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ABSTRACT

The shallow water equations (SWE) model a variety of geophysical flows. Flows in channels with rectangular cross sections may be modeled
with a simplified one-dimensional SWE with varying width. Among other model parameters, information about the bathymetry and friction
coefficient is needed for the correct and precise prediction of the flow. Although synthetic values of the model parameters may suffice for testing
numerical schemes, approximations of the bathymetry and other parameters may be required for specific applications. Estimations may be
obtained by experimental methods, but some of those techniques may be expensive, time consuming, and not always available. In this work, we
propose to solve the inverse problem to estimate the bathymetry and the Manning’s friction coefficient from transient velocity data. This is
done with the aid of a cost functional, which includes the SWE through Lagrange multipliers. We prove that the velocity data determine
uniquely the derivative of the bathymetry in a linearized shallow water system. That is, the inverse problem is identifiable. The solution is
obtained by solving the constrained optimization problem by a continuous descent method. The direct and the adjoint problems are both solved

numerically using a second-order accurate Roe-type upwind scheme. Numerical tests are included to show the merits of the algorithm.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0136017

I. INTRODUCTION

The shallow water equations (SWE) model a variety of geo-
physical flows, and a vast amount of applications exist in the litera-
ture. They can be derived from depth-integrating the
Navier-Stokes equations in the case where the horizontal length
scale is much greater than the vertical length scale. Our interest is
in the one-dimensional shallow water approximation, also known
as the St-Venant equations. We refer the reader to Refs. 1 and 2
and references therein for more details on shallow water theory
and the inverse problem to be addressed here.

Direct problems for the shallow water systems, such as modeling
inundation of small-scale coastal regions” or hydrodynamic modeling
of open-channel flows, involve the solution of 1D shallow water
systems.” Such a system has been intensively studied during the last
decades. Computing the corresponding solutions requires the knowl-
edge of the bed bathymetry, appropriate initial and boundary condi-
tions, and possibly specific model parameters such as friction

coefficients. The inverse problems of computing the bed bathyme-
try and/or the friction’s coefficients from available data are cur-
rently an intensive research area where several works have been
formulated to solve these problems under different situations. See,
for example, Refs. 5-10 and references therein. We particularly
mention the recent work'' where the reconstruction of ocean
bathymetry from the free surface velocity and elevation is pro-
posed. Such approach is applied to real data.

In this work, we focus on the signature that the bathymetry leaves
on the perturbations in transient flows given by the shallow water
equations in open channels with vertical walls and varying width. This
leads to the solution of an inverse problem to estimate the channel’s
bathymetry and Manning’s friction coefficient from prescribed tran-
sient velocity data. To the best of our knowledge, this problem has not
been addressed in the literature.

Estimating the bathymetry and Manning’s friction coefficient from
transient velocity measurements is considerably more challenging
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compared to a situation where the flow corresponds to a steady state. In
this work, using a cost functional constrained to the shallow water equa-
tions, we formulate an algorithm capable of recovering the bathymetry
from a set of point values of the fluid’s velocity in the channel
Specifically, we formulate a cost functional that includes the SWE through
Lagrange multipliers. Boundary and initial conditions are included. The
constrained optimization problem is solved by a continuous descent
method. Namely, the gradient is computed analytically by the adjoint state
method, then discretized. Several benchmark problems are presented in
order to verify the numerical performance of the proposed method.

The paper is organized as follows. In Sec. II, the bathymetry
model and the friction estimation problem are studied. We prove that
the velocity data determine uniquely the derivative of the bathymetry
in a linearized shallow water system. That is, the inverse problem is
identifiable. Due to the hyperbolic character of the system, the speed
of propagation of the data is finite. Thus, we obtain here an estimate
for the time at which we need to observe the data. This time is used
successfully in the nonlinear case, except in those cases where both the
bathymetry and the Manning’s friction coefficients are estimated
simultaneously. In Sec. ITI, the constrained optimization problem is
solved by a continuous descent method. Namely, the gradient is
computed analytically, then discretized. In Sec. IV, we develop well-
balanced Roe-type upwind schemes for the direct and adjoint prob-
lems in the adjoint state method. The schemes follow closely the one
introduced in Ref. 12 to solve the direct problem for the transient shal-
low water system in the case of channels with varying width. In Sec. V,
the performance of the techniques presented in this paper is numeri-
cally verified for different problems. Specifically, we consider different
situations to argue on the merits and robustness of the algorithm.

Il. THE BATHYMETRY AND FRICTION ESTIMATION
PROBLEM
A. The inverse problem

The underlying physical problem deals with water flows in rectangu-
lar channels with irregular bathymetry, varying width, and friction. The
model is the 1D SWE,"* which is written as a hyperbolic balance law as

ch chu
chu T o2 + ‘% oh?
t X

0

1 oh a<x<b, t>0.
Eghzax — gohB, —gnzmu|u|

1

X
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Here, h is the depth of the layer, u is the velocity, B(x) is
the bathymetry, o(x) is the channel’s width at position x,
g=981ms 2 is the acceleration of gravity, n is the Manning’s
friction coefficient, and R = ai’;h is the hydraulic radius. The
hydraulic radius is the ratio of the wet area and the wetted perime-
ter. See Ref. 14 for more details on the friction term. Figure 1
shows the schematic of the model. The velocity is in units of meters
per second, while x, h, ¢ are in units of meters and time in seconds.
The friction coefficient is in units of sm~'/3.

