calculus for o is just the usual pseudodifferential calculus. The symbol
calculus for o; is more complicated (and non-commutative). In fact o1 comes with
an extension to a distribution on F 90X, conormal to X, and there exists a formula
for the smooth part of the oy of the composition in terms of the corresponding
extensions of the factors.

(3) The restriction that i = 1/N is necessary to have a well-defined global symbol on
the flow-out F 90X, (see [13, Chap. VII, §0]). Locally elements of the J“™ are given
by semiclassical oscillatory integrals with A — 0 continuously.

(4) The error estimate O(flog(1/h)) is sharp for the class J~/21/2 but in Corollary 1.3
the error should be O(h?), see Remark 4.4.

(5) The idea that the image of II quantizes X, and that the operators H@H can be
considered as associated observables appeared first in the physics literature, see
[3], §IT E and [4] (where a connection with symplectic cutting is also made). The
operators I1 @H do not form an algebra, however, while the class J~/21/2 does.

(6) Our work also implies that the results of [10] also hold in the semiclassical case.

The paper is organized as follows. In Section 2, the spaces J%™ are defined in a model
case by oscillatory integrals with amplitudes having expansions in i with coefficients that
are classical symbols. In Section 3, the spaces are defined globally on manifolds, and the
existence of a symbolic calculus is established. The principal symbol on each Lagrangian
blows-up at the intersection, and they satisfy a symbolic compatibility condition there.
The theorem on the trace is proved in Section 4. Section 5 considers cases where the
algebra admits projectors, yielding a symbolic proof of a generalized Szegd limit theo-
rem. Section 6 studies the propagator of certain elements in the algebra, and proves an
Egorov-type theorem. Finally, Section 7 shows numerically a surprising phenomenon of
propagation of coherent states in situations not considered in Section 6.

2. The model case
2.1. Definitions

We begin by discussing the microlocal model case: M = R™ and X = {p; > 0}, where
(1,...,Zn,p1,...,Pn) are canonical coordinates in T*R"™. Let F 0X" be the flow-out of
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0X" = {p; = 0}. We will use this case to define operators J>™(R" x R"; A" FIX"),
where A™ C T*R"™ x T*R" is the diagonal.

Roughly speaking, elements in J&™(R™ x R, A", F9X") will be defined as oscillatory
integrals with amplitudes as follows:

1. We denote by A%™ the class of all smooth functions a(s, z, v, p, o, h) with compact
support in s, x,y, p such that, as i — 0

oo
a(s,z,y,p,0,h) ~ Y Way(s,z,y,p,0)
j=—1

(in a sense that will be explained below) where, for each j, a;(s,z,y,p, o) is a poly-
homogeneous classical symbol in o of degree m:
—00
a;(s,2,y,p,0) ~ > _ ajr(s,2,y,p,0), YA>0
r=m
a’j,T‘(sa z,Y,p, AU) = Araj,T(Sv xr,Y,p, O')'

2. The operators in J*™(R"™ x R™; A", F9X) are those whose Schwartz kernels are of
the form

1 7 ’ ’ ’ .
Az, y,h) = W /eﬁ[(ml_yl_s)pﬁ(x —y)p H”S"a(s,x,y,p, o,h) dsdpdo, (2)

where we have split the variables: x = (z1,2'), y = (y1,v) (2',y € R~ 1).
We now give the details.
Definition 2.1. Let (x,%) and s be the standard coordinates on R?" and R respectively,
and let p, o be the dual coordinates to x, s. We denote by z = (z,y,s) coordinates

in R?" x R. Define 4%™ to be the space of smooth families a(s, z,y, p, o, k) compactly
supported in z, p such that

[(9/02)°(0/0p)° (9/00) a| < O (14 ]o)™ ", 3)
for some constant C' = C'(«, 3,7) and h € (0, ho] for some fixed hy > 0.

Let a;(s,z,y,p,0) € S™ be a sequence of classical symbols in the o variable, of order
m, and compactly supported in (s, z,y,p), i.e., a; is smooth,

’(8/32)a(8/3p)5(8/30)"/aj(s,x,y,p, U)| < CO(a, B,7) (1 + |0|)m—\“/|7
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for some constant C' = C(a, 3,7), and there exists a sequence a;, of smooth functions
in o # 0, homogeneous of degree 7 in ¢, such that a; ~ Z;:ofn ajr in the standard sense.
Given a € 4™, we will say that a ~ Z;i_e W a; iff for all integers K > 0

—0+K
a— Z Maj € - K-tm,
j=—t
Definition 2.2. Denote by 'qcefg;sical C A%™ the set of all a(s,x,y,p,o,h) that satisfy

a~ Y72 ,Waj,as above, and let £ = A" N FHX?. Define Jo™(R" x R™; A", FIX ')
to be the set of kernels of the form

A(xvyah) + Fl(xvyah) + Fg(l‘,y, h)

where A(z,y,h) is as in (2) with a € ahm , where

classica
0=10+1/2, m' =m—1/2,

and Fy, F; are the kernels of semiclassical Fourier integral operator in sc-I**™(R" x R"™;
A"\ X7, sc-TH(R™ x R™; FOX™"), respectively. Here sc-I denotes the spaces of semiclas-
sical Fourier integral operators.

Remark 2.3. As we will see, it is necessary that F}; and F5 appear in the definition in
order for the classes J to be closed under composition.

We have yet to give sense to the formula in Eq. (2). Denote by D = 1 + D? where
D, = 12 Notice that De’s” = (1 + 02)e’?. For a € A°™. | we define A(z,y,h) as

7 Os classical’

1 ir—1 ; 1 s —1
A — ih™ " (z—y)pt+iso Dk —ih ™ " sp1 :
(w,y,h) (2rh)" /6 7(1 oo (e a(s,x,y,p,o, h))dsdpda
(4)

The integral above is absolutely convergent for k£ > 0 large enough since Dk(e_mflspla)
is O(0™). It can be easily checked that the definition above does not depend on & using
integration by parts.

Equivalently, one can define the integral in (2) as an iterated integral, where one first
integrates over the variables (s,p) with respect to which the amplitude is compactly
supported. The resulting function of ¢ is rapidly decreasing and therefore integrable.
Both of these interpretations are useful in proofs.

We now state the first property of the kernels we have just defined:

Proposition 2.4. For any A € J5™(R™ x R"; A", FOXD), the frequency set of A is
contained in the union of the Lagrangians A™ and FOX:



G. Hernandez-Duenas, A. Uribe / Journal of Functional Analysis 268 (2015) 1755-1807 1763

FS(A) c A™ U Fox™.

Moreover, away from the intersection X™ = A" N FOX[, A is microlocally in the space
sc-I'T™(R™ x R™; A"\ X™) and sc-I*(R™ x R™; FOX7 \ X™).

Remark 2.5. This is a consequence of Theorem 3.13, proved in Section 3.3.
2.2. The symbol maps

By the second part of Proposition 2.4, one has two symbol maps:

oo /[ AM2(Am\ Zm)
JEm(R™ x R A", FOXT) (5)
o1\ | AV2(FOXI\ ZM).

It is easy to see that, for A as above, they are given by the following formulae:

0'0(A) = 2ma_ e m/ $,%,Y,p, 0 V dxd |y xz,s=0,p1=0 and

o1(A) == \/27r/a_g/(s,:z:,y,p, 0)e'* 7 do/dxdy, dp’ (6)

ly' =o' p1=0,5=a1 —y1

Notice that o¢ has a singularity as ¢ = p; converges to zero, that is, as the point where
oo is evaluated tends to the intersection, X™. The same is true of o1, and the leading
singularities of og and o; are Fourier transforms of each other. This is exactly as in
[16, §5], and (appropriately understood) will be true in the manifold case as well.

Proposition 2.6. One has the following eract sequence:
0— JOm=tg Jiobm — gbm B ™A™\ £7) — 0.

Here R™(A™\ X™) is, roughly speaking, the space of smooth functions on A™ \ X"
that have singularities of degree m at XY™ in the normal directions (for details we refer
to [16, §5 and §6]).

The classes of operators with kernels in the J“™ are closed under composition in the
following sense:

Proposition 2.7. The composition of properly supported operators with kernels in J&™
and JE™, respectively, is an operator with kernel in JETEHY/2mtm=1/2 =1y particular

J=Y21/2 s an algebra:

JoY21/2 o 7-1/2,1/2 — 7-1/2,1/2

and for any u € Jo™, v € JZ,m7 we obtain (ignoring Maslov factors and half-densities):
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1
UO(U o U)(‘f7 j) = UO(U’) (i‘a 'f)O-O(ja f)v 01 (l‘, g) = \/—2—7_(_ /Ul (u) (ja Z(t))a-l (Z(t)v g)dtv
where Z(t) is the bicharacteristic curve joining T and .

Note that, by the symbol calculus for semiclassical FIOs [15] there are formulae for
the symbols o, o1, of the composition. (Microlocally near A \ X' the operators are
pseudodifferential and the symbol calculus for oy is the usual one.) We will have more
to say about the symbol calculus in the next section.

Proof. (Our proof follows the lines of the proof of Theorem 0.1 in [1].) It is not hard
to show that the classes J are closed under composition by operators Fj, F» as in
Definition 2.2. Therefore we start with kernels as in (2). It is also not hard to show that
it suffices to prove the theorem in the case when the amplitudes of these kernels are

independent of %, in which case £ = £ = —1/2. Let us therefore consider
u(z,y) = ! /eihil((mfy)pfsm)”s"a(s x,y, p,o)dsdpdo
) (27(71)” ) ) YL Y
o02) = g | @I aG .2 5, )dsdp

where a and @ are classical symbols in o and & of orders m’ = m—1/2 and 7/ = m—1/2,
respectively. For yo a function that vanishes near the origin, and 1 outside a compact
support, we have

1 ih =Y ((x—y)p—s 50 ~
ulay) = (2wh)n/em (E=v)p=sp)Fi0 4 (5 2.y, p, o) x0(0)dsdpdo + i,
1 - s
v(y, z) = k) / i (W=2)p=8P) i85 G5 o) = 5 5)xo(6)d3dpde + 0,

where @, ¥ € sc-I*(R" x R"; FOX"). We can therefore assume that a, @ are zero near
o =0, & = 0 respectively. The composition has Schwartz kernel:

w(z,z) = ﬁ /e"s‘"'”‘g&Ddsdédad&dp7
with
D= ! /em_ld’(a -a)(s, 8, z,y,2,p,0,0,0) dydp,
(2mh)™
where

¢=(r—y)p+(y—2)p—3p1 — sp1.
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The critical points for this phase for each x, z,p fixed are: p = p, vy = 2/, y1 = 21 — 5.
So, by the stationary phase theorem, we obtain:

D~ eihil‘f’(y:(zlfg’z,)’ﬁ:p)a(s, z,y=(21—52),p0) a(5y=(x1—-3572),20p,06)

as h — 0. Stationary phase in fact gives us a complete asymptotic expansion in increasing
powers of h, with coeflicients derivatives of a and a evaluated at the critical points. It
suffices to consider the contribution to w of the leading term in the expansion of D (the
other terms are treated in the same manner):

1
(2mh)"

x a(s, (z1 — 5,2'),2,p,0) dsdsdpdods.

