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We develop a new high-resolution, non-oscillatory semi-discrete central-upwind scheme with artificial
viscosity for shallow-water flows in channels with arbitrary geometry and variable topography. The ar-
tificial viscosity, proposed as an alternative to nonlinear limiters, allows us to use high-resolution re-
constructions at a low computational cost. The scheme recognizes steady states at rest when a delicate
balance between the source terms and flux gradients occurs. This balance in irregular geometries is more
complex than that taking place in channels with vertical walls. A suitable technique is applied by prop-
erly taking into account the effects induced by the geometry. Incorporating the contributions of the arti-
ficial viscosity and an appropriate time step restriction, the scheme preserves the positivity of the water’s
depth. A description of the proposed scheme, its main properties as well as the proofs of well-balance
and the positivity of the scheme are provided. Our numerical experiments confirm stability, well-balance,
positivity-preserving properties and high resolution of the proposed method. Comparisons of numeri-
cal solutions obtained with the proposed scheme and experimental data are conducted, showing a good
agreement. This scheme can be applied to shallow-water flows in channels with complex geometry and

variable bed topography.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

The shallow-water equations, also called Saint-Venant system
model a large class of geophysical flows, characterized by their
large length scale relative to their depth. The system consists of
non-linear hyperbolic balance laws governed by conservation of
mass and balance of momentum. The nonlinearity has important
consequences, such as the generation of shock waves in finite time.
Exact solutions are not available in general, and we need to rely
on numerical approximations. An exception of this lies in a class
of equilibrium solutions independent of time, arising when a deli-
cate balance between source terms and flux gradients takes place.
There are examples of geophysical flows in nature that are in fact,
small perturbations to steady states. Although it is not within the
scope of this paper, transoceanic tsunami propagation is one such
situation (LeVeque et al., 2011). Equilibrium solutions can be com-
puted exactly, to machine precision, and are used for reference
when comparing to numerical solutions.
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Numerical algorithms aimed at accurately computing shallow-
water flows have been developed over the years. Different ap-
proaches achieving a number of desirable properties in the nu-
merical schemes show the increasing interest in the community in
the challenges hidden in this balance law. The treatment of jump
discontinuities, near steady-state flows and the positivity of the
water’s depth is the focus of this study. Shock waves are usually
correctly captured with the use of conservative schemes, which
manage to carry out the conservation form of the law to the dis-
crete level. When the initial data corresponds to an equilibrium
state, one would expect that the numerical scheme recognizes such
equilibrium. That does not always happen by itself unless we in-
clude a mechanism in the numerical algorithm to recognize all or
a subclass of steady states. Schemes of that nature are called well
balanced (Gosse and Leroux, 1996; Greenberg and Leroux, 1996).
Simulations of small perturbations to steady states with schemes
that are not well balanced can generate numerical errors of the
same order of magnitude as the propagating perturbation. Well-
balanced schemes have shown to be very accurate when com-
puting near steady states. There are important geophysical flows
that are not small perturbations to steady states, such as hy-
draulic jumps. See Figure 5.28 in Khan and Lai (2014). Even in such
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Fig. 1. Left: Schematic of channel with a description of the variables involved in the model. Right: Channel used in the dam break problem in Section 4.4.

situations, the well-balance property adds accuracy to the numer-
ical approximations. Numerically maintaining the positivity of wa-
ter's depth is another challenging task. Assuming that we start
with positive values of water’s depth in our flow, we would like to
maintain that positivity as the flow evolves in time. This positivity-
preserving property is desirable in any scheme treating near dry
states (Audusse et al., 2004; Kurganov and Levy, 2002; Perthame
and Simeoni, 2001).

As it is the case for other conservation and balance laws,
Roe-type upwind schemes are popular and successful in shallow-
water simulations. Upwind schemes developed in Roe (1987), are
based on local linearizations of the flux Jacobian and its eigen-
spectrum. They have shown to have a great performance near
shock waves by capturing jump and contact discontinuities very
accurately. Many numerical difficulties can be solved using upwind
schemes by directly treating the waves’ families in the local lin-
earizations and their amplitudes. For instance, wave-propagation
algorithms with Riemann problems at the center of each grid cell
are used for near steady-state flows (LeVeque, 1998), where the
flux difference at the center exactly cancels the source terms.
Other approaches for near steady-state flows include capturing
methods using interface values (Jin, 2001), hydrostatic reconstruc-
tions (Audusse et al., 2004), and WENO reconstructions (Noelle
et al., 2006; 2007). An augmented Rieman solver that uses wave-
propagation algorithms is described in George (2008). See also the
book (Bouchut, 2004) and references therein. The Q-schemes intro-
duced in Castro et al. (2001) were used in Castro et al. (2004) to
solve two layer shallow-water systems. There are several other
classes of schemes that have been used to solve the shallow-water
equations. For instance, a kinetic scheme with an elegant and natu-
ral way of achieving the positivity-preserving property was derived
in Perthame and Simeoni (2001).

Another category of successful schemes in a variety of bal-
ance laws is the class of central-upwind schemes, introduced in
Kurganov et al. (2001), Kurganov and Tadmor (2000), and fur-
ther developed in Kurganov and Lin (2007), Kurganov and Tad-
mor (2002). The central-upwind schemes are designed for bal-
ance laws in general, and are free of Riemann solvers. The
schemes use, however, spectral information in the one-sided lo-
cal speeds in the numerical flux. See Russo (2001), Vukovic
and Sopta (2003) and references therein. Central-upwind schemes
achieving both the well-balance and the positivity-preserving
property in shallow-water flows were presented in Kurganov and
Levy (2002), Kurganov and Petrova (2007), Beljadid et al. (2016).

In open channel flows the component of the velocity vector par-
allel to the channel axis is dominant and the flow has relatively
uniform distribution over the channel’s cross sections. Thus, it is

assumed that the parameters of the flow depend on the spatial
coordinate along the channel axis and time (Szymkiewicz, 2010).
The flow can be characterized using the cross-sectional wet area
and averaged quantities such as the discharge, representing the
mass of water flowing through cross-sections per unit time and
the average flow velocity in each of these sections. This leads
to a 1D model of shallow-water equations for flows through
channels which has many applications in hydraulics for which
several numerical schemes have been developed (Garcia-Navarro
and Vazquez-Cendon, 2000; Khan and Lai, 2014; Russo, 2005;
Szymkiewicz, 2010; Vazquez-Cendén, 1999). The governing equa-
tions can be written as a system of non-linear hyperbolic con-
servation laws. The corresponding shallow-water equations were
first presented in Garcia-Navarro and Vazquez-Cendon (2000),
Vazquez-Cendon (1999), and can actually be derived from the
Euler equations by cross-sectional averaging under appropriate
boundary conditions at the bottom topography, walls and sur-
face (Hernandez-Duefias and Karni, 2011). The channel’s geome-
try extends in one horizontal direction (x). At each location x of
the channel, its width changes vertically according to an arbitrary
function o(x, z) of height. See Fig. 1 for a complete description of
the channel and variables. The bottom elevation, denoted by B(x),
varies along x and it is uniform in each cross section. The model
is valid for flows traveling in the direction of the channel (x), and
the zonal velocity at time t and location x is given by u(x, t). The
water’s depth is denoted by h(x, t), with total height w=h+B.
The conserved variables are the cross-sectional wet area given by
the vertical integral of the width from the bottom to the water’s
surface A = fg"’o(x, z)dz, and the discharge Q = Au. Stationary (at
rest) and other steady-state flows (in motion) arise when a deli-
cate balance between the source terms and flux gradients occurs.
The irregular geometry and the integration involved in the expres-
sion for the wet area calculation originates a richer family of equi-
librium solutions than those compared to channels with vertical
walls.