There exists a variety of techniques to measure the velocity in
open channels. See, for instance, Ref. 15, where river discharge estima-
tions and measurements of velocity using an aircraft system are ana-
lyzed. The inverse problem to solve is stated as follows:

Assume that the cross-sectional velocity u is measured at the points
(%,t%),j =1,2,...,N,k=1,2,...,K. Namely, u(x;, t;) ~ itjx. With
these velocity data, it is possible find an estimation of the bathymetry
B = B(x) and Manning’s friction coefficient #, in the 1D SWE.

B. The observation time for a linearized SWE—A
theoretical result

The interest here is to prove that the velocity data determine
uniquely the bathymetry and the Manning coefficient. That is, the
inverse problem is identifiable. Let us consider a channel with constant
width and no friction, then an identifiability result is valid for a linear-
ized SWE. In this case, we obtain an estimate for the time at which we
need to observe the data. Specifically, for a flat bathymetry at depth H
and domain size L, the time required for the observed data is deter-
mined by the speed of propagation, consequently given by T = \/Lgf.
As we will see below, this same time has shown to be a good estimate
for the nonlinear cases, except for the numerical tests where we are
also estimating the Manning’s friction coefficient.

Let us derive the observation time in the linear case. The simpli-
fied equation, constant width, and no friction, reads

h hu 0
<hu>t+<hu2+§h2> :(—gth)' @

Let h be a perturbation of H, namely,

h=n+H, |n]<H.

Substituting #, from the first equation on the second, and disregarding
second-order terms, we obtain

u(x,t)

. o(x)
Top view

FIG. 1. Schematic of the shallow water model. The left panel shows the flow profile along the channel. The right panel shows the top view.
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(Z)t+(§:)x_<—%(n()+H)Bx>- 3)

The flux and its derivative are

Fu(n,u) = (’;‘) DFy (1, u) = (g I(‘)I)

The eigenvalues of the latter are */gH, hence, the speed of propaga-
tion /gH.

For identifiability, set C = B,. Assume that given C; and C, there
is a common solution (7, u). Then, in the second equation of (3), we
have

(n(x,t) + H)(Ci(x) — Cy(x)) = 0.

Assume there is an interval (a, b) such that C(x) # Cy(x),
a<x<b, then on that interval, n(x,t) = —H, which is an
impossibility.

The slope of the characteristics are *1//gH. Hence, for a
domain of length L, the solution will contain all information at (x, )
fort>T=—

Ve
Let us recall a general uniqueness result for first-order hyperbolic
systems in the form

u + A(u)u, = 0. (4)

Assume that in a neighborhood of 0, the matrix A(u) has real
eigenvalues

A1(n) < A (u) < ... < Ay(u).

Theorem 1. Ifu € C? satisfies (4) for0 < t < T and u(x,0) = 0
for o<x<p, then u(x,t)=0, where 0<t<T and
o+ An(0)f <x < f+ 4,(0)t.

Proof. Theorem 4.2.2 Hormander in Ref. 16. O

In our case, we start by writing Eq. (2) in the form

h hu 0
(u)t+(%u2+gh>x:<_ng>y (5)

and in terms of 77, we get

n (n+H)u 0
(u>[+ %uz—l—g(n—O—H) _<ng>' ©

Differentiating with respect to x, we have

(@G0 () o

The corresponding matrix is

A= (4 1)

and

A(0,0) = (2 ’g)

scitation.org/journal/phf

Consequently, 4,(0) = —/gH, An(0) = 4,(0) = \/gH, and the
speed of propagation coincides with the linear equation for smooth
solutions.

We summarize the results as follows:

Theorem 2. Ifu € C? satisfies (7) for 0 < t < T and u(x,0) = 0
foro <x <[, thenu(x,t) =0, where 0 < t < T and o+ \/gHt < x
< B - vgHL

Notice that in the linear case in this Theorem 2, we are using
implicitly the existence of a global solution, locally smooth, with discon-
tinuities propagating along the characteristics. In the nonlinear case, a
global solution only exits weakly. See, for instance, Liu and Yang."’

lll. SOLUTION BY A CONTINUOUS DESCENT METHOD

In this section, we formulate the inverse problem as a minimization
problem, and we develop the continuous descent method for its solution.
We follow a functional approach, that is, we optimize on Hilbert spaces
of functions using Fréchet differentiation. We refer to Ref. 18 for this and
other methods of applied analysis to be used in the sequel.

Let the bathymetry B, and Manning’s coefficient n, be given. The
corresponding solution u of the St.-Venant equations is written as
u(x,t; B, n).

Consider the bathymetry B as a function defined on an interval
(a, b) belonging to the Hilbert space of square integrable functions
L*(a, b). Since Manning’s coefficient is a real number, it is natural to
introduce the least squares functional,

J:L*(a,b) x R — R,

8
(B.n) I (B, ), ®

given by

J(B,n) = %Z (u(xj, te; B, n) — inj) . 9)

Jik

Our goal is to minimize ] constrained to h, u solving the shallow water
system (1).