WQ(x, Z) — /eih—l[(z/,z/)p/jt(mfz17575)171]+isa+i§&a(S’ z, (Zl — 3, ZI),p, g)

Making the change of variables t = s + §, we can write

1 S ’ N L~
wo(z, 2) = i) /elh @iz —t)prt (e~ WIToh(¢ ) 2, p, &) dtdpds,
where
b(t.’E va / 7(21—t+8721),p,0')
x&(t—s (zl—t+s z) Z,p,0 )dsda

Next, we split wg in three parts, as follows.
Let xx = xx(0,8), k = 1,2 be smooth, classical symbols of degree zero such that

1 for |o| < L€|5] 1 for |5| < Le|o]
X1 = ~ and  x2 = ~
0 for |o| > €|d] 0 for |g] > €lo]

for e < 1. We let

— /eih_l[(wlle*t)PlJF(z’,z’)p/]Jrit&b(t’ T, %, ], 5.) Yk dtdpds  k =1,2,
(2mh)™
TOZWOlefTQ.

We will show that 7%, £ = 1,2 is a semiclassical state in the flow out while 7} is an
integral of the form (2).
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Let us rewrite, for £ =1, 2,

1 —1/.7 N i —1 _
7, ANz —2")p / ih™ (z1—21 t)plc 2.t dpy dt dp/
b = (2 )n /6 ( e k(ﬂ?, ) 7p) P1

where
Ci(z, z,t,p) := /eit&+i5(a_&)xkaddsdad&,

interpreted as an iterated integral (first with respect to s). On the support of x; one has
|o| < €|&| which implies |0 — &| > |5] — |o| > (1 — €)|5], and therefore

L1 1L _(_e N
lo—a¥N = 1=V gV ~\1~-¢) |o|V

for all N > 0. Since aa vanish near & = 0 = ¢ and x; vanishes in a conic neighborhood
of the diagonal, we can integrate by parts repeatedly to obtain

- itG+is(c—& X1 N =~ ~
Cl(x727tup) = /ez is( )WDS (aa)dsdada.

Since DY (aa) is of the same order in 0,6 and N is arbitrary, C; is Schwartz in the
variable t. Applying once again the method of stationary phase this implies that

/eih_l(z17Z1*t)p101(I7 z,t,p) dpl dt

is a semiclassical symbol and therefore 77 is a semiclassical state on the flow out. The
proof for 15 is analogous.
To show that 7p is as desired we only need to show that

bo(t,x,2,p,5) = /eis(gf&)a(s,x, (21 —t+s,2),po)a(t —s, (21 —t+s,2'),2,p,5)
X (1 —x1(0,6) — x2(0o, &)) dsdo

is a classical symbol in ¢ of order m’ + m/.
Making the change of variables 7 = Z, we obtain:

bo = 5/61-35(771)@(5,3:, (z1 —t+s,2'),po7)a(t —s, (21—t +5,2'),2,p,6)
x (1= x1(67,6) — x2(67,5))dsdr.

Notice that 7 is bounded in the support of the amplitude, and so using stationary phase
in &, we get an expansion for by in terms of &, where the leading term is
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b~ 2ma,, (07 T, (21 —t, Zl)vpa 5—)64777/ (ta (Zl -1, Z/), Z, D, 5_)»

and we conclude b is a classical symbol in & of degree m’ + /.
The symbol of w(z, z) in the diagonal is easily computed as:

oo(w)(z, 2 = x) = 2mbpyr 4 (t = 0,7, 2 = 2,p,p1 = )
= (271—)20‘7”/(071.32 = xap76 :pl)dfh’(t = O,Z =T,z = :L'apa5 = pl)

= oo(u)(z, 2z = 2)oo(v)(z = z, ).

The symbol in the flow-out is the sum of the principal symbols of each summand at
(t=2 —x1,2' =2',21 —t+ s = x1 + 5), which after the cancellation of x1, x2, reduces
to

\/%/eiweis(o_&)a(s,x, (xl + Sax/)v (Ovp/)70>

xa(t—s,(z—1+s,2"),(z1,2"),(0,p),5)dsdods
1 S0 / /
= ﬁ/(\/ﬁ/e a(s,x, (a:l +s,x ), (O,p)7o)do>
X (\/ﬂ/ei(t_s)&d(t — s, (z1+s,2"), (21,2), (Qp'),&)d&) ds
— \/% /al(u) (z, (21 +5,2'),(0,p"))o1(v) ((z1 + 5,2), (21,2"), (0,p") ) ds. O

3. The manifold case
3.1. The spaces J“™ on manifolds

In this section we extend the definition of the spaces J%™ to the manifold case. Let M
be a C°° manifold of dimension n, and X, C T*M be a compact domain with smooth
boundary contained in the cotangent bundle. The boundary 90X, is then foliated by
curves tangent to the kernel of the pull-back of the symplectic form. In addition, we
assume that the fibrating and Bohr—Sommerfeld conditions are satisfied, i.e., the leaves
of the null foliation are the fibers of a submersion 7 : X, — S, and for each leaf
v C 90X,

/ o ¢ 27, (7)

~

where « is the tautological one-form in 7M.
Definition 3.1. Given X, as above, define the flow-out as

FoX.:={(z,y) | 2,y € 0X., T,7 are in the same leaf} C T*(M x M). (8)
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The condition that X, be fibrating easily implies that F0X is a closed submanifold
of T*(M x M).

Lemma 3.2. There exists an open neighborhood 0X. C U C T*M of 0X., and a map
P:U—R (9)

such that zero is a regular value of P, 0X. = P~1(0), the orbits of the Hamilton flow
generated by P are 2w periodic on the boundary 0X., and coincide with the leaves of the
foliation.

Remark 3.3. From now on we will fix a defining function of X., P, with the properties
of this lemma.

Proof. There exists U and F : U — R such that X, = F~1(0), where zero is a regular
value. The Hamiltonian vector field Zp is tangent to F~1(0) = 0X., and therefore
the trajectories of the Hamiltonian F' coincide set-theoretically with the leaves of the
foliation. In particular, they are periodic. For each T € X, let T(Z) denote the minimal
period of the trajectory through Z. The fibrating condition can be seen to imply that
the function T is smooth. Extend this function to a smooth function 7' : U — R*. The
defining function that satisfies the conclusions of the lemma is then

T
P=—F
21 H

Remark 3.4. Notice that the boundary 0X. of X, may not be connected. In those cases,
the flow-out F 90X, consist of the union of Lagrangian that are pairwise disjoint.

Let A C T*(M x M) be the diagonal in T*(M x M).
Lemma 3.5. The diagonal and the flow-out (A, F0X.) intersect cleanly.
Proof. Let (Z,Z) € AN FOX,. It is easy to show that
Ta0F0X. = { (6% + rZp(2),02) | 67 € T0X.,r € R},
and so
Tz, AN T30 F0Xe = {(62,0%) | 62 € Tz0X .} =T z)(ANFOX:) O
By an analogue to Proposition 2.1 in [16], there exists a locally finite covering {U;};

of AN F0X,., U; C T*(M x M) open and contractible, where each U; intersects only
one connected component of F 90X, and for each U; a canonical transformation
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xi: Uy — T*R?"?

mapping U; N A to A", and U; N FOX. to FOX7, where A™, FOX are the diagonal

c

and flow-out in the model case, respectively.

Definition 3.6. Let X = A N F 90X, be the intersection of the diagonal and the flow-out.
The space J“™(M x M; A, FOX,) is the set of families of functions A(z,y, h) which can
be written in the form

A:AO+A1+Zwi

where:

1. Ag € sc-I"™(M x M; A\ X) and Ay € sc-I*(M x M; F9X..), and
2. w; is microlocally supported in U; and is of the form

w; = Fi(vi),

where v; € JO™(R™ x R™; A", FOX?) and F; is a semiclassical Fourier integral

operator associated to le.

Remark 3.7. As in [16], one can show that the definition does not depend on the choice
of the semiclassical FIOs F;.

Proposition 3.8. In the general case the conclusion of Proposition 2.4 still holds, namely:
Operators with kernel A € J*™(M x M; A, FOX.) have frequency set contained in the
union

FS(A) ¢ A'U FOXL.

Away from the intersection X they are microlocally semiclassical Fourier integral oper-
ators sc-I" ™ (M x M; A\ X)) and sc-I*(M x M, FOX.\ X) respectively. Furthermore,
one has well-defined symbol maps (ignoring Maslov factors)

oo /0 | AIVEHANY)
JEm(M x M; A, FOX,) (10)
o\ | AVEHFOXN\X).

The proof of the existence of the symbol calculus is the subject of the following section.
Our construction, in particular, gives a way to associating to X, an algebra of oper-
ators, which can be thought of as a quantization of X,:

Definition 3.9. We will denote by Ax, the space of elements in J(M x M;A,0X.) that
are microlocally of order O(%*) in the complement of X..
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It is not hard to see that Ay, is indeed closed under composition. (Elements in this
algebra correspond to amplitudes that are of order —oco in ¢ as 0 — —00.)

3.2. Symbolic calculus

Here we discuss how Proposition 3.8 can be proved (for & tending to zero along certain
sequences) using the methods from [26]. We begin by recalling the ideas and results from
[26] that we will need.

The pre-quantum circle bundle of 7*M can be identified with the following subman-
ifold of T*(M x S*):

Z={(2,0;&, k) €T*(M x S'); k =1},

with the obvious circle action. The connection form, «, is the pull-back to Z of the
canonical one form of T*(M x S1).

Definition 3.10. (See [26].) A Lagrangian submanifold A C T*M will be called admissible
iff there exists a conic Lagrangian submanifold,

AcT*(M x S*)n{x> 0}
such that
A= (AnZ)/St. (11)
We call such a A a homogenization of A.

It is not hard to see that A is admissible if and only if it satisfies the following
Bohr-Sommerfeld condition: There exists ¢ : A — S! such that

v'n = dlog ¢,

where ¢ : A — T*M is the inclusion and 7 the canonical one form of T*M. Given such
a ¢, a homogenization of A can be defined by:

A={e"=9¢(N), >0} (12)
Definition 3.11. Let M be a C° manifold and consider a family of smooth functions {4y, }.

The A transform of the family 1 is the following distribution (if the series converges
weakly) in M x S

U(x,0) = Z wl/m(a:)eimg.
m=0
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The main point of the previous two definitions is the following

Lemma 3.12. (See [26].) The h transform of a semiclassical state associated to an ad-
missible Lagrangian is a Lagrangian distribution associated to a homogenization of the
Lagrangian submanifold.