For many practical hydraulic applications, the use of 1D shallow
water model is relevant. We need to choose a good compromise
between the benefit of using 2D shallow water models, its com-
plexity and accuracy of numerical methods and their simplicity in
the case of 1D shallow water models. Shallow water flows in chan-
nels can be seen as one-dimensional flows with two-dimensional
aspects when the geometry and topography are irregular. In this
sense, the flows studied here can be considered as an intermediate
case between the one- and two- dimensional flows. One advantage
of this intermediate case is the availability of a rich variety of exact
non-trivial steady state solutions. This is more difficult to analyze
in two-dimensional flows. The variety of steady-state flows in the



G. Hernandez-Duenas, A. Beljadid / Advances in Water Resources 96 (2016) 323-338 325

intermediate case is much richer than the class of steady states
that can be found in channels with vertical walls. Furthermore,
the expression for the wet area involves an integral of the width
from the bottom topography to the water’s surface. As a conse-
quence, the balance between the flux gradients and source terms
in steady states becomes very delicate. This makes more difficult to
satisfy the well-balance and positivity-preserving properties simul-
taneously. For all of the above reasons, we chose flows in channels
to implement the artificial viscosity technique. The present setting
is suitable for analyzing the viability of the new technique to adapt
to systems where the conserved variables have more complicated
expressions.

A well-balanced upwind scheme for channels with irregular ge-
ometries was derived in Hernandez-Duefias and Karni (2011). Al-
though theoretically it does not formally preserve positivity, the
entropy fix usually implemented in upwind schemes showed to
be efficient in treating near-dry states. A central-upwind scheme
for channels with vertical walls and horizontally varying width
was considered in Balbas and Karni (2009), and it was based
on the schemes in Kurganov and Levy (2002), Kurganov and
Petrova (2009). The positivity-preserving property first achieved
in Kurganov and Petrova (2007) was extended to channels in
Balbas and Hernandez-Duenas (2014), where the flux and source
terms involved integral terms. Such extension was not trivial since
the integration involved in the expression for the flux and source
terms is now more coupled together with the geometry and to-
pography. Other central schemes for flows in channels are found
in Crnjari¢-Zic et al. (2004).

The central-upwind scheme proposed for shallow-water flows
in channels in Balbds and Hernandez-Duenas (2014) is based on
non-oscillatory second order reconstructions. The non-oscillatory
reconstructions are made with the use of nonlinear limiters. See
Harten (1983), Shu (2009), Sweby (1984) and references therein.
Extending this technique to higher orders is difficult and com-
putationally expensive when nonlinear limiters come into play.
For instance, in Shu (2009) it was reported that higher order
WENO schemes may be 3 to 10 times computationally more ex-
pensive, compared to the second order high resolution scheme. In
Kurganov and Liu (2012), the use of an adaptive artificial viscosity
is proposed as an alternative for hyperbolic systems of conserva-
tion laws and the special case of the shallow-water system is re-
produced in detail in Chen et al. (2013). The artificial viscosity im-
plementation consists of using diffusion coefficients that are very
small in smooth regions according to the formal order of accuracy
of the scheme, and it becomes strong enough near shock waves
to avoid oscillations. This is done maintaining the consistency of
the numerical discretization, and it is conservative by construction.
The adaptive artificial viscosity is proposed as an alternative to
keep high accuracy and resolution power at a low computational
cost. In particular, it was reported in Kurganov and Liu (2012) that
the scheme with artificial viscosity is 54.1% faster compared
to a WENO5 reconstruction in the efficiency tests considered
there.

In this paper, we extend the above approach to shallow-water
flows along channels with non-uniform cross sections of arbitrary
shape and bottom topography, as described above. Such extension
is not trivial since the artificial viscosity interacts with the source
terms, flux differences and conserved variables which now have in-
tegral forms dictated by the geometry and topography. In particu-
lar, the artificial viscosity coefficients need to be computed care-
fully so that they vanish for steady states at rest (see Eq. (21)),
which ensures that the new artificial viscosity term in the nu-
merical scheme does not interfere with the well-balance property.
On the other hand, the CFL condition needs to be modified in a
very special way to satisfy the positivity-preserving property, and
the inequality that usually involves spectral information now also

includes the artificial viscosity coefficients. See Proposition 1 for
more details.

The paper is structured as follows. In Section 2 we provide a
description of the system of shallow-water flows in channels, de-
scribe its main and basic properties while explaining the numeri-
cal challenges in each of them. In Section 3 we describe the nu-
merical scheme, the desirable properties one can achieve with the
algorithm, and the order of the steps we need to follow. We ex-
plain how it can be implemented to create a numerical scheme
that satisfies the well-balance and positivity-preserving properties.
Different numerical tests in Section 4 corroborate the merits of the
scheme, including comparisons of our numerical results with real
experimental data. Section 5 is devoted to the discussion of the
main contributions of the paper. Finally, Section 6 provides some
concluding remarks.

2. The model equations and properties

The shallow-water equations for flows through channels with
variable cross-section are given by Garcia-Navarro and Vazquez-
Cendon (2000), Hernandez-Duefias and Karni (2011),

8tA+8xQ:0 (1&1)

9:Q + x(Au* + p) = — gohB’, (1b)

where h denotes the depth of the layer, u the cross-sectional ve-
locity, B(x) the bottom topography, B’ = %, o(x, z) the width of
the channel at a cross section x and height z, A = ;*ha(x, z)dz is
the cross-sectional wet area, Q = Au is the flow rate or discharge,
og(x) = o (x,B(x)) denotes the channel’s width at the bottom to-
pography z = B(x), and g the acceleration of gravity. The cross-
sectional integrated hydrostatic pressure is given by

p :g‘/B (w=2)o (x,2) dz, (2)

where w=h+ B denotes the total water elevation. The cross-
sectional averaged pressure-geometry variation I(x, t) that appears
as a source term is given by

I(x,t) =g/BW(w—z)0X(x,z) dz. (3)

We note that this source term involves x-derivatives of the geom-
etry only, which does not alter the Rankine-Hugoniot conditions,
assuming that o is smooth with respect to x and z.

For reference to the standard 1D shallow-water equations, we
provide in Table 1 the definitions and their more familiar value in
the case of rectangular channels with no width variation o = 1.
The corresponding equations are

he + (hu)x =0 (4a)

h2
(hu)e + (hu2 + g2> = —ghBx. (4b)
X

2.1. Properties of the system

Hyperbolicity and many other properties of the system can be
analyzed by writing it in quasilinear form U; + A(U)Uy = S. A sim-
ple manipulation of the equations, valid for smooth flows, gives

A 0 1\(A) _ 0 5
Q [+ c2—u2 2u)\Q X_ Cz(ha‘,ar(x,t)—aBB’) ’ )

where oyar (x,t) = % fé” ox(x,z) dz is the averaged width variation,
c=./gA/o7 is the speed of sound, and o7 = o (x, w) is the width
of the channel at the water’s surface. We note that ¢ reduces to
the familiar expression ¢ = ,/gh for rectangular channels.
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Table 1
Variables’ definitions.

Variable Definition/Notation Vertical walls
Channel’s width o(x, z) 1

Bottom topography B(x) B(x)

Water's depth/Total height h(x,t), w=h+B h(x,t),w=h+B
Wet area A= [ o(x 2)dz h

Velocity u(x, t) u(x, t)

Bottom channel’s width op(x) =0 (x,z=B(x)) 1

Surface channel’s width or(x,t) =0 (x,z=w(x,t)) 1

Speed of sound c=./gA/or c= \/ﬁ

Cross-sectional averaged pressure
Cross-sectional averaged
pressure-geometry variation

p=gfy (Ww-2)0(x,2)dz

I=g [ (w—2)ox(x,2)dz 0

The system (1) is hyperbolic, with eigenvectors and eigenvalues

1 1 u—c 0
RZ(u—c u+c> AZ( 0 u+c>‘ (6)

The system looses hyperbolicity in the so-called dry states with
vanishing water’s depth (h = 0). The shallow-water flows are char-
acterized by the nondimensional Froude number F = |u|/c. Sub-
critical flows have Froude numbers less than one, which occurs
when the flow speed does not exceed the speed of sound. Froude
numbers larger than one define supercritical flows (Farmer and
Armi, 1986).