The constrained optimization problem is solved by a continuous
descent method. Namely, the gradient is computed analytically, then
discretized.

A. The analytic gradient

Using the adjoint state method, let us construct an expression of
the gradient of J.

Let (-, *);2qx(or) be the normalized inner product in
L*(Q x (0,T)), given by

T b
(- Quaxom = |, | fox oo

0 Ja

Here, Q = (a, b).
Let u be a continuous function defined on Q x (0,T),
[u € C(Q x (0, T))]. Consider the (linear) observation operator

M C(Qx (0,T)) CLHQ x (0,T)) — RNVK

(10)
Mu = {u(xj, t)}.

For later reference, let us recall the adjoint operator .#*, which
satisfies
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(Mf,g)prex = (f, vﬂ*ghzmx(o,n)-
We have Cauchy data

u(x,0) = ug(x), h(x,0) =ho(x), a<x<b.

For definiteness, assume a left inflow boundary where discharge,
Q = hu, and surface w are specified. Here, h = w — B.

scitation.org/journal/phf

In terms of the observation operator, the functional J becomes
1 N
](B7 I’l) = 5 H'ﬂu(v 737 I’l) - uH27

where || - || is the Euclidean norm on R¥*X,
Let us also consider the Lagrangian

(oh), + (chu),

1 2
,(Z(B,n,h,u;),,,u)——/%u—l}2+<< >7< g g oh >> ) (11)
5 2 8 12y &2 2 0N
U (ohu), + (chu* + zah )x 2h 0y + gohB, + gn Rl ulu o)

where / and u are Lagrange multipliers.

Consider h, u solutions of the St-Venant equations as functions
of (B, n). Then, regardless of the Lagrange multipliers, ] can be written
as the composition

J(B,n) = & o (h,u)(B,n).
Assuming Fréchet differentiability, by the chain rule, it follows that
DJ(B,n) = DL (h,u)D(h,u)(B,n). (12)

Consequently, in the adjoint state method, one chooses appropri-
ate Lagrange multipliers to obtain an expression for the gradient of J.
In this case, we have the following:

Theorem 3. Let B and n be given, and let h, u solve the shallow
water equations. Suppose that the velocity measurements are taken in
space and time (x,t) € [a,b] x [0, T] for T > 0. Furthermore, assume
the Lagrange multipliers solve the adjoint equations

0 + oudy + oup, + (ou? + goh)u,

(1 2\ 1o B
+ | ghoy — goB, —gn E_'_; 2—§z ulul [u=0 (13)

oh

chu, + 2chup, + ohl, — gn® Rif3

2ulp= M (Mu— ir)
with final and boundary conditions

Ax,T)=0, pxT)=0, xE€(ab) (14)

and
Wbty =0, u(b,t)=0.

Then the Fréchet derivative of the functional ] is

te(0,T). (15)

T oh

DI, (&) = (61— | (e, ) + (. 2gn sl

Consequently,

_(go-hru)x
VI(B,n) =

oh
(.28 n )

Here, (-) denotes the time average

7w =1 feo

The proof is classical and straightforward. The chain rule (12) is
computed applying basic Fréchet differentiation rules, then integrating
by parts to construct the adjoint system. See Ref. 2 and references
therein.

We note that if the direct problem is solved for times ¢ € [0, T
with initial conditions at ¢t =0 as specified in Sec. V, the adjoint prob-
lem has zero final conditions at time t= T, and the solution is com-
puted backward in time from t=Tto t=0.

B. A line search method

The bathymetry and Manning’s friction coefficient are inferred
iteratively. We start with an initial guess, which in principle must be
not too far from the target. In each step, one computes the gradient
and advances in the steepest search direction. The amplitude to
advance in the steepest direction is initially obtained empirically. One
then modulates it to minimize the error. We continue iteratively until
an error threshold is achieved. The algorithm is summarized as
follows.

Algorithm (Continuous descent). Given a starting point B, and
1,, a convergence tolerance ¢, and k < 0; while ||V (B, ng)|| > &;

Compute the steepest search direction

Pr = (Prx; pak) = —VJ(Bx, mx). (16)

Here, p; x and p; i are, respectively, the descent directions correspond-
ing to the bathymetry and the Manning’s coefficient, at iteration k. Set

Bit1 = Br + akprk; Mke1 = Nk + 0kPak; (17)
k < k + 1; end (while)
Since
_(gahﬂ)x
VI(B, Tl) = ch )
(1,28 o )
we have
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(gohu),

= ch

P\t 2g gl

We recall that the overline denotes the time average. The steepest
search direction for the bathymetry is a function of x only, and a con-
stant for Manning’s friction coefficient. At each iteration step where py
from Eq. (16) is already computed, we choose the coefficient o in Eq.
(17) as follows. One starts with an initial value (o¢x = 0.5 unless other-
wise noted) and computes (Bj1, k1) according to Eq. (17). One
then calculates the error in the velocity with that estimated bathyme-
try. If the error decreases when ay is reduced by a certain factor (0.8
here), we keep reducing it until the error does not decrease any more.