We claim that the previous lemma generalizes to our spaces J%™ of semiclassical pseu-
dodifferential operators with singular symbols, so that the h transform of their kernels
are Guillemin—Uhlmann operators (i.e. those defined in [16]) on M x S!.

Thus we now consider A to be the diagonal in 7*(M x M) and F 09X, asin (8). Clearly
a homogenization for A is the diagonal A of T*(M x SH*t =T*(M x SY)n{x > 0}. Let
P be a globally defining function for 0.X, with periodic Hamilton flow on it, as in (9).
Then a homogenization for 90X, is the flow-out of the homogenization of P, which is
the function P : T*(U x S')* — R defined as

P(z,¢";¢,r) = kP(x,&/r),
where U is the neighborhood of 90X, described in Lemma 3.2. Specifically,
}{8\/)(6 = {(¢f($,€w,§7:‘€); ($76i9,§,,‘€)) ’ seER,k>0, Pl,&/k) = O} (13)

where @f is the Hamilton flow generated by the equations (here p = £/k)

oP oP
a_( 7p)a 0= _pa_p(xvp)
: oP
f__Kﬁ_Q‘,’<x’p>7 k=0

Notice that FOX. is closed if the flow ®F is 27 periodic, which happens if the Bohr-
Sommerfeld condition

/pd:c €217

~

is satisfied for orbits v C 90X, of P. The function ¢ : FOX. — S' associated to this
homogenization is

o) = e~ i v,

where f g pdx is the action from T to g, and the integral is taken on the curve in the leaf
joining T to .
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3.83. The existence of the symbolic calculus

Notice that A and F 90X, intersect cleanly. As a result, their homogenizations A and

FOX,. are conic and intersect cleanly too, forming an intersecting pair, in the sense
of [24,16]. The relationship between the semiclassical objects defined above and the
operators described in [16] is as follows:

—_~—

Theorem 3.13. Let A, FOX. be as above, and E,TaXC their homogenization, respec-
tively. Then any operator A € Jo™(M x M; A, FO0X.) if and only if its h-transform
belongs to I*™(M x S' x M x S; &,T(‘?XC),

Proof. We sketch the ideas of the proof in the model case. Let A(x,y, h) be as in Eq. (2).
Let us assume first that the amplitude Wa does not depend on A so that

A(z,y,h) = /6“71[(zl_yl_S)pl_(x/_y/)p,]“s"a(s,x,y,p, o)dsdpdo,

where a(s,x,y,p,0) is a classical symbol in o of order m’ = m — 1/2, and compactly
supported in s, x,y, p. The h-transform of A is then

Az, 0,y,a) = Z/eik[(“_yl_s)pl+(’:/_y/)p/+(9_a)]+is‘7a(s,x,y7p, o)dsdpdo
k=1

e a(s,x,y,p,0)dsdpdo.

ei[(ﬂn—yl—S)P1+($l—y,)Pl+(9—a)]
- / 1 — eil(z1—y1—s)p1t (@ —y)p'+(0—a)]

This distribution is the push-forward under the projection (s,z,y, 6, a,p) = (x,y,0, @)
of the product of the distributions

eil@1i—y1—s)p1+(a’ =y )p'+(0—a)]

P(s, 2.6, 000) = TS —omr e —r v =a

and
(s, z,y,0,a,p) = /eis”a(s,x,y,p, o)do.

I' is a distribution in space conormal to the hypersurface (z1 —y1 — $)p1 + (&' — ¢/ )p’ =
—(# — «), while 7" is a distribution conormal to s = 0. Therefore, A(z,6,y,«) is a
Guillemin-Uhlmann distribution associated to the pair (&L, %) The general case
(i.e. when a also depends on #) is an asymptotic sum of derivatives and integrals (with
respect to the 6 variables) of the previous case. The converse is also true, and the proof
is analogue to that in [26] for semiclassical states. O
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This proposition together with Proposition 2.4 of [26], relating the frequency set of
an fi-dependent vector and the wave-front set of its A transform, implies part (1) of
Theorem 1.1.

The symbols of operators in J“™(A, F9X,.) are the reduction of the symbols of its
h-transform, in the following sense. Let Z,5 € F0X.\ X, T = &L (y) for some s € R,
and take

(#9) = (7 (7,67 = L,k = 1), (7,¢""" = L.k = 1)) € FOX"

Using (13), we obtain an isomorphism between T(z 5 F 90X, and T(z 5 F0X. x R x R,
which leads to
o (1/2
|T(i,g)T8Xp| / = ‘T(i.@)f]:aXc x R % R|1/2 = |T(£,Q)T8Xc|1/2 (14)

Therefore, every half-density in T(z 5 F 90X, will define a half-density in Tz 5 F 0X..

—_~—

Let ¥ = FOX, N A. For each family A € J%™, denote its h-transform by A. There is a
well defined symbol map

o1 = 01(A) —~— eCOO(ffaX \ 2,2 ® L),

FoX.—%

—_~—

where ﬁj is the bundle of half-densities on F0X,., and E is the corresponding Maslov
bundle. Ignoring Maslov factors, we can define the symbols on F9X .\ X by the identifica-
tion (14), i.e., restricting the symbol of the Ai-transform to 6 = 0, k = 1 (01 = o1},_, . _,)-
The construction of the principal symbcign/ the diagonal is similar.

Let X = A" N FoX7?, xn = Ann FOXr. In the model case, we know by [16] that
A(z,0,y,«) is microlocally in

(R x ST x R” x S5 A\ ") and I'(R" x S' x R™ x Sl;ﬂ%\)_(/gl\fn).

Therefore Ay, is microlocally in sc-I¢+ (R™" xR™; A"\ X) and sc-I*(R" xR"; FOX™\ X™)
in the sense that the h-transform is microlocally in their corresponding spaces. We have
proved the following

Proposition 3.14.

(/5™ = sc-I° (R x R"; A")
14

and

ﬂ JEm = sc-I(R™ x R™; FOX).

m
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3.4. A symbolic compatibility condition

Recall that the foliation of 90X, is fibrating, i.e., there exists a C'*° Hausdorff mani-
fold S and a smooth fiber map

m:0X,— S, (15)

whose fibers are the connected leaves of the foliation defined Section 3.1. Elements of
FOX,. are pairs of points in X, that lie in the same fiber of .

Generalizing a construction in [14], given s € S let 6O, be the x-algebra of all
pseudodifferential operators, acting on the space of half-densities C* (| F,|'/?), where F
is the fiber of 7 : 0X,. — S above s. Let GO be the sheaf of *x-algebras on S whose
stalk at s is 6O,. We will say that a section k of &9 is smooth if the Schwartz kernel
of the operator k(s) depends smoothly on s € S. The Schwartz kernel theorem, applied
fiber-wise to the fibers of 7, together with the natural symplectic structure of S yield
the following;:

Proposition 3.15. The vector space of smooth sections of the sheaf GO is naturally iso-
morphic to the space of half-densities on F0X.\ X that extend to FOX,. as a conormal
distribution to X

Proof. Let v = (71,72) € F0X,, s = w(y1) = m(72) € S. One then has the following
fiber product diagram:

dm
T, F9X, —= T, 0X.

dml ldw

T,,0X, —" > T,

and so we get the exact sequence

0 — T, 90X, — T,,0X. & T,,0X, 7,8 0
v > (dmv,dmv)
(’01,'02) — d’lT(’UQ) — d’lT('Ul)

This gives a natural identification
C2|T,FoX.|'? ®|T,,0X, © T,,0X.|"'/? @ |T.S|"/2.

Since S is a symplectic manifold, there is a canonical half-density on TS, and we get an
identification
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|T“/—‘7:8Xc|1/2 =|T,,0X. & TWQaXc|1/2 = |T718Xc‘1/2 ® |TanXc|1/2~

Finally, given a half density in 7, 0X., k = 1,2, we need to get a half-density in 7, F},
where Fy is the fiber of m above s. We have the following exact sequence:

0 — kerdnm,, — T1,,0X., — 1,5 — 0
which, by the same process as above, gives an identification

T Bl = [Kerdr,, ['/? = |T,, 0,2
Hence

T, FOX|V2 2 | Ty, Fy| V2 @ [Ty, Fy V2 22 | T, o0y (Fs x )|

1,72
This gives a smooth isomorphism between two line bundles over F0X,: |T_‘778XC|1/ 2
and the line bundle T — F9X. whose fiber over (v1,72) is [T, ~,)(Fs x Fy)|/2, where
w(y1) = s = 7(y2). Clearly a section of the sheaf GO is a distributional section of I°
conormal to X, and by the previous isomorphism this is equivalent to a distributional
section of |TF9X.|'/? conormal to X. O

The previous isomorphism yields an algebra structure on the space of distributional
half densities on F 90X, which are conormal to X'. Analogously as in [14, Proposition 2.7],
one can see that the algebraic structure on this space is given, away from X', by the
composition of half densities regarded as symbols of Fourier integral operators associated
to FOoX..

Let us now take A € J*™. The symbol 1 (A) in FOX.\ X blows-up as the point where
o1 is evaluated tends to the intersection. In fact, in [1] it was shown that this symbol
has a natural extension to a distribution conormal to Y. Using the same identification
above, this determines the kernel of a pseudodifferential operator on the fiber above each
point of S. We have proved:

Proposition 3.16. For A € J“™(M x M, A, F0X,.), the symbol o1(A) can be identified
with a global section of the sheaf &9, that is, with a family of classical pseudodifferential
operators of order m' = m—1/2 acting on fibers of m: 0X. — S (orbits in the flow-out).

For each s € S and F, the corresponding fiber above s, let us denote this operator
by 01(A),:

Ul(A)S

C™(Fy) C=(F)

As a result, there is a well-defined symbol

o(0(A)) : T*F;\ 0 — C.
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As we will now see, this symbol is related to the symbol o¢(A) of A on the diagonal.
(This is the compatibility of the symbols of A announced earlier.)

Let P be a defining function of 0X,. with a 27-periodic flow on 0X.. We have the
following diffeomorphism

0X.x St — FoX,

(Z,t) — (917, 7)

from which one can see that, for any v = (Z,Z) € X' = AN FOX,, there is a natural
isomorphism

NLOXe .= T, FOX,./T,5 = T;F,

(N;SXC is the normal space to X in F 90X, at ). Therefore, for each T € 0X,, T5 F is
isomorphic to the dual space (NZ,7%¢)*.

Now let N& := T,,A/T, X be the normal space to X in A at . By [16], Ngax“ and
N § are supplementary Lagrangian subspaces of the two-dimensional symplectic vector
space W = (T,X)* /T, X. Therefore, NgaX“ and N§ are in duality with each other
(they are canonically paired by the symplectic form of ). In the end we obtain a
natural isomorphism

T:F, = (NL%%)" = N§.