Special solutions that can be computed exactly are those inde-
pendent of time, or steady states. Such steady states occur due
to a delicate balance between the flux gradients and the source
terms, as described in the introduction. Simple manipulations of
the equations, valid when the flow is smooth, characterize the
steady states by two invariants. One of them is the flow rate Q,
which accounts for the volume of fluid per unit time crossing at a
given channel’s cross section. The other invariant is E, the energy
per unit of cross sectional area, and both quantities are given by

Q=Au=Const, E= %uz + g(h+ B) = Const, (7)

among which it is easy to recognize the steady state of rest

u=0, h+B=~Const. (8)

Exact solutions for smooth steady-states can be found by solving

E=1Q—2+g(h+B) (9)
2 A2 ’

for a given Q, E, B(x), o(x, z). A rootfinding method easily gives us
exact solutions to machine precision.

As it occurs in hyperbolic balance laws, discontinuities can form
in finite time, giving rise to weak solutions. This can happen to
equilibrium solutions as well. In such cases, it is easy to verify
that the discharge is still constant. On the contrary, the energy
is piecewise constant, changing across shock waves. These solu-
tions for channels with (non-uniform) rectangular cross-sections
are analyzed in Armi (1986), Armi and Farmer (1986), Farmer and
Armi (1986).

3. The numerical central upwind scheme and details

Numerically computing the shallow-water system (1) poses a
number of challenges. One consequence of the nonlinearity of the
flux is the presence of shock waves that appear in finite time even
if the initial conditions are smooth. Robust conservative numeri-
cal schemes are required to accurately compute discontinuous so-
lutions. Equilibrium solutions arise when a delicate balance occurs
between the flux gradients and the source terms. Some flows of in-
terest are in fact small perturbations to such steady states. Numer-
ical schemes that do not have those considerations in mind may

produce numerical errors of the same order of magnitude as the
evolving perturbations. A common strategy to avoid unaccepted
numerical errors is to enable the scheme to recognize steady states
at rest so that it remains constant in time in such flows. Numerical
schemes that enjoy that property are called well-balanced meth-
ods, and such property has shown to be crucial in the computation
of near steady state flows.

Dam-break and other problems involving near dry states is an-
other challenge we include in this study. Numerical errors in near
dry states may make the water’s depth negative, which is not
physically relevant or allowed. The system looses hyperbolicity and
the numerical computation can fail. Positivity-preserving numerical
schemes enjoy the property that if we start with positive values
of h, the data maintains the positivity of it in subsequent steps.
Numerical schemes with that property enhance stability near dry
states.

In this section, we describe a central-upwind scheme to accu-
rately compute shallow-water flows in channels as modelled by
(1). In our numerical approach we take into consideration the well-
balance and positivity-preserving properties. The approach here is
different from existing schemes for shallow-water flows in chan-
nels as it avoids the use of nonlinear limiters and instead con-
structs an artificial viscosity to be negligible in smooth regions and
strong enough near shock waves to control oscillations near jumps.
The scheme extends the works in Chen et al. (2013), Kurganov and
Liu (2012) where artificial viscosity is used for shallow-water flows
(not in channels). Here we consider a shallow-water system in
channels with irregular geometries, not necessarily rectangular, in-
ducing more strongly coupled steady states with the geometry and
topography. The use of artificial viscosity introduces one more el-
ement interplaying with the rest of the properties. The implemen-
tation of artificial viscosity instead of the nonlinear limiters allows
us to consider higher order numerical schemes at a low computa-
tional expense.

3.1. The semi-discrete form of the proposed central-upwind scheme
with artificial viscosity

The description of the proposed scheme can be done for bal-
ance laws in general. We write our system (1) in the general form

Ve +£(V)x = S(v, x), (10)
with
_(A _ Q
v= (Q), f(v) = (Auz H,), (11)
on the left hand side, and a source term given by
0
S= (IgcrghB/)' (12)
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We partition the spatial domain into the grid cells I;:=

i i —x. 4+ A .
[xjf%,xﬂ%], where Ax is the spatial scale, xji% =x;j+ 5% and x;
is the center of the grid cell. Let us denote by V;(t) the computed
cell average of v(x, t) over the cell [;,

Vi(t) = — Ax / 2 v(x, t)dx. (13)

1

2
Integrating Eq. (10) over each cell I;, we obtain the semidiscrete
formulation

d_
vj(t)+ (f(v(x » t))—f(v(xjf%,t)))
- = /’ PSuix ), x) dx, (14)
which is approximated by
dg Hiy My 1y
fvj(t) =— AX + Ax /inl S(v, x) dx. (15)

Here Hjil is the numerical flux at the cell interfaces Xjp1. Typical
2 2

semidiscrete central-upwind schemes consider flux values at the
interfaces obtained by non-oscillatory polynomial reconstructions.
The non-oscillatory behavior is usually achieved by the use of non-
linear limiters, as in Kurganov and Tadmor (2000). Higher order
approximations require the implementation of expensive and com-
plicated nonlinear limiters. An alternative procedure requires the
use of artificial viscosity, proposed in Chen et al. (2013). We in-
corporate those ideas to the shallow-water flows in channels. The
artificial viscosity is added to the system, and Eq. (10) becomes

Ve +£(V)x = S(V. X) + (€ (V)Vi)x, (16)

where €(v) vanishes as we refine the grid. This assures that the
resulting method is consistent with the system. The resulting ap-
proximation in (15) becomes

d_ w1 —Hi 1
—Vi(t) = ——2 Z 4 > S(v,x)dx
Ea (o) = *Ax/x,, W, %)
=2
of AV Gy AV (17)
(Ax)? ’
where Av 1_vJi 1 —vjil 1 1. Here C is a positive viscosity co-

efficient Whose size is ad]usted dependlng on the local properties
of the primitive variables of our system.
The flux at the cell interfaces, f(V(inl ), t), is approximated by
2

the numerical flux Hj:tl (t) given by, ,
2

o 1(1,0) 0 1(5,0)

Hyy (0 = L
£y iE
a;il i
1921
+ﬁ< Jil(t) ]i%(t)>a (18)
Jiz ]iz

where the one-sided local speeds in this scheme are approximated
using the eigenvalues of the Jacobian:

+ +
ajil_max[u 1+ci1, Jil+ci1,O]
a]fi% — min {u;ri c*il , ”];% - C];%’ 0}. (19)

We note that a* , —a_ , > 0 is always positive unless h* |, u® ,

IES ] x5 FES AN ES ]
all vanish in a dry state with “no fluid motion”. However, we al-
ways start with positive values of h. Even in dam-break problems,

initial dry states are represented by a threshold (see Eq. (50)). Fur-
thermore, the velocity is given by the regularization process in
(35) near dry states, and it is usually not negligible.

The last term in Eq. (16) is ignored in second order semi-
discrete central-upwind scheme with polynomial reconstructions
and nonlinear limiters. Their higher order versions require more
complicated and computationally expensive techniques when non-
linear limiters are used. Here, the interface point-values v (t)

are recovered from a non-limited conservative fifth order plece—
wise polynomial reconstruction as in Kurganov and Liu (2012)

1 _ _ _ _ _
T-_,:z L= @(—31”],1 + 27r] + 47rj+1 — l3rj+2 + 2rj+3),
1 .- _ _ _ _
Tj_+% L= @(er,z - 131’_",1 +47TJ + 271’j+1 — 3Tj+2), (20)

where r € {w, Q}. From the reconstructed w and Q, we can re-
cover the rest of the variables according to the definitions above.
For instance, the cross-sectional wet area is given by Ai =
2
i

s j? ox il ,z)dz. We note that A is a strictly increasing func-
jt+5 2

tion of w because o(x, z) > 0. The dependance of A in w might
be complicated if o is non-trivial. In practice, each cross section is
considered piecewise trapezoidal. We can then numerically invert
the formula to recover w from A when needed.