Also note that when either the Manning’s friction coefficient or
the bathymetry is known, we can estimate the other parameter by con-
sidering only one of the entries in py.

IV. NUMERICAL METHODS

A. A Roe-type scheme for the hyperbolic systems (1)
and (13)

A wide variety of numerical schemes have been proposed to solve
the shallow water equations. Such schemes use different approaches
and satisfy desirable properties for different goals. In Ref. 12, a Roe-
type well-balanced numerical scheme is proposed. That is, it exactly
preserves steady sates at rest, adding accuracy when computing near
steady-state flows. Imposing appropriate boundary conditions could
lead to a convergence to transcritical discontinuous steady states where
the discharge is constant but the energy is piece-wise constant. Roe-
type well-balanced upwind schemes are known to be very precise near
those flows even in the presence of shockwaves. See, for instance, Fig.
6 in Ref. 19, where the numerical approximations for both the dis-
charge and energy are plotted. The central-upwind scheme presented
in Ref. 20 satisfies both the well-balanced and the positivity-preserving
properties. That is, it recognizes steady states at rest, and it maintains
the positivity of layer’s depth over time. Many other approaches have
also been studied. We refer the interested reader to the above works
and references therein for more information.

1. The direct problem

In quasilinear form, it is well known (see, e.g,, Ref. 21) that sys-
tem (1) can be written as

W, + AW, =S, (18)

where

S = ZA 19
—gohB, + gh*o, — %4/3 |u|u (19)

are the vector of conserved variables, the coefficient matrix, and the
vector of source terms, respectively. The coefficient matrix has

scitation.org/journal/phf

eigenvalues 4, = u — ¢, 1, = u + ¢, and corresponding eigenvectors
n=0u—c" and r, = (1,u+c)", where c = \/gh. As a result,
system (1) is conditionally hyperbolic provided & > 0. Hyperbolicity is
lost when & =0 in a dry state.

Roe-type upwind schemes were first introduced in Ref. 22. The
numerical scheme requires the computation of a Roe matrix
A(W;,W,) for any left and right states W, and W,. The flux
F =F(W,0) = (chu, chu? +‘%ah2)T of the model in conservation
form (1) depends explicitly not only on the solution variables but also
on the model parameter ¢. For such flux, the Roe matrix A(W;, W,)
must satisfy A(W,, W,) — A(W) as Wy, W, — W, it must have real
eigenvalues with a complete set of eigenvectors, and

B T
AF = A(W,, W,)AW + (0, ~gh’Ac/2) . (20)

where AF = F(W,) — E(W;), AW = W, — W;, Ac = g, — g, and
h is an approximation of  between the left and right states. One such
matrix is given by the following Roe linearizations:

_ Nohyu + o, hu, Voihg + /o, h,
u= , , and
f-i— \/5;

h=
V oy h + v O'r r
In Ref. 12, a Roe-type upwind scheme is derived with the aid of a
convenient discretization of the source terms that balance the flux gra-
dients for steady states at rest. That is, the numerical scheme is well
balanced. See Ref. 23 for more details. In order to extend it here for the

case of channels with varying width, one possible discretization of the
source terms is given by

0 _
AxS = g 27 Y )
—gahAB+gh Ao — FEE \ |t
where
- _ oh
6 =+/o0,, R=- —, AB=B,—By, and Ac =0, — 0.
o+2

Finite differences of the conserved variables and the linearized
source terms are decomTposed in terms of the eigenvectors r; = (1,u

o' B =~a+c
AW = Olel + Otzfz, AXé = ﬁlfz + ﬁlfb
where
e —A(chu) + (u +¢)A(ch)
1= 2 )
ch
B, f—AB—C—A —Ax|u|u
v A(chu) — (n —¢)A(oh)
2 — 2 )
ch n’ca i
By = f—ABJr Ao — 2 Ax |ulu.

More details on the implementatlon of the numerical scheme can
be found in Ref. 24. For the sake of completeness, we include some
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details here. We denote by W;,1 the Roe averages between the states W; and W, in the domain with cells I; = [xj,%7 xj +%}, X1
second-order numerical scheme is given by

Ax (“171 /2.p

1/ZP>0

= x;*Ax/2. The

k k k &
K= B Ty A Z Gorppliersep = Bajap) Tajeg

1/2P<0

k+1 k
Wj WJ

At 1 Lk k k k k K
- Ax2 < J+1/2p> (Slgn(’/jﬁp) - VJ!P) <°‘j+l/2,p’lj+1/2«p - ﬁj+1/2,p> Tiv1/2p

At 1 k "k —
1 Ax§¢<6 1/21>> (“gn( v~ kﬂp) (O‘Jlffl/z«p”jfl/z,p - ﬁjl':l/zﬁp) T 1)
p=

Here, ¢(0) = max(0, max(min(20, 1), min(0, 2))) is known as the superbee limiter function, and for each cell I, we define

o - At
0. o b i’ — i sion(l: iy =i,
i1/2p = % iy — By J=j—sign(4yp), vy Ax 9P

The last two terms in Eq. (21) are the second-order corrections. See Ref. 25 for more details, where the reader can also find the sonic entropy fix
that is usually done for Roe-type upwind schemes and that has also been implemented here. In the case where 4;_1, < 0 < 4;, 4;_1/2, in the first
term of Eq. (21) is replaced by 47, , , = 4jp (4j-1/2p — 4i-1p)/ (Ajp — Aj-1,p). Symmetrically, if Z;p < 0 < Zj1,p, 4j11/2, in the second term of