The symbol of A on the diagonal belongs to a class S™ (£2o; A, X) of smooth functions
on A\ X which blow up at a prescribed rate at X' (see [16] for more details). Every element
in this class determines a smooth function on N& \ {0}. The compatibility condition
alluded to in the introduction is the following:

Theorem 3.17. The symbol of A € J*™(M x M, A, FOX,.) on the flow-out, identified
with a family {o1(A)s}ses of pseudodifferential operators along the fibers F, satisfies
that for each T € F

: o0(A)(%,9)
O'(O'l(A)s)i(T) = lim Omf and
seklox, 0
e @D
0'(0'1 (A)b)f( ) QGT;*_A)f\XC pm’ (g) ’ (16)

where T € T2 Fs is the dual of the Hamilton field of P at T regarded as an element
in Tz Fs, and the two limits are taken from the interior of X. and the exterior of X,

respectively. Moreover, this condition is intrinsic, i.e., it does not depend on the choice
of P.
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The proof reduces to the model case, where it is immediate. One can also verify
directly that changing P by a multiplicative factor does not alter the relationships (16).

The symbols in the flow-out become more natural under the present setting, as can
be seen in the following symbolic version of Proposition 2.7.

Proposition 3.18. The composition of properly supported operators with kernels in Jbm
and J5™, respectively, is an operator with kernel in JEHEL2mAm=1/2  For any A €
JEm B e JY™ we obtain the usual symbol in the diagonal:

Vz e X, \0X. o0o(AoB)(Z,%)=00(A)(Z,Z)oo(B)(Z,T),
and for any fiber Fy above s € S,
01(AoB)s =01(A)s 0 01(B)s.
3.5. The adjoint

The class J*™ is closed under the operation of taking adjoints, and information about
the symbol of the adjoint is given in the following

Proposition 3.19. Let A € J“™(M x M; A, FOX.), then the adjoint A* belongs again to
JE(M x M; A, FoX.), and

00(A")(2,Z) = 09(A)(Z,Z) for (z,7) € A\ Y, and

o1(A*), = (0’1(14)5)*, for each s € S.

S

Proof. The first statement is as in the usual theory of A-pseudodifferential operators. It
is enough to prove the rest in the model case. Take A with Schwartz kernel

K({'E’ Y, h) = (Qﬂh)n /eih',’l((x—y)~p—spl)+’iso'a(s, z,Y,p, 0, h)dede',
where a € /‘Zlfl/&giml, ¢ =0+1/2, m" =m — 1/2. The Schwartz kernel of the adjoint is
given by
1 - )
K~ (Jf, y) = K(y’ 'r) = 5 \n /elh ((I*y)p*SPﬂ‘HSO’a(_S’ Y, x,p,0, h)dedea
(2mh)™

where a(s,z,p,o,h) was replaced by a(—s,y,x,p,o,h). Taking T = (z,(p1 = 0,p)),
=07 = ((x1+5,2'),(p1 = 0,p)), the symbol in the flow-out is given by

|w/=y’,P1=015=w1*y1

o1 (A*) (¢§f,a‘3) = \/ﬂ/a_g/(—s,y,x,p, 0)e" do/dxdy,dp’
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y/,p1=0,y1 —x1=—2

V 277/ afl’(_sa Yy, x,p, U)eiisgda\/m| r—
= 01(4)(z, ¢7'7)

The proof is now clear, since the symbol o1 (A*) intertwines the variables and takes the
conjugate of o1 (A). O

4. Asymptotics of the trace
4.1. The trace in the case m’ > 0

We now assume that X, is compact and 90X, is fibrating, as in Section 3. We will
prove:

Theorem 4.1. Let A be an operator in the class Ax,_. Then, if m > 1/2,

Tr(ﬁ) = (2m) "ptomon / oo(x,x, p, —p)dxdp + O(h_z_m_"ﬂ), (17)

Xe
where o is the symbol of A on the diagonal. If m = 1/2,

PN

Tr(A) = (2m) "h- /ao(x,x,p, —p)dxdp + O (K=" "hlog(1/h)).  (18)

Xe

The rest of this subsection is devoted to a proof of this result, which we break into a
series of lemmas. Note that it is enough to estimate the integral along the diagonal of
the kernel of A in the model case with ¢/ = 0. Consider therefore a semiclassical kernel
of the form:

1
(2mh)™

up(z,y) = /emﬂ[(xl—yl—S)p1+(:c’—y’)p/]+isaa(s7x7y,p70)dsdpda, (19)

where p = (p1,p’), * = (z1,2'), y = (y1,%’) and a is a classical symbol in o of degree
m’ =m — 1/2, compactly supported in (s, z,y,p).

Lemma 4.2. Let pg > 0 be large enough so that al{jp,|>u,/2y = 0, and let p € C§° be
a smooth function with compact support which is equal to one in [—po/2, uo/2] and is
supported in [—puo, o). Then

1
(2wh)™

up(x,x) = et /htiso (s g p, o) p(ho)dsdpdo + O(h™), 20
p

uniformly in x.



G. Hernandez-Duenas, A. Uribe / Journal of Functional Analysis 268 (2015) 1755-1807 1779

Proof. The rigorous definition of u;, when the integral in o diverges is given in Eq. (4):
If K>0 (K >m'/2+ 1), then uy is equal to the absolutely convergent integral

1 /eih71[(a:lfyl7S)p1+(I/7y/)p/]+iSU 1 DK
(2mh)™ (14 02)K

X [e_iswlpla(s,x,y,p, U)]dsdpda,

and therefore

K
1 -hil[( —y)p—sp1]+i c=—1 2K—j aj(sa%%py U)
— 7 x s iso(_ih dsdpd
U/ﬁ(xay) (27Th)n ]2_:0/6 ( 1 pl) —(1+0—2)K sdpdo,

where the last expression is obtained by expanding the action of D¥. Note that, Vj,
a; consists of linear combinations of derivatives of a with respect to s (and therefore
aj € /‘Zlo’m/). Using this we get that the remainder in Eq. (20) is equal to

K
L —1isp1 ‘Ua'(S,J},JT,p,O') R 2K —j
D Gy / i I e (il ) (1= p(ho)) dsdpdo.
=0

Let b,(s,z,p,0;h) = M(—ih_lpl)ﬂ(_j(l — p(ho)). We will show that for

(I+o2)K
each 7,
1 —1s “liiso
Bj := W/e pih= b; dsdpdo
is O(h*).
Starting with the change of variables y = ho, w = —p; + u, we obtain that
B, = h /eisw/hb(s x (—w +u p') h_lu'h) dsdwdp'dpu
J (27‘(;7,)" J Ead I 9 )
1 —ih&1€2 / /
= ¢ ; s hy &) dédp'd
nh) /e ¢ (@, p,p's b €) dédp'dp,

where £ = (£1,&2) are the dual variables to (s,w), and

(@, p's 15 €) = % /efi(syw)lgbj(swv (—w+ p,p'), W s h) dsdw

is the Fourier transform of b; in the (s,w) variables. Using the inequality

N—-1 ,.

; @)k | _ ™

=D G| S A (21)
k=0 ’ ’
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we obtain that for each N > 0,

N

/ —ih€1€a (:L’uphf)é Z/%( ph§)§

k=0

_ / R (€ h)e;de,

. N & &Y _ _
where |Ry(&;7)| < S Moreover, for each £k =0,...,N —1,

ih k _in & 5 &
(lk!) /(‘flfﬁk%dﬁ:zﬁ(m” (858]71) b; (s, 2,p, h™" s )

_2n(=iF (L —p(u) (9> \F
T+ (K (asam)a(”( P).h")

|S=0,P1=H

|<:0,p1:u

:0,

since p(p) is equal to one in the support of a. It follows that

, Y
‘/emﬁlswjdf’ < ﬁ/|(§1§2)NCj|d§

A e P \" !
= —usw) b; - ", s h))dsd,
21N /e <888W) (J(S,l‘,( W"‘,U:,p), s )) Saw L%7
where || - || 1} denotes the L'-norm of a function of the ¢ variables. The well-known
inequality
HﬁHLl(Rd) < Z HaaUHL1(Rd) (22)
|| <d+1
implies that the above bound is in turn bounded by
b; - N, h sk
(65(%) by ooz (o) )]
2K—j 2 \N
WY | )i )
27rN'| s 1+ (A 1p)2)K 080w
X [aj (S,fﬂ,l', (*w+N7P/)ah71/l)(*w+ﬂ)2K7j} )
Liw
where || - [[z1  is defined similarly, and 0% = 8‘9:;1 aaw%’ a = (aq,ag). Therefore B; is

bounded above by
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Bt N—2K+j N N
(2m)nt+1N! |(§§:3/ 0 (338w)
(_w + /u‘)QK_jaj(sv xz, (_w + :vapl)v h_llu)
| (0 + (1) (1= o)

(858p1) [piK (jlai(jza;;cn %) (1- p(ﬁa))}

Finally, notice that the integrand is O(¢™ ~2X) and that 1 — p(ho) has support in

dsdwdp'dp

h n+N+1-2K+j
- - (2m)"tINT

dsdpdo.

a<3

|o| > h~= /2. Therefore the above upper bound is less than a constant times

oo

m’' —2K+1
jntN+1-2K+j / o™ 2K j5 — pntN+1-2K+j g

BRI ke
h_luo/2

= O(W—n—mEN),
Since this is true for all positive integers N we are done. O

Lemma 4.3. If m’ > 0,

/uh(w, x)dr = G /27ra(0, z, 2, ', W ) dedp’ dp + O(Ff”fm/ﬂ). (23)

Proof. By (20), it suffices to estimate

1 . .
tp (v, ) = ) /e_”s”l/hﬂs"a(s,:mx,p, o)p(ho)dsdpdo.

By an argument identical to the one used in the proof of Lemma 4.2,

1 _
ip(z, ) = ) Rt /e”“’/ha(s,x,m, (—w+ p, "), A ) p(p)dsdp’ dwdp.

(2mh)™

We will apply the method of stationary phase to the (s,w) integral, before integrating
with respect to p’ and p. To this end introduce the notation

uh(x,x7p/7u) = h_l /eiSW/ha(svx7xa (_w + u,p'),h_l,u)p(,u)dsdw,

(2mh)™

so that the left-hand side of (23) is equal to [ up(z,z,p’, u) dedp’dp modulo O(h*>). We
also have that

1 —i
= i) /e MrSae (@, p, s s €) dE,

uh(xa'rap/a /J,)



1782 G. Hernandez-Duenas, A. Uribe / Journal of Functional Analysis 268 (2015) 1755—-1807
where £ = (€1, &2) are the dual variables to (s,w), and

c(m,,u,p’;h; {) = % /e_(s’w)'ga(s,x,x, (—w + ,u,p'), h_l,u)p(,u)dsdw

is the Fourier transform of pa in (s,w). Note that

/C(w,u,p’; h;€)d¢ = 2ma(0, 2,z (1,p'), h~ '),

and therefore (by (21))

un (2, 2,0/, 1) — (27T1h)" 2ma (0, z, z, (M,p’)vﬁflu) _ (27T1h)n /R(@h)c(g)dg, (24)

where |R(&, h)| < h|€1&2]. Integrating (24) we see that the error term in (23) is bounded
by

1
@nh) / IRellpy (2,9, ) da dp' dp, (25)
K

where K is a compact set containing the support of the left-hand side of (24). Using (22)
again,

h

hll61&acllry = o

2
27T /eii(s’w}&aia(sv x,T, (7(‘} + u,p’),hil,u)p(,u)dsdw

0sOw

Lt

= 888 S y Ly T, (_w"_/iap/)ah_l/i)p(/i) L(l )

Since a(s,z,y,p,0) is a classical symbol in o of order m’ and compactly supported in
the rest of the variables, Yo there exists a constant C' = C'(«) such that
h 0?