The artificial viscosity in Eq. (16) is discretized in
Chen et al. (2013) by plugging in the approximated solution
in a discretized equation and computing the residual, at time ¢t
and t — At, to obtain €. The diffusion coefficient € obtained this
way, as numerically observed in Kurganov and Liu (2012), satisfies
€ = 0(Ax) near shock waves, € = 0(Ax%),1 < & < 2 near contact
waves, and € = O(AxP), p=min(r+2,4), in smooth regions,
where r is the formal order of accuracy of the scheme. For the
sake of simplicity, we consider

=AX(|W1 [_WV]VJ1|>2’6]?+; =Ax(|QJ [Q% 1|) e

where e},+1,e]?+1 are applied to the first and second entries of
2 2
equation (1) respectively, [w], [Q] are reference scales for the to-
tal height w and discharge Q, and r is the formal order of accuracy
of the scheme. The reference scales are kept constant in space and

time. We choose the total height in the approximation of €0 1 in-

[NES

J+

stead of the conserved variable A to maintain well- balance as ex-
plained below. The diffusion coefficient €0 is approximated at

X; i3 using a centered difference approx1mat10n for the derivative

ofw and Q. Formally, € = O(Ax) near shock waves and € = O(Ax")
in smooth regions. In practice, C is a positive viscosity coefficient
whose size is adjusted depending on the local properties of the
primitive variables, as explained in Chen et al. (2013).

Desirable properties in the scheme such as precision near shock
waves, well-balance, and positivity are all coupled with each other
and to the geometry and topography. Achieving particular proper-
ties may be more difficult in some numerical approaches than in
others. Putting all properties together in one might be even harder.
Replacing nonlinear limiters by artificial viscosity requires adapt-
ing and fitting this new term in all of the properties and consid-
erations. In the rest of this section, we describe how we incorpo-
rate artificial viscosity and high resolution to the proposed central-
upwind scheme while still preserving all the other desirable prop-
erties.

3.2. Well balance property of the proposed numerical scheme

A scheme for shallow-water flows is said to be well-balanced if
it is able to preserve steady-state flows at rest. The first equation is
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easy to treat because Q =0 at rest. In the second equation, there
has to be a balance between the flux gradient and the source term.
The discretization of the source term has to be carefully chosen so
as to balance with the numerical flux gradient in Eq. (17) in those
flows. Reconstructing the point-values from the data {w;} instead
of {Aj} is a key point in the well-balance property. In a “lake at
rest”, the total height w; is constant while /_\j changes. In this sit-
uation, the reconstruction from {w;} is trivial. This is a first step
in achieving the well-balance property. As it can be observed in
Eq. (21), the adaptive viscosity coefficients €', €2 vanish in steady
states at rest since w is constant throughout the domain, and the
discharge vanishes. The numerical artificial viscosity treated this
way does not affect the well-balance property.

We will often use the discretized form of Leibniz’s rule for dif-
ferentiation under the integral sign, which states that

b(x) by b
A|: [ z)dz} (/ +/GR )A[f(~,z)]dz

br _ ag _
+ /b F(2)dz - / F(2)dz. (22)

where (1)(2) = () (X, 2). ()r(2) = () (Xg. 2). A[f (. 2)] = f(xp. 2) —
f(x.2). J(2) = LOSRE,

Consider a steady state at rest w = Const., u = 0. Applying the
rule above, the flux difference amounts to

Q Q
H: —Hﬁ 1

]+z 2 — 7% / j’% /
Ax Ax2\J;
J=

1
2

Al(w - 2)o|(2)dz

1 Wird — ———
+A—xg . (w—-2)o(x,2)dz
=2
1

B.
Axg/ 3 (w—2)o(x,2)dz

1
T2

The second term in the right-hand side vanishes when w is con-
stant. Ignoring that term, we obtain a consistent discretization of
the source term

<Q 1 g Vi3 Wisd
Sit)=-—2 / +/
J X2 B, B

w; —2)0(2)dz, (23)

™

(wj—2)Acj(z)dz

which ensures a balance with the flux differences in steady states
at rest.

3.3. Time evolution of the numerical scheme

Since we have used a high order spatial discretization, it is sen-
sible to use a high order time discretization as well. Once the flux
gradient and the averaged source terms are calculated, the ODE
system (15) is integrated in time using the third order Strong Sta-
bility Preserving Runge-Kutta scheme (Gottlieb et al., 2001),

v = ¥ 4 AtRK[V™) (24a)
v %v(") + %(vﬁ“” + AtRl([Vﬁ“”]) (24b)
g ::%v“) + ? ( (1) | At RK[V "+‘>]) (24¢)

with the Runge-Kutta fluxes

H. t))—H._; t _
Riqu(o)] = -t ))AX -3 VO) +8;(0)

AV, 1 —€:. 1AV, 1
LA T A S it T it
+C< (Ax)? ) (25)

Here §j(t) is calculated according to (23). The time step At is
determined so as to satisfy a CFL restriction. As described in
Proposition 1, a separate restriction on the time step At is needed
to ensure positivity. We verify that such restriction is met in each
of the stages (24a),(24b), and (24c).

3.4. Positivity-preserving property

The interface values h* | =w* |
[ S 1

order reconstruction (20) does not guarantee the positivity of h;til ,
2

— B. ; obtained with the fifth
JE5

>0, which is important for the positivity-

: +
or equivalently, Aji .

preserving property in the water’s depth time evolution. To prevent

this numerical artifact, we follow (Kurganov and Petrova, 2007)

and check the reconstructed point-values w;f'il, correcting them
2

-if necessary- as follows

_1 -1
2
IfWJr1 <B. +h§: W71:Wj+%w/" (26)
J=3 =2 J+3
where wj =2(w; _Bj—% —hy),
else
W;+% =Bl+1 +h5,
e = 1
1fwj+% < Bj+% +hy = Wj,% =W; Zw], (27)

where w); = 2(B, 1 + hs — W),

which yields

;+% _W;+% 7BJ+% 20, (28)
and

+ — + _ i

hj = =W 5 ij% > 0. (29)

Here hs = 10~> is a threshold we use in the positivity of the wa-
ter's depth. We note that this goes back to the second order re-
construction which is used only near dry states. This approxima-
tion does not have a large impact on the global accuracy of the
proposed scheme.

The correction to the reconstruction in Egs. (26) and (27) guar-
antees the positivity of the reconstructed interface values but it
does not guarantee the positivity of the solution at the next time
step. We need one more correction in some cases (see the proof of
the proposition below). Following (Chen et al., 2013), the second
correction can be explained by defining
Aj=3Aj—Aj+% —A;l%’ (30)
which is yet another approximation for A(x;, t), and it will be neg-
ative only near dry states. In that situation, we correct the recon-
struction at the cell interfaces by distributing the wet area to make
A ; vanish instead of being negative. We note that if f\j is negative,
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AT +A > —Aj, so at least one of the interface values AT , or
1+7 -3 I3

! 1 have to be greater than —;\J-/Z. The second correction is then

2
as follows

where w]% , are the reconstructed point-values of w=h+B at the

2
interfaces X1 (in the interior of the cell I;),
2

if min(A; A7) > —Aj/2, A];% =Ar, +4;/2, Ajf_% =Al, +A;2

If A <0, redefine if AT, <-Aj2 <A, . A;,, =3A; Ar, =0 (31)
ifA;,, < —A;/2 <Al Aj;% =0, Ajf_% = 34,

and recover le%’wjt% from AA]T , and Ajt% (32) Ao0j(2)=0;,(2)-0; 1(2), and 0(z) = M

Central-upwind schemes usually compute its time step according

to a CFL condition
aAt 1
CFL= — < =,
Ax — 2
_ (at . —
where a = max; (aH%,

(33)

a]TJr1 ), and CFL is known as the Courant
2
number. In order to satisfy the positivity-preserving property
(Proposition 1 below), a more restrictive condition is required

CFLe = max(a, 2Cmaxeli1/Ax) ﬁ < ;

where CFL¢ is a modified Courant number.