Eq. (21), Aj1/2p is replaced by A,y 1o, = Aip (2419 = As1/29)/ (Bji1p = 2ip)-

2. The adjoint problem

The adjoint problem can be written in quasilinear form as

u « N gh 2 0-/3 2\u|
()») +(0 Cz—u2></l) _ —E/% (Mu—10)+ —?Ux+ng+gn u( R |u| — R o)
H t 1 2” I'L X 1 * 2 7
(M~ )+W2|M|H

where i is the observed velocity in space and time. We note that A has units of velocity and x is non-dimensional. On the contrary, .# is the obser-
vation operator defined in Eq. (10), and .#*(.#u — i) is given in units of squared velocity.

The final conditions in Egs. (14) and (15) are given at time ¢ = T, and the solution is computed backwards in time from ¢ = T'to t = 0. In addi-
tion, we note that the coefficient matrix

is the transpose of the coefficient matrix in the direct problem. The eigenvalues are the same, and the corresponding eigenvectors are

" —u-—c . —u-+c
I = ] and r; = ] .

Analogous to the direct problem, the finite difference of the solution variable AW* = (A4, Ap) T and the linearized source terms

UAxM* (Mu— h 2h —G/3 2|u
f#Jr fg—AoJrgABJrgnz’ / |u| — 7|
" ah hR 7 nl/3 RY3
AxS" = o , (23)
l — 07—
ﬁ'ﬂ (Mu—1u)+ 4/3 [2u| 1
where
——— M (Muy— 1 MMy — 11,
‘a::ul+:ur7 ,ﬂ*(%uﬁ): ( Uy u£)+ ( u u)
2 2
are decomposed as
AW* = oiF + oiF;, AxS™ = BIE; + BIES.
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Here, the coefficients in the decompositions are given by

(= +T)Au— AJ, (-u+7)S;, =S,

* o
oCl ZE ) ﬁl 22 ]
. (@4 Au+ AL . @408, +S;
n= w0 ey
c 2c

The corresponding numerical scheme for the adjoint problem
solved backward in time is given by

wxk 5, k41 ﬁ #k+1 k41 _ pektl #,k+1
Wit =W o HZ (G 2120 — Bilu2p) Houy2g
jfl/’2~p>0
+£ Z (okHL gkl pgrkkl yrkel
Ax | 1/2p751/2p  Fjt1/2p) Tjt1/2p
1
jil/’2~p<0
2 At gkt L ke k1
*lexﬁ( j+1/z,p) (Slgn(”j,p ) = Vi )
p:
% o(*‘kJrl Ak+1 _ +,k+1 *,k+1
J1/2p7541 /20 Fit1/2p ) Tjt1/2p
2
Atl *, k41
arl : : K1y ket
o CTIRICAVEREEN
P:
s k+1  qk+1 #,k+1 #.k+1
x (“f—l/zp’ljfl/z,p - j—l/z,p> 512 (@4
where
* *
" %phie = Bip

20 T e o
%pi 0~ Bip

V. TEST PROBLEMS

The above technique is numerically tested in this section. The
direct problem often involves bathymetries consisting of a bump or a
channel’s throat by which the fluid passes through. Depending on the
parameter regime, the flow may accelerate/decelerate and reduce/
increase its cross-sectional wet area as it passes through the bump
and/or throat. We consider here different situations to show the merits
and robustness of the algorithm.

A. Numerical setup and boundary conditions

The inverse problem consists of inferring the bathymetry B and
Manning’s friction coefficient # from the transient velocity u(x, t). We
assume that the velocity is observed at all spatial positions and at all
times. That is, the velocity data are assumed to be available at all grid
points and at all times. For the direct problem, we initially specify the
total height w and the velocity u. Such data are assumed to be known
at t=0. At each step, the estimated bathymetry is used to obtain the
initial depth h = w — B. Regarding the adjoint problem, which is
solved backwards in time, here, we impose zero Dirichlet final
conditions.

At the left boundary, a discharge Qs and a surface elevation wieg
are specified at inflow and are extrapolated at outflow for the direct
problem. An inflow/outflow at the left boundary occurs when the
eigenvalues of the coefficient matrix are positive/negative. At the right
boundary, a discharge Qg and a surface elevation wrgy are specified
at inflow and extrapolated at outflow. An inflow/outflow at the right
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boundary occurs when the eigenvalues of the coefficient matrix are
negative/positive. The adjoint problem is used to compute the gradient
V]J. Zero Neumann boundary conditions are implemented for the
adjoint variables /4, u. We assume we know the bathymetry elevation
at the boundaries, and we prescribe them to be By, = B, = 0 at both
ends.

We quantify the error and the relative error with the L*° norm,
and are given by

e

e =sup|B x) — B andeeg =————
XP | approx( ) exact‘7 rel sup, | Bexact (x)l 3

where Bypprox and Bey,t are the approximated and exact bathymetries.