(0%

s o / —1
27‘(‘8 888wa(5’x,x7( w+,u’p)7h H)p(ﬂ)‘

< (@)1 + )™ b= C(a) (h+ |u])™ B+ (26)

for all (s, z,y,p). Integrating (26) with respect to (s,w) over a sufficiently large compact
set we obtain that

|BRell oy (.0 ) < C(ht |ul)™ 7

We now integrate this inequality over the compact set, K, in (25), to obtain that the
error term in (23) is bounded above by a constant times
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—m!— m’
pe [ (e )™ d (27)
[nl<pn

for some p; > 0 independent of &, and this is O(h_m/_”“‘l) when m’ > 0. O

Remark 4.4. Lemma 4.3 implies the theorem (with a better error estimate in case m’ = 0)
if the amplitude a is homogeneous in the variable o.

Proof of Theorem 4.1. Let us first assume that m’ > 0. Since a is a symbol in o of degree
m’ > 0, there exists a(z,p) and a constant C' such that

, '—1
|a(0,$,1'7p,0')—0'm CL((E,p)X(U)| SC (1+|U|)m )
where (o) is smooth in o # 0, and homogeneous of degree zero in o. Then, in particular,

27
(2mh)"

27
(2mh)™

< @m) 0 (14 h )™

W X (w)a (0,2, (1, p'))

a(oax7x7uapl7 h_lﬂ) -

The left-hand side of this inequality is supported in p € [—po, po]. After integrating with
respect to u, the remainder is bounded by constant times

Ho Ko
R / (147 u))™ dp = 2n '+ /(h + )™
— ko 0

= gp~nmHl ((Mo + ﬁ)m/ — hm/)/m/

= O(h_"_m/"'l) since m’ > 0.

Therefore, for any ¢/ and m’ > 0
/Uh(l‘,x) dr = (271')_"}1_2_"1_”/QWp?,&(O,x,p)dxdp—l— O(R~t=m=nth),

where 27p" @(0, z, p) is the principal symbol on the diagonal.
Now let’s assume m’ = 0. Since a is a symbol in o of degree zero, there exists a(z,p)
such that,

C
1+ |0

|a(0,a:,sc,p7 o) — &(m,p)x(o)’ <

for some constant C' > 0. Then

2w
(2mh)™

2r
(2mh)™

(en're, .,
1+ A Jal

a(0,z,z, p,p', B ) — az, (u,p"))x(p)| <
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Again, since the left hand side is supported in the set {|u| < po}, after integrating
with respect to u, the remainder is bounded by a constant times
1o
hm / H%du =pntt / g hdu Rt (log(po + h) — log(h))
= O(h™""log(1/h)).

Therefore, for m = 1/2
/uh(:v,m) dx = (27r)_"h_€_m_"/27rd(07x,p)dpdm + O (k""" log(1/h)),
where 27a(0, x, p) is the principal symbol of the family on the diagonal. O
4.2. The trace in the case m' < —4
Theorem 4.5. With the previous notation, if m < —7/2, and A an operator in Ax,_, then

each classical WDO o1(A)s obtained from the symbol of/Al in the flow out on each orbit
is of trace class, and

Tr(A) = (27) /2= t+1/2 / Tr(o1(A)s)ds + O(R"~43/2). (28)
S

Lemma 4.6. If m’ <0 and ¢/ =0,

1
/uh(x,x) dr = @ h)n27r/a(0,x,x,,u7p',h_1u) dzdp' dp+O(h™"?).  (29)
T

Proof. This follows immediately from (27) (which was derived under no assumptions
onm'). O

Proof. Starting with Eq. (19), since m’ < —4
as(s,x,y,p) = /e“”a(s,x,y,p,a)da

is absolutely convergent and can be extended to a C? function of s. In addition, as is
compactly supported in s, z, y, p. Using the stationary phase theorem for C?* amplitudes
[19, Theorem 7.7.5], we get

/eihflspl az (Sa z,T, _plap/)depl ~ 27Tha2 (07 x,T, Oapl)v

and then
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/uh(l"’ x) do = (27)_n+1/2h_n_£+1/2/ V2ras (0,2, 2,0, p")dzdp’ + 0(7i_"_£+3/2),

where v/27az (0, z,x,0,p') = V2r [ €*%a(s, z, z,p)doy,_, , _, is the extension of the sym-
bol o1 to the intersection of the Lagrangians. This is the desired result in the model
case. O

5. Projectors and “cut” quantum observables

In this section we will prove that, under a mild additional condition on 90X, the
algebra Ax_ contains orthogonal projectors. We will also prove that, in case there exists
an A-pseudodifferential operator on M, P, such that:

1. The spectrum of P is discrete and is contained in hZ., and
2. X, = P7!(I) for I C R a closed interval,

then the spectral projector of P associated to the interval I is in Ax,
5.1. On the existence of projectors

In addition to the assumptions on 0X. that we have been making throughout, let
us now assume that 0X, is of contact type. Recall that this means that there exists a
one-form  on 90X, such that (a) df is the pull-back of the symplectic form to 0X., and
(b) B]Zp is constant, where P is a defining function of X, with periodic flow on dX..

Following the proof of Lemma 5 in [5], one obtains:

Lemma 5.1. There exists a smooth function, which will be called again P : T*M — R,
such that

(a) P is bounded from below and tends to oo at infinity in the cotangent directions,

(b) 0X. = P~0), and

(c) there exists a neighborhood W of dX . such that the Hamilton flow of P is 2w-periodic
in W.

Next we recall (see [18, Proposition 3.8]) how to obtain a quantum version of the
previous result:

Lemma 5.2. Let ]3(71) be a semiclassical pseudodifferential operator with principal symbol
P and vanishing sub-principal symbol. Let pi be the Maslov index of the trajectories of ®F
(the Hamilton flow of P) in W. Assume the Bohr—Sommerfeld conditions (7). Then there
exists a semiclassical pseudodifferential operator fig(h) of order —2 such that for e < 1
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Spec (P - %h - EQ(h)) N[—e/3,¢/3] C hZ

when we restrict i to the sequence h = 1/N with N large.

Proof. Pick € > 0 such that P~![—¢,¢] C W. Let p be a smooth function with support
in [—e, €], such that p =1 on [—€/2,€/2]. Let

be the (common) action of the trajectories of the Hamilton flow of P in W. Then

=27~ (P=5h=7) i microlocally in W a pseudodifferential operator with symbol iden-

tically equal to one, and thus one can write
p(P)e2mih (P=5h=3) — »(P)(I + hR(h)),

where fi(h) is a zeroth order A~-WDO. Recall that v is an integer in 0X,, and therefore,
for A = 1/N we obtain

p(P)e= 2 (P=50) — o P)(I + hR(R)).

Since I + hﬁ(h)p(ﬁ) has spectrum close to 1 for h < 1, one can then define for # small

~

h ~ ~
= ——log(I P
R, 5 og(I + hR(h)p(P)),

and since Ry commutes with P, we obtain

p(P)e2min (P=h=Re) — p(P)(I + hR(R)) (I + hB(R)p(P)) .

Since p = 1 on [—¢/2,¢/2], the spectral theorem guarantees that the above operator is
the identity on any eigenfunction of P with eigenvalue in [—€/2, €/2]. Since, for A small
enough, the spectrum of P — &7 — Ry in [—€/3,¢/3] corresponds to eigenfunctions of P
with eigenvalues in [—€/2,€/2], the result follows. O

Let us define 132 =P- Eh— ﬁg, whose principal symbol continues to be P. Let x be
the characteristic function on (—o0, 0], and define the projector

II = x(Py)

Theorem 5.3. The projector IT defined above belongs to the class J~/2Y/2(M x M,
A, FoX,.).
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Proof. Let p be the cut-off function of the previous proof. We decompose

I = (1 p)x(Ps) + px(Ps)

Clearly (1 —p) X(ﬁg) is a semiclassical pseudodifferential operator. Therefore we need

~

to prove that px(Ps) belongs to J~1/21/2 This operator has microsupport in M.

We take R"~1 x S as the model case with coordinates (x,0) and T*(R"~! x S1)
with coordinates (x,0;p, 7). Let II¥ = ITE be the projector on eigenfunctions of pn o=
hDy = %% with eigenvalues greater than or equal to E/N, where FE € Z is a constant.

(Here 6 is the 2mr-periodic variable in S'.) Let Ty = e"ish P2 and let

n __ —ih~lsp™
T' =e

be the translation representation on L?(R"~! x S'). Let (zg,po) € W. As in [9,10],
there exist an S'-invariant neighborhood U C W of (xg,po) (the circle action given
by the Hamilton flow of P), an Sl-invariant open set U™ C T*(R"~! x S1), and an
S'l-equivariant canonical transformation

¢ U— U,

which sends 0X. N U into {(z,0;p,7) € T*(R""* x SY) | 7 = E}. Again, as in [9,10],
one can show that there exists a semiclassical zeroth order Fourier integral operator

F:L*(M)— L*(R"! x §'),
with microsupport on U x U" such that
F*F = Igyn, FF* = Iy,
and
Fpx(Ps) = p(IT")F.