(34)

3.5. Regularization of flow velocity and discharge for small A

While the reconstruction and corrections described above guar-
anties positivity of the water’s depth at the cell interfaces, these
point-values may still be very small (i.e., arbitrarily close to zero)
and may lead to large values of the velocity of the flow, u. We
can prevent this with a regularization technique suggested by
Kurganov and Petrova (2007),

V2Qi AT,
+ jEy JEs
uji% = = , (35)
+ £ V4S54
) man (122, 50)
with
W,il
Ay = [ o @i 0up@ im0k (36)
i
For consistency, the discharge has to be recalculated as
+
TSRS R (37)

The value of § was empirically determined, usually choosing § =
Ax in this paper.

Each desirable property has been analyzed separately. We now
show that all properties can be put together, as stated in the fol-
lowing proposition.

Proposition 1. Let B]:tl ZB(inl) and oi1 (2) :o(x]i1 ,Z) be
1 and deﬁne the

in (23)

the topography and geometry at the interfaces x. i

following approximation of the cell average ¢ i

Ax/ /g(W 2) 0x(x,2) dzdx

N\

1g Wit \ —
~ Ax2 f / (wj—z)Aaj(z) dz, (38)
B -1 BJ+%
and
1 X+7 g BH% _ o
B/x gop(x) hBydx ~ o (wj—z)aj(z) dz, (39)

. B.
i3 i3

Then the scheme (15)-(18) is well balanced. Furthermore, consider the
corrections (26), (27), (31) and (32), and the CFL condition (34). If the
cell averages A(t) are such that

B; 1 +B;

J= ]+2 V

72 Js

then the cell averages A(t + At) as evolved with forward Euler’s

method (24a), under the CFL limitation (34) with
+
0}, Ci

w;(t) >

a’ _max{u+ ! + a1t uil +c

*3 ity

1
= |e it and ol =o(xey ) (40)
will yield
— B'—— +B]+—
Wi(t+ At = FHo V),

Proof. The well-balance property was already shown and the cor-
rections do not have any impact on it. For the positivity of the
scheme, and defining A = ﬁ;, the updated cell average of the wet
area A satisfies

Ai(t + At) = A;
Aat AT uT A ut +at ar (AT, - AT
(j+ il J+2 1T T s 1+;( j+3 J+%))
at | —a;
J+3 J+3
)‘(a+ 71u71_a71Af1u+1+aJ-rlail(A+1_A 1))
+ J —2 J73 —2 J-3 J-3 J=3 J=3 =3

T
i

CA

+E(€j+%/\j+1 € 1A 1) AXAJ(GH% +€i 1)

which can be rewritten as

— 14 1 uj_+1 *ajll
Aj(t+ At) = ZAj+ ——Aat, —2 2 |A |

+1 —a- +1
4 J 2(1j+%+ aH% Jt3
@, —ut
+| - +Xia; 2 z (AT
4" Visat | —a, | i
J=32 -2
a;:r‘ Ui Uiy =0,
—Aa; , —2——2 4 )a’ 2 —2
trat |, —a;, ~rat |, —a;,
J+3 J+3 J—3 =3
CA
* Ax[ jefin + ef—%AH]

1 Cx -
+ [4 - E(€]+% +€]_;)i|A]

and applying the CFL restriction (34), we conclude the proof. O

Note: The positivity is still valid in any time integration which
is a convex combination (with nonnegative coefficients) of Euler
steps such as in RK3 (Shu and Osher, 1989).
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4. Numerical results

In this section, we present the numerical results obtained with
the proposed scheme, choosing a variety of tests to show its mer-
its. Each test chosen is aimed at demonstrating different aspects
and properties of the numerical approach. In some of the tests,
comparisons with other alternatives are considered. In the first nu-
merical test, a perturbation to a steady state at rest is taken to
illustrate the importance of the well-balance property. Following
this, we analyze the convergence to more general steady states
for long periods of time. Here we select both subcritical flows
and transcritical flows with stationary shock waves. The positivity-
preserving property is then examined for three dam-break prob-
lems. The first test is a numerical experiment to test the aforemen-
tioned property. The last two examples were taken from a real lab-
oratory experiment, and comparisons with our numerical solutions
are shown. The acceleration of gravity is g = 9.81, unless otherwise
stated.

4.1. Perturbations of steady state of rest and efficiency test

Proposition 1 shows that if we start with a “lake at rest”
(h + B constant, u = 0), the scheme will recognize and respect such
equilibrium, regardless of the complicated geometry or topogra-
phy. We argue that such property enables the scheme to accu-
rately compute near steady state flows. In particular, if we intro-
duce a perturbation to the state at rest, we expect the perturba-
tion to evolve and eventually leave the domain, recovering the ini-
tial state. Schemes that do not respect such equilibrium relations
might present large errors when trying to converge at large com-
putational times. The initial conditions are given by

hout if x € [0,1]\ [0.4,0.5]

ux, t=0)=0,wkx,t=0)= )
hout +€ if x €[0.4,0.5]

(41)

where hoyt = 1.1, € = 0.3. The perturbation for the steady state at
rest is given by the parameter €. Numerical schemes that are not
in balance might generate numerical errors of the same order of
magnitude as the perturbation itself. Here we test the numerical
scheme for flows that are near steady states.

The physical domain in the horizontal x-direction is [0, 1], and
the topography and geometry are given by

2
B(x) = max (1 —8<x— %) ,O),o(x,z)

2
1-08exp (—S(x—;) —5(z—1)2>. (42)

Regarding the artificial viscosity constant, C = 100 is chosen in all
numerical tests unless otherwise stated. Following (Chen et al.,
2013; Guermond et al., 2011; Kurganov and Liu, 2012) the value
of C was tuned using a very coarse mesh to estimate the smallest
value that best controls the oscillations. Once that value is esti-
mated, we then proceed with the high resolution simulations on
finer meshes. Free boundary conditions are used for this simula-
tion. Fig. 2 shows the numerical evolution of the perturbation at
time t = 0.05, using a resolution of Ax = 1/500. The solid black
line denotes the topography. The red dashed line represents the
computed solution using the proposed scheme. Exact solutions to
perturbations from steady states at rest are not available in gen-
eral. For comparison, we compute a separate approximation us-
ing the Roe-type upwind scheme as in Hernandez-Duefias and
Karni (2011), which uses nonlinear limiters. Small differences due
to the high-order reconstruction can be observed. To quantify the
differences, we compute a “relative error”. That is, for any quantity

q defined on a domain [a, b], the relative error, using the L? norm,
is computed as

[ e - g o))
err(t) = \/b—a/a ( ) ) dx, (43)

where g, is the exact solution or reference quantity. The relative
error for the total height computed according to (43) is 1.2 x 1073
at t = 0.05, with a maximum value of 2.1 x 10~2. The artificial vis-
cosity is acting only where needed, and the shock wave is correctly
captured, as the comparison indicates. One can get a better sense
of the channel’s shape in the 3D view of the channel in the right
panel. The interplay between the topography and the walls, which
affects the evolution of the flow is evident in that plot.

We have claimed that the adaptive artificial viscosity offers a
high order accuracy at a low computational cost, and this is the
original motivation in Chen et al. (2013), Kurganov and Liu (2012).
Here we compare the computational cost of the current method
and the upwind scheme. The time step for all the numerical tests
are computed according to the condition in (34), with a modified
Courant number of CFLe = 0.45. In both schemes, the time step is
about At =2.34 x 104, which indicates that the time step con-
dition (34) is not reducing the time step according to the stan-
dard CFL condition (33). Fixing that time step, the CPU time for
the current scheme is 44.2 s. Regarding the upwind scheme, we
have used the same Courant number and RK3 time integration to
fairly compare the computational cost. The CPU time for the ref-
erence Roe-type upwind scheme is 58.0 s. We have then achieved
higher order approximations at a lower computational cost in this
numerical test.