The time window [0, T] where both the direct and the adjoint
problems are solved need to be chosen carefully. The end time T
needs to be large enough to have the needed information to invert
the problem. However, if T is too large, it induces strong interac-
tions with the boundary, where the bathymetry is prescribed. In
any case, we have found that the bathymetry estimation is not very
sensitive to the end time. We use T as estimated for the linear case
in Sec. I1 B, except for the cases where the Manning’s friction coef-
ficient is also estimated.

B. Bathymetry bump

The synthetic data in this first numerical test is obtained with a
particular choice of a bathymetry elevation and channel’s geometry.
The exact bathymetry to be estimated is given by

o (s(x-2)) ) womam (on(x-2))
if x € [0.25,0.75],

0
if x € [0,1]\[0.25,0.75].

Bexact (X ) -

(25)
The channel’s width is given by

o(x) = 2min(2.4(x — 0.5)* +0.35,0.5). (26)

The 3D view of the channel is shown in the left panel of Fig. 2.
Following Ref. 14, the Manning’s friction coefficient is fixed to
n=10.009sm~'/? in this numerical test, and the bathymetry is the
only model’s parameter to estimate.

We first test the algorithm in a simple setting. In particular,
the velocity considered here corresponds to a subcritical smooth
steady state (in the absence of friction). Smooth steady states are
characterized by two invariants. Namely, the discharge Q = hu and
the energy E =1u? + g(h + B) are both constant throughout the
domain when the friction coefficient n vanishes. One could use
such invariants to estimate the bathymetry. However, the algo-
rithm presented here is designed for transient flows as well, and
the setting in this numerical experiment is meant to test the accu-
racy in the approximated bathymetry. Given the bathymetry B, a
corresponding steady state may be computed by specifying two
quantities. Here, we specify the discharge Q;, = 1 at inflow at the
left boundary and the total height wou = Bout + Hour = 1.5 at
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FIG. 2. Left panel: 3D view of the channel. Top right panel: Exact total height w = h + B (black dashed line) and bathymetry (blue solid line) are shown. Bottom right panel:
Velocity as a function of x. The solution corresponds to a steady state with discharge Qi, = 1 at inflow (left boundary) and total height w,,t = 1.5 at outflow (right boundary).

outflow at the right boundary. Figure 2 shows the total height w =
h + B and exact bathymetry B in the top right panel, while the bot-
tom right panel shows the exact velocity that is observed.

In general, the initial guess needs to be close enough to the target
in order to converge to the correct state. However, here, we test the
robustness of the algorithm by considering an initial guess B, = 0. The
numerical results for the inverse problem are given in Fig. 3. In the left
panel, the exact solution is identified with the solid blue line, while the
initial guess is denoted by the black dashed line. The final approxima-
tion is computed using 80 steps in the algorithm described in Sec. III B
and a resolution of 200 grid points.

Taking a characteristic depth H= 1.5, domain size L=1, and
g=9.81, the time for linear identifiability is T = L/\/gH = 0.26. The
direct and adjoint problems are then solved in the time window [0, T].
In the panel, we show the estimation of the bathymetry for the steps 0,
20, 40, 60, and 80. The final step is not easy to distinguish because it is
very close to the target. The error is shown in the right panel. The
maximum error is e = 9.1 x 1073, which corresponds to a relative
error of e = 1.77%. The maximum error is located near the left
boundary. Away from that region, the error is reduced to 2.9 x 1073,
which corresponds to a relative error of 0.57%.

C. A transient flow with friction

The ultimate goal in this work is to estimate the bathymetry in
transient flows. For that end, the observed velocity in these numerical
tests is time dependent, and the synthetic data are constructed as fol-
lows. Given the bathymetry in Eq. (25), the initial condition in the
direct problem is the smooth supercritical steady state associated with
the discharge Qstcady = 8 and the total height wou = Bout + hour = 1.
However, the discharge imposed at the left boundary is Qi, = 9.6,
which is 20% higher compared to that corresponding to the steady
state. The resulting transient flow consists of a perturbation to a steady
state. The right-going shockwave propagates and passes through the
bump in the bathymetry. This generates a time-dependent velocity,
which is used as the synthetic data in the adjoint problem.

Taking a characteristic depth H=2, domain size L=1, and
g=9.81, the time for linear identifiability is T = L//gH = 0.23. This
is our end time for this numerical test. The Manning’s friction coeffi-
cient here is fixed to # = 0.009 s m~'/3, Figure 4 shows the approxi-
mated bathymetry in steps 1-3 and 45 in the left panel. For
completeness, the error is exhibited in the right panel. The maximum
error in the last step (away from the left boundary) is e = 7.2 x 1073,

0.6
— — — |Initial guess
Step 20
0.4 Step 40
Step 60
< Step 80
0.2

_02f

0.5 | —=— Initial error

Error Step 20
0.4 Error Step 40
Error Step 60
03+ <—— Error Step 80

0.1

FIG. 3. Left panel shows the exact bathymetry (solid blue line) given by Eq. (25), the initial guess B, =

(black dashed line) and the intermediate steps (dotted lines in differ-

ent colors and mark sizes). The right panel shows the error |B, — Bexact| at steps 20, 40, 60, and 80.
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FIG. 4. Left panel: Exact bathymetry (blue solid line), the initial guess (black dashed line), and the intermediate steps in the algorithm (dotted lines). Right panel: Error in steps

1-3 and 45.

which corresponds to a relative error of e, = 1.39%. Away from
that region, the error is reduced to 1.1 x 1073, which corresponds
to a relative error of 0.21%. Flows in realistic applications may
not be in steady-state equilibrium. Estimating the bathymetry
from transient velocity measurements is a lot more challenging
compared to a situation where the flow corresponds to a steady
state. The present algorithm has shown to be efficient in those
circumstances.