This reduces the proof to the model case. It suffices to show that IT @ is on the algebra,

~

for any zeroth order compactly supported semiclassical pseudodifferential operator @ in
R™~! x S1. Note that

— elS

2
HE@:i/e—iNsﬁ"eiNsEél 1 _ds
0

—iNsP"

The operator e etNsb @ is a semiclassical FIO with Lagrangian

{((x,@;p,r:E),(y:a:,a—I—S:H;—p,—T:—E)) ’xeR"‘l,H,aE [0,2#]}.
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Therefore, in local coordinates, the Schwartz kernel of ITF @ can be written as

Y
(27h)™ 27

/ N (@=nptO=c=)(=ED (2 0.y, a, p, 7, h) dpdrds,  (30)

1—eis
where ¢ is symbol with expansion in A. Notice that ﬁ is a conormal distribution in
s =0 and Eq. (30) shows the hybrid nature of the amplitude of the projector. Eq. (30)
also proves that IT¥Q € J~/21/2 with principal symbol yx,Q(z,0; p, 7) in the diagonal,
and

1 Q@ (x,0;p,7))
\/ﬁ 1 — ets

in the flow-out. O

Remark 5.4. If one has an h-pseudodifferential operator P with discrete spectrum such
that

Spec(ﬁ(h)) C hZ,

then the previous proof shows that, for any given E;, F5 € Z such that F; < FEs, and
for j=1,2:

the trajectories on P~'(E;) satisfy the Bohr-Sommerfeld condition (7).
Under these circumstances, the orthogonal projector onto
Hy = span of cigenvectors of P(h) with eigenvalues in [E, Es],
is in the algebra J—Y/2/2(M x M; A, F0X.), associated to
X.={Z2eT*M | E; < P(%) < E»}.
5.2. Cut quantum observables

In this section we fix a projector II as in Section 5.1, and consider “cut” quantum
observables, by which we mean operators of the form

non
where @ is a pseudodifferential operator on M. By Theorem 5.3 these operators are in

J212(M x M; A, F9X,). The symbolic properties of these operators are summarized
by the following Proposition:
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Proposition 5.5. Let @(h) be a zeroth-order semiclassical pseudodifferential operator with
compact microsupport. Then ITQIT is in the class J~V/21/2(M x M; A, F0X,). Its sym-
bols, ignoring Maslov factors, are as follows:

oo(IIQIN)(Z, %) = xx.(Z)Q(Z)\/dx A dp, (31)
o (IIQIT), = g, M, Ir, (32)

where xx, is the characteristic function of X., T = (z,p) € T*M, Fs is the fiber above
s € 8, Q)p, is the restriction of Q to Fs, MQ‘ is the opemtor “multiplication by
Q)r, 7 and I, is the Szegd projector in the orbit Fy, ie., for u : Fs — C smooth,

w(@Fg) = 3,45 (0) o=, T ul(T) = 3,50 2.

Remark 5.6. Notice that the Szegd projector I, is a classical pseudodifferential operator
with principal symbol x (7« p,)+, where (T*F,)™ is the part with positive momentum
variable, in the direction of the Hamilton flow. This function is smooth in T*F \ 0.

Remark 5.7. The symbol of II, Mg, I, is x(r+F,)+Q)s, Which agrees with the
symbol in the diagonal, restricted to the intersection. This is the so-called symbolic
compatibility condition referred to in Theorem 3.17.

Proof. The first part was proven in Theorem 5.3. The principal symbol in the diagonal
is clear. Using the relation (0.2) in [1], we obtain that for § € 90X, s # 0,

b Q )
o1(, (9);9) = Nor 27r/ o9 1f€i§d5
0
2

Since Q(®L (7)) is a smooth 27-periodic function in §, there exists a sequence of functions
{Q;(y )}f;i_oo such that

and the symbol becomes:

(@) - ﬁi /(z @0 1) (32 ) (30 e

k>0 k’>0

1—ew {Z W%TT ZQQ%}

7>0 7<0

ﬁ\
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We now interpret this as the kernel of an operator acting on the fibers of X, — S.
Let us consider a fiber Fy C 0X,, and a function u : Fy — C. For every fixed 5 € 0X,,
let u,(g) and Q,;(7) be the corresponding Fourier coefficients in each decomposition

u(@f9) = 30wl = =Y o

r=—00 j=—00

As a pseudodifferential operator, the symbol in the flow-out of IT @H acting the func-
tion u, is given by

(o1 (ITQIT) u) () = / oV (TQIT)(Z, §)u(§)dy = / o (QIT) (%, 8 z)u(PL z)ds

F, St

:/\/12_7”_6 ZS[ZQJ ZQJ ”S}Zur(f)\e/%ds

7<0 r

_ () @i @)
_rz(é—r T( ) \/ﬂ (33)

On the other hand,

. ur(@) - AN (@)
My, 1r, (w)](Z) = r, M, () = I, ( Q) (7)
(115, M, Ml ] Fy (7;0 \/ﬁ) F< y Z >

U
— 11 (Q(2fn) 3 T )
>0 V27T la=o
Qj 2(]+T)s)
znsl( >
jezrso V2 V21 /s

- Z Q;(z /—7
r>0,j>—r

\./

which agrees with Eq. (33). This proves
oV (ITQIT), = Mg, My, Mg,
which yields (32) after applying Proposition 3.18. O
Operators of the form IT N@ NIy : Hy — Hy generalize Toeplitz matrices, and this
is reflected in its principal symbol in F9X.. (In case M = S! and Il the projector

onto the span of {¢%, j =0,..., N}, the INQn Iy are to leading order the generalized
Toeplitz matrices of [7, p. 84].)
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5.2.1. Applications: a symbolic proof of the Szegd limit theorem
We begin with the functional calculus, the heart of which is the following

Lemma 5.8. Let @ be a self-adjoint pseudodifferential operator of order zero on M. Then
7T ¢ J=V/2V2(M x M; A, FOX.).

Proof. Let us define

It is the solution of the problem

10 ~

—-=W(@)+HQIIW(t)=0

1 Ot ®) @ ®) (34)
W(t)h:o =1I

The idea in the following proof is to construct a solution which will be in the algebra
and will make the right-hand side of first equation (34) of order O(i).

As a first approximation we take
Wo = Heiit@,
which satisfies
10— PN——— A1 —itd
—_awo + IIQIIWy = —II[I1,Qle™"~.
i

We will prove below that [IT, Q] € sc-I~Y2(M x M; F0X.) (see Section 5.2.2). Therefore,
we obtain

10~ ~ = —1/2

= Wo(t) + HQIWy(t) =: Ro(t) € se-I"/*(M x M; FOX.)

i

Wolt), =11

lt=0
We will now modify Wy so as to make the right hand side O(A*) instead of an operator
in sc-1-Y2(M x M; F9X,). For the rest of the proof, it will be convenient to identify
symbols in the flow-out with corresponding families of smoothing operators acting on
functions on the fibers Fj for each s € S. The symbol Ro(t) has a corresponding family
of operators {Rp s(t)}scs. Let us consider the following problem,

10~ 1 R
;a%,s + HFSMQ\FS HFs 0 %73 = _%,sa

{VO*SH:O =0,
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whose solution is

t
Thatt) = =i [0 Ry

0

Notice that "NVO,S is a smoothing operator. Let us call V the smooth symbol in F0X,
given by the operator 7} . Take Vo € se-I7Y2(M x M; F9X,.) with symbol V,. By
construction

10

;E(WO + Vo) 4+ IQII(Wo + Vi) = hRy(t) € se-I™3/>(M x M; FOX,).

Proceeding inductively one can find a sequence of operators TN/J such that for all J

10 ([~ &Koe I P NS
Ea(WO +jz=:0hﬂvj> +HQH<WO +j§0hﬂvj>

=T Ry € se-I7327 (M x M; FoX,) (35)

Finally, take an operator V € sc-I~Y2(M x M; F9X,) such that V ~ Z;?C:O ‘7j, and
define W = Wo + V. Then

10— o~ -

A standard application of Duhamel’s principle finishes the proof. O

Proposition 5.9. Let @ be a self-adjoint semiclassical pseudodifferential operator. Then
for any smooth function f, IT f(IIQII), is in the class J~Y/21/2(M x M; A, FOX.). The
symbols, ignoring Maslov factors, are as follows:

oo (ITf(IIQI)) (%, %) = xx.(Z) f(Q(F))\/dz Adp, and (36)
o1 (I1f(IIQM)),, = Iy, f(IIr. Mg, M), (37)

where Fs, Q),_, Mg, . . and IIp, are as in Proposition 5.5.
s

Proof. We have:
IFIIQIT) = \/%_ﬂ / e QI f(4)gt, (38)

where f t) = = [ e*!f(s)ds. By the previous lemma we can conclude that IT f H@H €
Van

J=1/2.1/2 Moreover
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oo (I1f(ITOIT)) (7. 7) = %2_7 / eR@)y 1 (3)F(H)dt = F(QE))xx. (),

and
~ 1 ity o
o (I f(IQI)), = E/Upse HeMop e f(1)dt = ITp, f(ITp, Mg, F,). O

As an immediate corollary of Theorems 4.1 and 5.5, we obtain the following Szegd
limit theorem:

Corollary 5.10. Assume that X, is compact. Then for any smooth function f

TI'(UNf(HN@NUN)) = (271’)7nNn/f o Q% + O(Nnil log(N))
Xe

5.2.2. Commutators

We now describe another property of the projector. Let @ be a semiclassical pseu-
dodifferential operator as above. The projector II behaves microlocally as the identity
on the interior X,, suggesting that [IT, Q] is microlocally O(h*°) on the diagonal. Using
Proposition 3.14, we anticipate that [IT, CAQ} € sc-1-Y2(M x M; F9X.). We now prove
that this is indeed the case, and compute the principal symbol of the commutator.

Proposition 5.11. For any zeroth order compactly supported semiclassical pseudodiffer-

ential operator @, (11, @] € sc-I"Y2(M x M; FOX,) is a semiclassical Fourier integral
operator, with (smooth) principal symbol

(39)

Furthermore, if the principal symbol of@ 1s constant along the orbits in the flow-out, the
Hamilton flows ®F and 2 of P and Q commute in 0X., and the subprincipal symbol
of Q wvanishes on 0X.. (Levi condition), then [IT,Q] € I-°/>(M x M; F0X.).

Remark 5.12. The Hamilton flow of the principal symbol of an operator that commutes
with IT preserves the region X.. However, the converse is not true; the invariance of the
region X, is a much weaker condition than the commuting property.

Proof. It is enough to prove it in the model case R*~! x S! with coordinates (z,0)
and T*(R"~! x S1) with coordinates (z,0;p,7). We only consider one energy level, say
E so that X, = {r > E}. For simplicity, let us consider zeroth order semiclassical
pseudodifferential operators of the form:
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g e””g/ x,p,0,kim)e wp/hf(p m, h)dp, where

N 1 . .
fp.m,h) = s / et/ he=ime £y o) dyda,

(27h)
and ¢(z,p,0,s) is the full symbol. Decompose ¢ in its Fourier modes, g;(z,p,0,s) =
> et*q.(z,p, s). Then Q = > Qk, where

mf =Y [ gy, p )" fp,m. b)dp (40)

is an sc-¥ DO with symbol gx(x, p, s). The kernel of Qy, is

Kq,(z,y,0,q) Ze (ktm)b=imep, (2, y,m, h),

where

1 .
Pk (:Ea Yy, m, h) = n+1 /ez(wfy)p/hqk (xapa hm)dp

(27h)

A calculation shows that for & > 0,

Ky ara/m) (z,0,y,a)

NTH iN(z—y)p iNE(0—a) —ij(0—a) zk@ .
:W e e Z e qr(x,p, E — j/N)|d
0<j<k

Notice that the amplitude in the integral above (in brackets) has an expansion in powers
of i, and in fact is a semiclassical symbol. The phase parametrizes the flow-out of {7 = E'}
by the canonical S* action, which is F9X,.. This proves that the commutator is in the
corresponding class, and the principal symbol is

ika k0
E 71‘](9 ) zk@ — Qk(I,p,E)B 7Qk(‘r7p?E)e
\/ﬂ Qk(x7pa E) 1_ e—i(a—@) .