4.2. Convergence to smooth subcritical steady states

A delicate balance between the geometry, topography and the
flux gradients give rise to a variety of interesting steady states
besides those at rest considered in the previous section. Smooth
steady states satisfy that both the discharge Q and the energy E are
constant throughout the domain, as indicated by Eq. (7). The ex-
pressions for both quantities provide a way to compute such flows
as follows. Given Q, E, B(x), o(x, -), one needs to solve the equation
in h

507+ (3(h+B) ~ DA =0, (44)

where A=A(h) = f;*Ba(x,z)dz. The wet area A is an increasing
function of h. As a result, in general we have only three roots avail-
able. One can choose the physically relevant root according to re-
strictions such as positivity and Froude numbers (subcritical or su-
percritical flows). Cooked-up solutions are available with this pro-
cedure.

Under appropriate boundary conditions, a flow must converge
to a steady state for long computational times. In our case, one
imposes the corresponding discharge Q;, of the cooked-up steady-
state solution and extrapolates h at the left boundary. Here Qy, is
the constant discharge chosen a priory in Eq. (44). At the right
boundary, we extrapolate Q. Furthermore, we impose hgy at in-
flow (u —c < 0) and extrapolate h at outflow (u — ¢ > 0). Here hoyt
is the outward water’s depth of the equilibrium state. The water’s
depth hoy is special in the sense that any other value imposed at
the boundary creates equilibrium states that jump somewhere in
the domain to match the right boundary condition. Of course the
flow jumps where the Rankine-Hugoniot conditions are satisfied.
Such scenario is the topic of the next numerical test.

We illustrate the merits of incorporating the well-balance prop-
erty in the numerical scheme. One important consequence of rec-
ognizing steady states at rest is the ability of the scheme to be
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Fig. 2. Perturbation from a steady state at rest at ¢t = 0.05. Left: 2D view of the numerical results with an upwind scheme (blue “+” signs) and the proposed scheme using
artificial viscosity (red dashed line). The topography is in solid black. Right: 3D-view showing the topography at the bottom (grey), the walls (“camel” color) and the water’s
total height (light blue). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

much more accurate near those steady states. It also seems to help
in accurately computing steady states that are not in rest.

In the test case here, we start our simulation with the following
initial conditions

w(x,0) =B(x) + h(x,0) = woy: = 0.8,
u(x,0) =0,

imposing Q;, = 0.3343 at inflow and hou = 0.8 at outflow, as de-

scribed above. The topography is given by a spline of degree three

with nodes (0.2, 0) ,(0.3, 0.6), (0.4, 0.4), (0.5, 0.5), (0.6, 0.2), (0.7, 0)

in the domain x € [0, 1].
The geometry is given by

3 z
o(x,z) = (1 + 2 cos(nx)) (1 — j),
0<x=<1,0<z<Hnx=2. (46)

(45)

There is a unique subcritical steady-state flow with the given con-
ditions. Such solution has constant energy Eout = 10.0748 and can
be computed exactly by solving Eq. (44). The exact solution will
be used for comparison with the numerical solution to evaluate
the precision of the scheme computing near steady-state flows. The
left panel of Fig. 3 shows the topography, and the total water’s sur-
face w at time T = 20, with a resolution of Ax =1/200. The blue
"+" signs indicate the exact steady state solution. By looking at the
exact and numerical water’s surface, we see that the two graphs
are on top of each other. A more detailed analysis of the numerical
error is conducted below. The computed solutions are oscillation-
free and highly resolved which demonstrates the ability of the pro-
posed method to accurately capture quasi-steady state solutions.
The computational time is long to allow for convergence to a
steady state, with a CPU time of 3.1 x 103 s. The time steps given
by (33) and (34) vary from 5.8 x 1074 s to 7.5 x 10~% s and from
4.8 x 1074 s to 7.5 x 10~ s respectively. The final time steps levels
off at about 4.95 x 10~%. The extra constraint in the CFL condition

o(x,2) = ey
2

in (34) did not significantly decrease the time step in this test. The
right panel provides a 3D view of the channel. The grey surface de-
notes the topography. The channel walls are in “camel” color, and

3+ (3 - (cos(m(x-07)/0.2)+1)/8)vz if

the total surface’s height in light blue. The channel narrows down
towards the end of it, causing the flow to accelerate and reduce its
total height.

Fig. 4 exhibits more details of the simulations. A challenging
measure for convergence to steady states is the relative error of the
final discharge and energy. The corresponding graphs for smooth
steady state flows are flat. Other measures may extend vertically
and small errors might be hard to visualize. For the current numer-
ical test, the top panel of Fig. 4 shows final discharge of the numer-
ical solution (dashed red line) and the exact value of the discharge
Qi, (blue “+” signs) . We see small variations of the discharge that
might misleadingly seem large. However, the relative error for the
final discharge computed according to (43) is 5.77 x 10~% using the
L2 norm, with a maximum value of 1.8 x 10-3. The figure’s verti-
cal axis extends 1% in each direction, [0.99Q;,, 1.01Q;,]. The bot-
tom panel shows the equivalent quantities for the energy of the
solution. The corresponding relative error is 6.21 x 107>, with a
maximum of 1.4 x 10~4, which is much smaller than the final dis-
charge. The vertical axis is again [0.99Eqyt, 1.01Eqy].

4.3. Convergence to a transcritical steady state with shock wave

The parameters Qj,, hout used as boundary conditions in the
previous numerical example were chosen in a way that the two
boundaries are connected by a smooth equilibrium state. A differ-
ent outward water’s depth at the right boundary creates a flow
with a stationary shock wave. The flow jumps in a location where
the Rankine-Hugoniot conditions are satisfied so as to match the
right boundary condition. The details of this numerical experiment
are as follows. The topography is given by

B(x) = max <;<1 + cos (W)),O>,0§XS 1. (47)

The geometry is

x €[0.5,0.9],

(48)
if  xe[0,1]\[0.5,0.9].

The corresponding discharge and outflow water’s depth are Q;, =

2.5561 and hgyt = 1.9968, respectively. Similar to the previous case,

at the left boundary we impose Q;, and extrapolate h; and at the

right boundary we extrapolate Q and either impose hoy at inflow
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Fig. 3. Convergence to a steady state. Left: 2D view shows the numerical solution obtained using the proposed scheme (dashed red line) and the exact solution(blue “+”
signs). The topography is in solid black. Right: 3D view with the walls in “camel” color, topography in grey and water’s depth in light blue. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 4. Convergence to a steady state. Top: Final discharge (dashed red line) and
exact discharge Q;, (blue “+” signs). Bottom: Energy of the solution (dashed red
line) and exact value for the steady state Eoy (blue “+” signs). (For interpretation
of the references to colour in this figure legend, the reader is referred to the web
version of this article.)

(u—c < 0) or extrapolate h at outflow (u —c > 0). The flow is dis-
continuous and transcritical. The flow is subcritical for 0 < x <
0.53, supercritical for 0.53 < x < 0.75 and it jumps back to the
subcritical regions at 0.75 < x < 1.

Fig. 5 (left) compares the exact solution (blue solid line) and the
numerical approximation (red dashed line). The artificial viscosity
is strong enough to keep the oscillations near shock waves under
control and it is very small away from discontinuities. Away from
the shock wave, the difference between the numerical and exact
solutions is not distinguishable. However, near the jump disconti-
nuity we can observe differences that are even more clear when
we compare exact and numerical discharge and energy. This is ex-
plained below in Fig. 6, and it is due to the viscosity needed near
shock waves. However, this is not particular of the artificial viscos-
ity technique, and similar numerical errors are aso observed when
nonlinear limiters are implemented. The right panel shows the 3D
view. One can see how the flow accelerates as it passes through
the top of the topography and channel trough. The flow eventually
jumps to match the right boundary conditions, where the channels
is wider again.