Figure 5 shows the time evolution of the total height (left col-
umn) and velocity (right column) at times t = 0.003 6, 0.035 55, and
0.08. The total height is computed both using the exact and the
approximated bathymetries. The exact total height is denoted by the
dashed blue line, while the approximated solution is identified with

The approximated solution is very accurate even in this time-
dependent problem, and the differences are hard to be distinguished.

D. Bump in a channel with varying width, friction,
and discontinuous top surface

Discontinuous weak solutions of hyperbolic systems like the shal-
low water equations may appear in finite time. The robustness of the
algorithm is tested here by estimating the bathymetry from velocity
data with discontinuities. The exact bathymetry is given by

1 1 .
1 {cos (IOn(x _E)) + 1} if 04<x<0.6,

B(x)

the dashed red line. The steady-state total height is also shown for ref- 0, otherwise,
erence (black dotted line). The exact and approximated topographies
are denoted by the solid blue and dotted red lines, respectively. and the width ¢ is given by Eq. (26).
10 -
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FIG. 5. Left column: Approximated (blue dashed line) and exact (red dashed line) total heights at times ¢t = 0.0036, 0.0355, and 0.08 in descending order for the transient flow
of Sec. V/ C. The exact (solid black line) and approximated (dotted red line) bathymetries are also shown. The steady-state height is included to highlight the difference com-
pared to the transient flow (dotted black line). Right column: approximated (dotted red line) and exact (dashed blue line) velocities.
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The computed state in this numerical test is a steady state with
shockwave in the absence of friction. However, here the Manning’s
friction coefficient is set to n = 0.009 s m~'/3, following Ref. 14. The
initial height at the left and right boundaries are wj, = 1.1 and
Wout = 0.75, respectively. An initial shock is placed at xgoc = 0.65
with left and right states given by wis = 1.417, e = 8.085, and
Wright = 0.931, thyigne = 12.198, respectively. The energy is initially
piecewise constant, satisfying Ei, = 46.59 for x < Xgock>» and Egy
= 83.52 for X > Xhock- This shockwave is stationary in the absence of
friction. The right panel of Fig. 6 shows the 3D view of the channel
(yellow surface), the bathymetry B (black surface), and the initial
height’s elevation w (blue surface).

Taking a characteristic depth H=2.5, domain size L=1, and
¢=9.81, the time for linear identifiability is T = L//gH ~ 0.21. This
is our end time for this numerical test. The top left panel of Fig. 6
shows the estimated bathymetry given by the algorithm in Sec. III B at
steps 1-5 and 12. The initial state is B, = 0. This is significantly far
from the target, which consists of a bump at the center of the domain.
The first step already has a bump-like structure, with a small jump
near the shockwave. At step 5, the bathymetry is close to the target,
and at the final step 12, the approximation is virtually on top of the
exact bathymetry. The error as a function of x is shown in the bottom
left panel for different steps, where the convergence to the exact solu-
tion is evident. At step 12, the error is below e = 4.4 X 10~3, which
corresponds to a relative error of e, = 0.87% of the maximum bathy-
metry’s elevation. We note that the algorithm works well even in the
presence of shockwaves and friction.

E. Bathymetry and Manning'’s friction coefficient
inversion

In this test, we invert both the bathymetry and the Manning’s fric-
tion coefficient simultaneously. Although the value of # in Sec. V D is
realistic, it may not have a strong effect in the flow in the time window
considered here. As a sensitivity test, we have increased the target value

ARTICLE scitation.org/journal/phf

of the exact Manning’s friction coefficient to #exaer = 0.027 sm~1/3,

which is three times larger compared to the previous one. We chose a
smaller time window with T'= 0.02. However, in this case, it took 2000
iteration steps to converge to the exact solution with an error of
e = 3.9 x 1073, which corresponds to a relative error of e,y = 0.77%
of the maximum bathymetry’s elevation.

Using the same symbols as in Fig. 6, the top left panel of Fig. 7
shows the exact bathymetry, and the approximated bathymetry at the
initial and intermediate steps 101, 201, 301, 401, and 2000. The error
is shown in the bottom left panel. Although it took many more steps,
the error at the final step is very small.

We can simultaneously estimate both the bathymetry’s elevation
and the Manning’s friction coefficient in the algorithm in Sec. I1I B.
The second component of the gradient V] has the approximated fric-
tion coefficient 7 as a factor itself. As a result, the initial value cannot
be zero because it represents an equilibrium value in the algorithm.
We set the initial value of the Manning’s friction coefficient as
n, = 0.0027 = %nma. The bottom right panel of Fig. 7 shows the
estimated Manning’s friction coefficient as a function of step number.
The estimated value is already close to the exact value after about 20
steps. We only show 200 steps to see the variations in the early steps.
However, the plot for 2000 steps (not shown) shows a convergence to
the exact value.