0<j<k

The case k < 0 is similar, and taking the sum over k, we obtain (39).

For the last part, assume that the principal symbol is constant in the fibers of
dX, — S, which implies that [II,Q] € sc-I=3/2(M x M; F0X,). Assuming the Levi
condition, we will show next that the principal symbol (corresponding to the degree
—3/2) vanishes again. Take Zo, §o € FIX., To # Jo. Consider two zeroth order semi-
classical pseudodifferential operators T 1, T 5 of disjoint compact microsupport, such that
their principal symbol is 1 in a neighborhood Z, § respectively. Notice that

TI1LQIT = [ 1T, Q) + Ty [Q, T») + |Q, Ty T (41)
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Near (Z, ), the symbol of T [T, @]fg and [I1, @] coincide. Consider, on the other hand,
the first term on the right-hand side of Eq. (41). First, by the assumption on the mi-
crosupports of 17 and T5, the operator ﬁH fQ does not have wave-front set along the
diagonal, and therefore it is in sc-I~'/2(M x M; F0X.). We can then apply Proposi-
tion 6.3 below to compute the symbol of the commutator [Ty 11T, Q. Near (Zo, 7o) the
symbol ﬁﬂ fg is equal to the symbol of I, and clearly the (diagonal) Lie derivative of
this symbol with respect to the Hamilton flow of @ is zero. Therefore the symbol of this
commutator (as an operator of order —3/2) is zero.

The principal symbols of the last two terms in (41) also vanish because the principal
symbols of 77,75 are constant near T, go, respectively. Therefore, the (—3/2) princi-
pal symbol of [I1, @] vanishes off the diagonal, and therefore everywhere on F9X, by
continuity. This concludes the proof. O

6. On some propagators e—ith ' IIQIT

6.1. The classical counterpart

We begin by considering classical hamiltonians @ : T*M — R with the property that
their Hamilton field is tangent to 90X, that is, =¢(Z) € T30X, for all T € 0X.. It is easy
to see that this occurs if and only if the Poisson bracket satisfies {P, Q}‘axc =0, and as
a consequence, () is constant on the fibers of 0X. — S. The Hamilton flow of such a @
preserves the region X, that is, it defines a classical flow in the symplectic manifold with
boundary X.. The restriction of @) to 0X,. descends to a smooth function Qg : S — R,
which in turn defines a Hamilton flow on S. However, the following diagram (where (P?
denotes the Hamilton flow of @, etc.) does not commute in general:

Q
ox, e ax,
! ! (42)
»3s
S - S

Lemma 6.1. Assume that Z¢ is tangent to 0X., and let P be a defining function of X,
as above. Then the diagram (42) commutes for all t if and only if the Poisson bracket
of P and @ vanishes to second order at the boundary 0X., by which we mean that there
exists a smooth function F such that

{P,Q} = P*F.

Proof. Since Z¢(7) € Tz0X, for all Z € 0X. = P~1(0), then {Q, P}(Z) = dP:z(Zg) =0
for all Z € 0X.. Therefore we can write {P, Q} = Fy P for some smooth function Fp, and

[Ep,Eq] = E(pqy = Fo=p + PZF,
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will vanish on 90X, if and only if Fy itself vanishes on 0.X.. As a result,
P 0 09 (z) = 99 0 dF(7)
vz € 90X, if and only if {P, Q} vanishes to second order on 0X.. O

We now discuss the relation of the above considerations with Lerman’s symplectic cut
construction [10]. The “cut” space is

Y = Xc/Nv

where the equivalence relation on X, is: Z ~ g iff Z and g are on the boundary 9.X. and
in fact on the same leaf of 9X,. — S. There is an obvious inclusion S < Y and it is clear
that, as sets,

Y =Tnt(X.) [ S (43)

(disjoint union). Let us give Y the quotient topology. Then a function @) satisfying
{Q, P}|ax, = 0 induces a continuous function Qy : Y — R, which is smooth when
restricted to each of the pieces in (43). If the Poisson bracket vanishes to second order,
then, by the previous lemma, one has a commutative diagram

Q

x. "xox,

} } (44)
Py

Yy ‘Y

where @ is a Hamilton flow defined piece-wise by restricting @ to the pieces in (43).

In Lerman’s construction the topological space Y acquires the structure of a symplectic
manifold of which S is a symplectic submanifold. However, in general, Qy s not smooth
with respect to Lerman’s structure; for this it is necessary that {Q, P}|sx, = 0 to infinite
order, as implied by the following lemma:

Lemma 6.2. If {P,Q}|sx, = 0 to order k, meaning that there exists a smooth function F
such that {P,Q} = P*F, then Qy € C*~1(Y).

Proof. Take the model case M = R"~1 x S1 with coordinates (z, ), T*M with canonical
coordinates (x,0;p,7), and X, = {(x,0;p,7) | 7 > 0}. Then the symplectic cut is the
manifold Y = R?ﬂg’;l) x C, (where the symplectic form on C is (ﬁdz A dz)), and the
projection X, — Y is

(z,0;p,7) — (z,p; V7).
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Any function Q(z,0;p, ) whose Hamilton flow preserves X, descends to the continuous
function Qy on Y

Qy (z,p,2) = Q(z,arg 2 p, |2|*)

for z # 0 and Qy(x,p,0) = Q(x,0;p,0) for any value of 8. (The continuity of Qy will
be seen in what follows.) If {P, @} vanishes to order k in 0X,, then

{P,Q} = %—g = TkF(a:,O;p, T)

for some smooth function F'. This implies that there exist smooth functions G1(z, 8; p, 7),
Go(x;p, ) such that

Q = TkGl(:Ev e,p, T) + GQ(x;pa T)'
It follows that

2| G (, arg 2;p, |2|*) + Ga(;p, |2%) if 2 # 0
QY(x7p7 Z) = .

Ga(z;p,0) if z=0.
Define Qy (2, &', 2) = Qy (', &, 2) — G (2, |2|?, ¢'). Then Qy and Qy differ by a smooth
function, and therefore it suffices to show that Qy (2/,¢’, z) is C*. For this, we’ll show
that a function of the form

|22 G, arg z:p, |2]2) if 2 # 0

G (a,p, 2) —{
0 if2z=0

is a C* function for any smooth function G(x, 6;p, 7). The function G* is smooth in the
region z # 0, so we only need to show the existence and continuity of partial derivatives
at z = 0. We will prove the statement by induction. Write z = (uy,us). For k =1,

9G (2, p, 2) L G, 0p, )
- = lim ——==
8”1 Ul —0 U]_

:O’

z2=0
and for z # 0
0G!

oG oG
o = 20w, arg 25, 2) — ua G (v arg s, |of2) + 2|22 5 (o avg i o),

which converges to zero as z — 0. The partial derivative with respect to us is similar,
showing that G' € C.



1798 G. Hernandez-Duenas, A. Uribe / Journal of Functional Analysis 268 (2015) 1755—-1807

Assume that the statement is valid for £k — 1 > 0. Notice that

k—1 —— k

Ak
% = 2ku1(~¥k_1 — Us <88—§> + 2uq (%) , and

e~ k-1 —— k
oGk - oG oG
8—112 = QkUQG + uy <%> +2U2 <E> .

Each of the terms on the right-hand side of each of the equalities above are at least
C*~1, finishing the proof. O
6.2. A symbolic description of the propagator e~ ith™ 11QI

Throughout this section @) will denote a smooth function such that the Poisson bracket
{P, @} vanishes to second order at X, (cf. Lemma 6.1). As we saw in the previous
section we then obtain a classical flow (th‘ x, that descends to a continuous flow on the
cut space Y. In this section we analyze the quantum mechanical propagator e~ith”HIQI ,
where @ is a semiclassical pseudodifferential operator on M with symbol @) and whose
subprincipal symbol satisfies

SubQ),. = 0.
Before we state the main result, let us start with a proposition:

Proposition 6.3. For each semiclassical Fourier integral operator ‘7(71) € sc-I~Y2(MxM;
FOX.), the commutator [Q(h),V (h)] is in sc-I~3/2(M x M; FOX,). Its principal symbol
18

_ ., _h _
U[@j?] (xvy) = Z‘SEQV(xay)v

where V' is the principal symbol of XN/, and L=, is the Lie derivative obtained by letling
the Hamilton flow of Q act diagonally on FOX..

Proof. Write the Schwartz kernel of @ in the model case as

. 1 -
Oy, z) = TR /ez(y /M q(y, p, h)dp,

where

q(y,p,h) ~ qo(y.p) + hq1(y,p) + ...,

and the Schwartz kernel of V € sc-I~1/2(M x M; F0X.) as
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Vi) = (27r1h)”

/ei(zl_y/)“/hv(z,y,w,h)dw,
where
v(z,y,w, h) ~vo(2,y,w) + hvi (2, y,w) + ...