Fig. 6 exhibits more details of the numerical results (red “+”
signs). For comparison, we also include a reference solution us-
ing a central-upwind scheme with nonlinear limiters as developed
in Balbas and Hernandez-Duenas (2014) (blue dashed line), and
the exact solution (black solid line). The left panel has the dis-
charge, which must be constant throughout the domain. The nu-
merical approximation computes the correct value very accurately,
except near the shock wave. The piecewise constant exact energy
(solid black line) is shown in the right panel, changing across
shock waves. Again, the energy of the numerical solution is cor-
rectly computed away from the shock wave (red line), and presents
errors near the discontinuity. We must say, however, that this
is not particular of the artificial viscosity technique. The dashed
blue lines show the approximations computed with a central-
upwind scheme that uses nonlinear limiters, and it also presents
errors near the discontinuity. Similar errors are also observed in
Balbas and Karni (2009) (see Figure 11). A more quantitative anal-
ysis of the accuracy is the relative error given by (43), which con-
siders the L? norm. Since the local error is significant only very
close to the shock wave, we believe the L* norm is an appropriate
measure for the error. In this simulation, the relative error for the
discharge and energy are 8.9 x 10-3 and 6.4 x 10~3 respectively.

4.4. Dam-break problem

So far we have tested the well-balance property, and the accu-
racy of the scheme near shock waves by controlling the oscillations
with the artificial viscosity. In this test, we verify numerically that
our scheme enjoys the positivity-preserving property. The geome-
try is again a spline of degree three with nodes (0.1, 1), (0.2, 1),
(0.4, 0.5), (0.6, 0.5), (0.8, 0), (1, 0). The geometry is given by
0(x.2) = 5 +B()(z~B().BX) <22,

which describes a channel with a topography with two decreas-
ing bumps and walls with decreasing width from left to right. The
initial conditions are

1.2 if x<0.7
B(x) + 107

(49)

u:O,W:{ (50)

otherwise ,

which represent a dam break at x = 0.3. The dry region is rep-
resented by small values of the water’s depth. Here we use a
threshold of h =10 due to the loss of hyperbolicity when the
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water’s depth is zero, and to the positivity-preserving property.
A similar threshold is used in the correction (26) and (27). Fi-
nally, the boundary conditions here are as follows. The fifth or-
der reconstruction of the solution points v(1: N, 1: 2), where N
is the number of grid points requires 5 ghost cells in each direc-
tionv(-4:0,1:2),v(N+1:N+5,1:2). At the left boundary, we
impose reflecting boundary conditions. That is, we extrapolate A,
A(—-1:4) =A(1) and the velocity of the ghost cells change sign
with their reflective cells u(j) = —u(1 — j), j = —4: 0. At the right
boundary, we extrapolate u and either impose hoyt = 10~ at out-
flow (u — ¢ > 0) or extrapolate h at inflow (u — ¢ < 0).

Fig. 7 shows the evolution of the flow in a dam-break prob-
lem at times t =0.01,0.1,0.5,5 with a resolution of Ax = 1,200
(dashed red lines). Here we have used an artificial viscosity co-
efficient of C = 50. For comparison, we have included a reference
solution using the central-upwind scheme with nonlinear limiters
developed in Balbas and Hernandez-Duenas (2014). We observe a
drainage towards the right, where interactions between wet and
dry states occur at all times. The positivity-preserving property al-
lows us to consider simulations of dam breaks, flooding and any
type of problems involving wet and dry states. No oscillations
are observed despite interactions between wet and dry states or

shock waves formed. The final time t = 5 is long enough to drain
all the water through the right boundary, except for the trapped
fluid in both bumps. The total height’s relative error according
to (43) is computed at t = 0.5, before the drainage is completed,
giving a value of 1.5 x 1073. The CPU time is 800.1 s. The time
step varies from 1.19 x 10~4 to 9.96 x 10~ according to (34) with
CFL. = 0.45.

Fig. 8 shows a 3D view of the channel at times t = 0.01 (top
left), t =0.1 (top right), t = 0.5 (bottom left), and t =5 (bottom
right). The top left panel exhibits the beginning of the dam break.
The water starts moving to the right. As it evolves in time, it faces
a topography with decreasing bumps and walls that narrow down.
The dam is almost dry at t = 5, except at the two places where the
water was trapped, as shown in the bottom right panel. The pro-
posed numerical scheme guaranties the positivity of the computed
values of the water depth in each point of the part of the domain
which is almost dry at all times.

4.5. Laboratory and numerical experiments: Dam break over wet bed

Laboratory experiments of dam breaks have been conducted in
converging/diverging channels. See for instance, Chapter 5 of the
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Blue “+” signs: central upwind scheme with slope limiters. Dashed red line: Current scheme. (For interpretation of the references to colour in this figure legend, the reader

is referred to the web version of this article.)

book (Khan and Lai, 2014) for a list of experiments in channels
with different bed slopes and different wet and dry conditions.
We note that in the numerical modeling of those experiments, a
friction term has been added to the momentum equation, and the
source term now reads

S 0 _ n’Q[q]
I — ghogB' — gASs)’ U Y

where Sy is the friction slope, n is the Manning roughness coef-
ficient, and R is the hydraulic radius (ratio between the wet area
and the wetted perimeter). In the case of rectangular channels
with width o, the hydraulic radius is R=oh/(o +2h). We note
that the friction slope vanishes in steady state at rest, which con-
sequently does not affect the well-balance property. On the other
hand, since it appears in the momentum equation, it does not af-
fect the positivity-preserving property either.

The experiments in Khan and Lai (2014) Section 5.3.4 were
taken from Bellos et al. (1992). The channel has vertical walls
and width variations along the x-axis, approximately given by the
graph in the top panel of Fig. 9. The channel’s length is 21.2 m,
and its width is 1.4 m from 0 to 5 m, 16.8 to 21.2 m. The mini-
mum width is 0.6 m at x, = 8.5 m. The topography in this exper-
iment is flat B= 0.

(51)

The dam-break problem, taken from Bellos et al. (1992), con-
siders a channel that is initially wet everywhere. Two depths are
separated by a gate. Measurements at five different locations and
different times are available. The initial conditions are given by

uX,t=0)=0,wkx,t=0)
03 m if
~ 10.101 m

X < Xm =8.5m,
. (52)
otherwise.

The gate is assumed to be instantaneously removed. The left
boundary is a solid wall. That is, we assume zero Dirichlet bound-
ary conditions for the velocity, with zero Neumann boundary con-
ditions for the height. In reality, a weir is installed at the right
boundary. In the numerical simulations, we extrapolate the wa-
ter’s height at outflow and impose hoyt = 0.101 at inflow. Follow-
ing (Khan and Lai, 2014), we impose a discharge given by Bazin’s
formula

Q= %cdb(zg)w(h+B—0.101)1«5, (53)
where C; =0.62 is the discharge coefficient, b=1.4 m is the
length of the weir, and the topography B =0 is flat in our sim-
ulations. We have also applied the friction term as in (51), with
Manning coefficient n = 1.8 x 10~2s m~1/3,
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Fig. 8. Dam-break problem and its 3D view. Topography (grey), walls (“camel” color) and total height (blue) are shown at times t = 0.01 (top left), t = 0.1 (top right), t = 0.5
(bottom left), and t = 5 (bottom right). Different views of the channel are used. (For interpretation of the references to colour in this figure legend, the reader is referred to

the web version of this article.)
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Fig. 9. Comparison of laboratory and numerical simulations in a dam break over wet bed. Top left: Aerial view of the channel with the location of the five points of
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figure legend, the reader is referred to the web version of this article.)
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Fig. 10. Comparison of experimental data and numerical simulations. Left: 3D view of the channel and the solution at time t =5 s for the dam-break problem in Eq. (54).
Right: comparison between experimental data and the numerical approximation obtained by the present schemes of the water’s height at two particular locations in x,
versus time. The left point is located at the left boundary P, = 0, and the right point is located at Ps = 18.5m.