Then the Schwartz kernel of V o @ is

7 A 1 ih™ (2 -z )w
VoQ(z,z) = (27rh)"/eh ( )

1 o p— ’ ’
) [(%h)n /em =t =y (2, w, R)g(y, p, B)dydp| dw

Applying the stationary phase method to the integral in brackets, one gets

1

ih ™ (y—z)p+(a’ —y w
(277—h)"/e [(y—2)p+(z'—y") ]v(z’vavh)Q(y,p,h)dydp

_ hOvg(z,,w) Ogo(, p)

~ z)O(z, x, w)QO (-Ta (O’ w))

i or dp ‘
p=(0,w)
h 9q0(, p)
Z.UO(zvx7w) 8338]) | +hU1(Z7.T,UJ)qO(37,(O,UJ))
p=(0,w)
+ hoo (2, z,w)q1 (2, (0,w)). (45)

The Schwartz kernel of @ o V can be written as

~ ~ 1 i ’
_ i(z' =z )w/h
0oV (zz) R /e

1 S —1 ’ ’
g [ N Ryt Wy

Applying stationary phase to the amplitude above, one gets

1

@i /ez’}‘fl[(z—y)P+(y’_z/)w]q(Z’p7 B)o(y. .0, B)dpdy

h0qo(z,p) Ovo(z, z,w)
qo (z, (O,W))UQ(Z,JZ,LU) + i op 3

‘p:(oww)

+ hqy (z, (O,w))vo(z, x,w) + hqo (z, (0, w))vl (z,z,w) (46)

Therefore, the commutator [CA), ‘N/] has as leading amplitude

vo(z, 2,w) (q0(2, (0,w)) — qo(z, (0,w))).
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This vanishes at 2/ = 2/, which corresponds to the flow-out. Therefore [@, XN/] €
sc-I73/2(M x M; F0X.). In order to compute the principal symbol there, we notice
that

90(z, (0,w)) — qo (=, (0,w)) = (2 —a') - d(z,2z,w),
where d = (da, . ..,d,) is a vector-valued function such that

d(z7x7w)|w/=z/ = VI’qO (xv (07W)>|

z/=z/

Therefore
1 Lot ’
(27Th)n /EZ(Z e )w/h(% (Z7 (O,W)) - qo(l’, (O,W)))’Uo(Z,I,LL))dW
= _—h/ Wz~ )‘“/hz (z,2,w)vo(2, 7, w))dw. (47)
i(2mh)» &uj

The principal symbol of [@, ‘7} in sc-I=3/2(M x M; FOX.) can be then computed
taking all the contributions from Egs. (45), (46) and (47). Since go(z,p) is constant
along the orbits, then

*qo(z, p) 9*q0(z,p)

= — , for any j > 2.
azjapj ‘ 8:cj8pj | ,
p=(0w) p=(0,w)
Since {Q, P} vanishes at second order on 9X,, then aag;ol(ai? )I = (. Assuming all
p1=0

these conditions, and the fact that the subprincipal symbol

SubQ(I p) = qi(z,p) 22281‘ 8p1|
J

p=(0,w)

vanishes on X, the principal symbol of the commutator reduces to

8q0(z,p) 81}0(2,.13,&}) + 3(]0(37,])) 6v0(z,m,w)
op o 0z . Op o Ox .
p=(0,w) p=(0,w)
) Z dplw.p)  Ouolzz,w)
— Oz . dw L
P=(0,w) o

One can check that this is the Lie derivative of V with respect to the Hamiltonian field
Zg in the sense in the statement of the lemma. O
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Notice that there is a way to define classes J“™ for a general pair of admissible
Lagrangian submanifolds that intersect cleanly (see [24,16]), and not only for the diagonal
and the flow-out of 0X.. The main result of this section is the following:

Theorem 6.4. Suppose @ s a zeroth-order semiclassical pseudodifferential operator sat-
isfying the conditions of Lemma 6.1. Assume subQ(h) = 0. Then

e~ QI ¢ J=1/23/2(\f 5 M; A(t), FOX.(t)),
where

A(t) ={(z,7) | 7.5 € T*(M x M),z = 82 (5)} (48)
FOX.(t) = {(z,7) | 7,7 € 9X,, Is € R such that T = BT P2 (7)}. (49)

Remark 6.5. In this statement ¢ is a parameter, but we could also consider ¢ as a variable
(in which case the kernel of the operator would be a family of functions on R x M x M).
Also, the symbols of ITe~ih "HQII cap easily be computed.

Proof. Let us define the following operator:
W(t) = [e~ith ' IQI ;ith™'Q (50)
We first prove the following:

Lemma 6.6. W (t) € J-Y2Y2(M x M; A, F0X,.), and the principal symbol in the diag-

onal is 0p = Xx,-

Proof. Let us define D; = %%. W (t) satisfies the following equation

{ BD,W (£) + [Q. W ()] + [I1. QW (1) = 0 -

W, =1
Similarly to the proof of Lemma 5.8, using the symbol calculus we will construct a
sequence of approximate solutions of Eq. (51). This construction makes the right-hand

side of order O(%*°), and an application of Duhamel’s principle concludes the proof.
As a first approximation we take Wy = II. This is a sensible choice since

%Sy == hD;Wo + [Q, W] + [IT, Q1 W,
= —[I,Q|(I — I) € sc-I"%*(M x M; F0X,),

by Proposition 5.11.
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We now modify Wy by elements in T (M x M; FOX.) to lower the order of the re-
mainder. It is easy to see that the symbol of the correction term is the solution to the

problem
oVi(Z,y,t o .
% + SEQV1(1',y,t> = _71527
V1|t:o =0

where S; is the principal symbol of S; € sc—I’l/Q(MxM;:f(?XE)V. Let V; € sc-I=Y/2(M x
M; FOX.) be an operator with this as symbol, and let Wy = Wy + AV;.
Since [IT, Q] € sc-1=%/2(M x M; F0X.) by Proposition 5.11, we get

K385 := hD,W, + [Q, Wi + [IT, Q]W, € I™7/%(M x M; FOX,)

Proceeding inductively in this fashion, we obtain an infinite sequence {V;} such that
for all J

J
hD; <ﬁ//o + Zﬁjvj) +
i=1

J
Q,Wo+ YV,
Jj=1

J
L0 (’vvo s zwj)

J=1

= nI128,,, € 1727 (M x M; FOX,).

Next we take an operator V € sc-1~Y/2(M x M; F9X,) such that V ~ Z]oil hj‘~/j, and
define W = ﬁ//o +V. O

Going back to the proof of the theorem, notice that
[Je—ith " IQIT _ W(t)e—itN@.

The Lagrangian A(t) intersects A and F9X, transversally. Using a variation of Propo-
sition 4.1 in [16], we conclude that composing elements in J~Y/2Y2(M x M; A, FOX,)

with e~ @ gives elements in J~V/2V/2(M x M; A(t), FOX,(t)). O
6.5. An Egorov-type theorem

We can easily prove the following corollary.

Corollary 6.7. Let @ be a zeroth order semiclassical pseudodifferential operator satis-
fying the conditions of Lemma 6.1, and the Levi condition. Then for any zeroth order
semiclassical pseudodifferential operator A(h), we have

B(t) := et QI [T AT~ ith T IQIT ¢ j=1/21/2(Nf 5 M, A, FOX.),

with the following principal symbols:
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00(B(t))(z,2) = xx.(%) (a0 @tQ(:f)) for (z,Z) e A\ X, and

where a is the principal symbol of A\, @? the Hamilton flow Q, Fy is an orbit in 0X,,
and IIp, is the Szeqd projector of F.

Proof. Let us consider W(t) as in Eq. (50). Notice that

B(t) = oith ™ QI 17 X7 p—itNIIQIT _ W(_t)eit@A\e—itQW(_t)*7

which proves it belongs to the algebra. Since eit" '@ Ae=it""'Q is a semiclassical pseu-
dodifferential operator with symbol a o sﬁtQ , the symbol on the diagonal can be trivially
obtained. To compute the symbol on the flow-out, we note that the principal symbols of
W are exactly those of IT and we use Proposition 2.7:

o1(B(1)) (7 = #{(2),7)

_ % / o1 (W(—1)) (7, 8 (2)) 01 (¢ Ae QW (—1)*) (0F (7), ) d

1 / 1 1 o
*\/ﬁ ml_ei(sfg)

As a pseudodifferential operator on the fibers, this is I1p, M(a(@t@)‘ IIr. O
Fs

7. A numerical study of propagation of coherent states

Let @ be a zeroth order semiclassical pseudodifferential operator with symbol Q.
It is well-known that, if 14, ) is a coherent state with center at (zq,po), then
e‘“hilé(w(%mo)) is a coherent state (appropriately “squeezed”) with center at
% (z0,po), where &9 is the Hamilton flow of Q. If the flow &2 preserves X, and the
center (xg ,Po) is in the interior of X, then the same conclusion holds for the propagation
e‘”hilHQn(w(mmpo)) of the coherent state by HCAQH, as the trajectory of the center will
remain away from the boundary 0.X. and everything is as if we were in the boundaryless
case. -

In this section we present results of a numerical calculation of e—ith  IQI (Y(@0,p0))
in an example where the Hamilton flow of @ does not preserve X, that is, trajectories
of ®9 cross the boundary 9X..

We consider the Harmonic oscillator P = 3 (2% — h?92%) in R', and the corresponding
projector IT onto the span of its eigenfunctions with eigenvalues less than or equal to one.
We take Q = 22 — p?, and @ the obvious quantization of ). Fig. 1 shows some energy
levels of Q. Notice that the energy levels cross the boundary of X, = {z? + p? < 2}.
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SsS—

Fig. 1. Energy levels of Q and the boundary 0X. = {P = 1}.

We now take a coherent state centered in the interior of X., and numerically compute
its propagation under ITQII. We do the calculation in Bargmann space, for simplicity.
We recall that the Bargmann space is defined as the Hilbert space

B = {f:(C%(C:fentire and /|f(z)|2e*

=]
dm, < oo},

where dm, = dzdp and z = x;%p , with the Hermitian inner product

() = [ F23Ee ¥ dm..
The Harmonic oscillator in Bargmann space is given by

~ 0 h
P=hz— +—
Zﬁz+2’

with principal symbol P(z,Z) = 2z and eigenbasis

n ~ 1
{bn: Z—} , an:h<n+—>bn:>\nbn.
hrn! ) L enugoy 2

The quantization of Q = 22 — p? in Bargmann space is the operator @ = h286—; + 22
Applying @ to the eigenbasis, we get

Q(by) = hi/n(n — Dbp_s + hy/(n + 1)(n + 2)bpia,

which gives a “generalized” Toeplitz matrix for IT N@H n for each positive integer N,
where h = % The (normalized) coherent state in Bargmann space, with center at w, is
given by the simple formula
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@
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Fig. 2. A coherent state is propagated by e HNIINQITy (Q = 22 — p?) at time ¢t = 0 (left), t = 0.25 (middle)
and ¢t = 0.5 (right). The contour plots of the Husimi densities at each time and of Q are also given (bottom).

w

Uy(z) =er e s

‘é\

>

We apply the propagator e~#" INQIIN ¢4 the projected coherent state

w™ ©
e_%bn.
n!hm

N
Wy (2, N) = TNy (2) =
n=0

In Bargmann space, we measure the concentration in phase space of any semiclassical
family ¢ by taking the absolute value of the family times the square root of the Bargmann
weight, namely, by forming the Husimi density:

Wl (z) = |(z)|e=*2/2h,

We took as initial data a projected coherent state with center at w = —0.25 —0.6¢, which
corresponds to (z,p) = v/2(—0.25,0.6). Fig. 2 consists of plots of the Husimi density
in the z variable of the initial projected coherent state, its propagation at t = 0.25
(approximately when the center of the coherent state hits the boundary), and at time
t = 0.5. We observe that after the time of collision of the center with the boundary, the
coherent state splits into two localized states with centers on inward trajectories and with
the same classical energy. Here we took N = 100. The splitting happens immediately after
the center collides with the boundary; thus one can speak of infinite-propagation speed
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along the boundary. Note that the evolution is time-reversible, so that in some cases the
opposite phenomenon will occur, namely, two localized states with same classical energy
will hit the boundary at the same time and combine into one. We note that similar
phenomena has been reported in [2,25] and references therein, where one wave packet
may split in two wave packets in the semiclassical limit.
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