Fig. 9 shows the comparison between the measured values at
five points P 5 345 =0,4.5,8.5,13.5, 18.5 m and the numerical ap-
proximations, with respect to time. We observe good agreement in
all measurements, and the differences might be due to unavailable
configuration of the weir at the downstream, as it was pointed out
in Khan and Lai (2014). The boundary conditions might play an im-
portant role. The downstream front reaches the right boundary af-
ter 8.5 s, approximately. After that point, our choice of the bound-
ary condition at the right can influence and affect the predictions.
The time step according to the CFL condition (34) varies from
1.9x1072 s to 43 x 1073 s in a resolution of Ax = 21.2 m/200,
compared to a time step of 3 x 1073 s and 2 x 10 s, and a res-
olution of 0.1 m used in Bellos et al. (1992). The CPU time for this
simulation was 199 s.

4.6. Laboratory and numerical experiment: Dam break over dry bed

The same channel from Section 4.5 is considered. However, we
only have experimental information available at P; and Ps. The
flow is initially given by

ux,t=0)=0,w(x,t=0)
0.3m if X < Xm =8.5m,

- (54)
hout = 107°m  otherwise,

which corresponds to a flow initially at rest, where the down-
stream part of the channel is dry (a threshold value has been
used). We have used zero Dirichlet left boundary conditions in
the velocity and Neumann left boundary conditions for the height.
The right boundary extrapolates the data at outflow, and imposes
hout at inflow. The Manning roughness coefficient is set to n =
8.4 x 103 s m~1/3. Once the dam breaks, the flow evolves as il-
lustrated in the left panel of Fig. 10 at t =5 s. The resolution here
is Ax =21.2 m/200.

In the experimental data in Bellos et al. (1992), Khan and
Lai (2014), the height was measured in time at two particular
locations. One at the left boundary P, =0, and the other one
near the right boundary Ps = 18.5 m. The aerial view of the chan-
nel is shown in the top left panel of Fig. 9. The right panel in
Fig. 10 compares the real and numerical values. We observe a good
agreement, specially at the location P5 near the right boundary, for
the entire simulation. The numerical approximation at P; is accu-
rate for the first part of the simulation, and overestimates it for the

second half. Boundary conditions and the adjustment of the Man-
ning coefficient might affect the predictions. In the current simu-
lations, the CPU time was 219.9 s, and the time step varies from
1.0x 1072 to 4.1 x 1072 s.

5. Discussion of the main results

In this section, we discuss the main contributions of the pa-
per and summarize the results. We considered a shallow water
model in channels with irregular geometry and variable topogra-
phy which is an intermediate case between the one- and two- di-
mensional models. The system is obtained by integrating the Eu-
ler equations in each cross section, under reasonable assumptions
stating that the velocity along the channel axis is dominating and
that the flow has relatively uniform distribution over each chan-
nel’s cross section. This model has many practical hydraulic appli-
cations. The one-dimensional nature of the system offers simula-
tions that are computationally cheap when a robust and efficient
numerical method can be developed.

The shallow water flows in channels is proposed as a one-
dimensional system with two-dimensional aspects, since the chan-
nel’s width varies vertically. The properties of the model were dis-
cussed. The model consists of a system of hyperbolic balance laws,
and it looses hyperbolicity in dry states. As other balance laws, dif-
ferent types of numerical schemes can be implemented to solve
the system. Each class of numerical algorithms may offer specific
advantages. Previous works that use nonlinear limiters to main-
tain the non-oscillatory behavior near jump discontinuities were
discussed and the references provided. It is well documented that
extensions to higher order approximations are computationally ex-
pensive, and an alternative is the goal of this paper. A novel high-
order non-oscillatory, free of Riemann-solver method with artifi-
cial viscosity is developed for shallow-water systems in channels
with arbitrary geometry and variable bed topography. The artifi-
cial viscosity is used as an alternative to computationally expensive
techniques such as nonlinear limiters. A high-order reconstruction
of interface cell values supplemented with the adaptive artificial
viscosity approach are implemented. This is done in combination
with the topography source term discretization and the geome-
try of the channel to simultaneously satisfy three desirable prop-
erties: conservation (by construction), well-balance, and positivity-
preserving. The well-balance property was obtained with a suit-
able discretization of the source terms. We also showed that a
slightly more restrictive time step condition than that given by CFL
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guarantees the positivity of the water’s depth as we evolve the nu-
merical approximation in time. This makes the development of ro-
bust and efficient numerical approximations methods more chal-
lenging.

As stated above, we develop a central-upwind scheme which
respects two main proprieties. First, the well-balanced property of
the proposed scheme is ensured using suitable discretization tech-
niques by properly taking into account the effects induced by the
geometry of the channel and the variable topography. The second
property is positivity preserving: the proposed method guarantees
the positivity of the computed values of the water’s depth in each
point of the domain at all times. Several numerical examples are
performed to exhibit the merits of the proposed method. A first
numerical test dealt with perturbations of the water surface eleva-
tion of a “lake at rest” over variable topography and geometry. The
numerical results showed that the solution is free of numerical os-
cillations and the scheme is well-balanced, inducing stability and
improving the accuracy of near steady-state flows. The efficiency
of the method was analyzed in this numerical example, compared
to a Roe-type upwind scheme. We claimed that our numerical al-
gorithm is accurate for near steady-state flows and two tests were
carried out in that direction. A smooth subcritical steady state
with constant discharge and energy is used as a reference solu-
tion. Under appropriate boundary conditions, the flow converges to
the prescribed steady state. The numerical results showed that the
computed solutions are oscillation-free and accurately resolved.
On the other hand, an alternative boundary condition gave us a
flow evolution that converged to a transcritical steady state with a
shock wave. The numerical approximation was very accurate, ex-
cept near the jump discontinuity. It was explained that those er-
rors are very localized and are not attached to the proposed ar-
tificial viscosity approach. References were provided where sim-
ilar errors were reported. In addition to the numerical tests us-
ing steady state solutions, the proposed method was tested using
solutions with rapidly varying flows. We considered two types of
numerical tests for the simulation of a dam break over variable
bottom topography. First, the results obtained using the prosed
method were compared to those obtained using central-upwind
scheme with nonlinear limiters. The second numerical test is per-
formed using laboratory experiments of dam breaks in converg-
ing/diverging channels. A friction source term was incorporated to
the model. Accurate results are obtained for both the case of dam
break over dry bed and the case of dam break over wet bed. These
numerical tests confirm stability, positivity-preserving properties
and high resolution of the proposed scheme.

6. Conclusions

A novel high-resolution, semi-discrete central-upwind scheme
is proposed for shallow-water flows in channels. The high reso-
lution techniques are used with the artificial viscosity instead of
nonlinear limiters which are computationally expensive. A new
technique for channels is proposed for the correction of the
water surface elevation at the interfaces of computational cells
which insure the positivity-preserving property of the proposed
method. The well-balanced property of the proposed central-
upwind scheme is ensured using a special discretization for the
cell averages of the source terms in which we take into account the
impact of the complex geometry of the channel. The performances
of the proposed scheme are tested on a number of numerical ex-
amples and the desirable properties such as well-balance, stability,
positivity-preserving and accuracy were discussed. We showed that
a slightly more restrictive time step condition than that given by
CFL guarantees the positivity of the water’s depth as we evolve the
numerical approximation in time. The proposed central-upwind
method presents the advantage of using artificial viscosity with

high-order non-limited reconstructions. This scheme can be ap-
plied to shallow flows in channels with variable topography and
complex geometry.
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