The top right panel of Fig. 7 shows the bathymetry B and the ini-
tial surface elevation with a shockwave used in the present numerical
test and the previous Sec. V D. The algorithm provides very accurate
results in flows with or without friction, steady or transient states, with
initial guesses that are significantly far from the exact solutions.

F. Manning’s coefficient inversion in the presence
of wet-dry states
The numerical test in this last section is motivated by laboratory

experiments of dam breaks conducted in converging/diverging chan-
nels. See, for instance, Chap. 5 of the book'* for a list of experiments

— — Initial guess Step 4 3D View of the Channel
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Step 3 Exact
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FIG. 6. Top left panel: Exact bathymetry (blue solid line), the initial guess (black dashed line), and the intermediate steps in the algorithm (dotted lines). Bottom left panel: Error
in steps 1-5 and 12. Right panel: 3D view of the channel (yellow surface), the exact bathymetry (black surface), and the initial surface elevation w = B + h (blue surface).
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FIG. 7. Top left panel: Exact bathymetry (blue solid line), the initial guess (black dashed line), and the intermediate steps in the algorithm (dotted lines). Bottom left panel: Error
in steps 1, 101, 201, 301, 401, and 2000. Top right panel: The exact topography (solid blue line) and the exact total height (black dashed line) are displayed. Bottom right panel:
The approximated Manning's friction coefficient is shown as a function of iteration step (solid blue line), and the exact coefficient is included for reference in the dashed red

line.

in channels with different bed slopes and different wet and dry
conditions. The experiments in Ref. 14 Sec. 5.3.4 were taken from
Ref. 26. The channel has vertical walls and width variations along
the x-axis, approximately given by the graph in the left panel of
Fig. 8. The channel’s length is 21.2 m, and its width is 1.4 m from 0
to 5m, and from 16.8 to 21.2m. The minimum width is 0.6 m at
Xn = 8.5m.
In the experiment, the flow is initially given by

u(x,t =0) =0, w(x,t =0)

] 03m

N Houw = 107 m,
which corresponds to a flow initially at rest, where the downstream
part of the channel is dry (a threshold value of Hyy = 107> has been
used). The gate is assumed to be instantaneously removed. The left
boundary is a solid wall. We have used zero Dirichlet left boundary
conditions in the velocity and Neumann left boundary conditions for
the height. The right boundary extrapolates the data at outflow and
imposes Hyy at inflow. Once the dam breaks, the flow evolves as

if x<x,=8.5m,

otherwise, @7

illustrated in the left panel of Fig. 9 at t = 4s. The resolution here is
Ax = 21.2m/200.

The bathymetry is flat B=0. So, we are interested in estimating
the Manning’s friction coefficient, which is unknown. Unfortunately,
the depth at two locations (P; and P, in Fig. 9) are the only quantities
reported in this experiment. In Ref. 27, it was found that one good
approximation for the Manning’s friction coefficient is
n = 0.0084sm~'/3, Here, we create synthetic velocity data based on
this value to approximate the friction coefficient based on those veloc-
ity measurements. The purpose of this numerical test is to show that
the algorithm works well even in the presence of wet-dry states, in
connection with the above experiment.

The approximated Manning’s coefficient is shown for different
steps in the left panel of Fig. 9. One can observe that the Manning’s
coefficient is very close to the exact value after 20 steps in the algo-
rithm. The approximated values were obtained using a time window
[0, T] with T = 4 s before the flow reaches the boundaries. We note
that the amplitude in Eq. (17) is chosen much smaller here
(o =5 x 107*) in this case, where both bathymetry and friction are
estimated simultaneously in the presence of wet and dry states.

15;
E 1 —\/— : Height w = h+B
>05] .
P1 PZ
0 n
0 5 10 15 20 . . ‘ ‘
X (m) 14 16 18 20

FIG. 8. Left panel: Approximated channel’s width as a function of x (top view of the channel). The points P4 and P, indicate the locations where the depth was measured in the
corresponding experiment in Ref. 14. Right panel: Total height w = h + B at time t = 4 s with initial conditions (27) and the boundary conditions below.
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FIG. 9. Left panel: Convergence of the Manning’s friction coefficient to the correct value. The approximations are plotted for different steps. Right panel: Comparison between
experimental data and the numerical approximation obtained by the present schemes of the water’s height at two particular locations in x, vs time. The left point is located at

the left boundary Py = 0, and the right point is located at P, = 18.5m.

In the experimental data in Refs. 14 and 26, the height was mea-
sured in time at two particular locations. One at the left boundary
P, = 0, and the other one near the right boundary P, = 18.5m. The
right panel in Fig. 9 compares the real and numerical values. We
observe a good agreement, especially at the location P, near the right
boundary, for the entire simulation. The numerical approximation at
P, is accurate for the first part of the simulation, and overestimates it
for the second half. Boundary conditions and the adjustment of the
Manning coefficient might affect the predictions.

VI. CONCLUSIONS

In this work, we formulated a constrained optimization problem
to estimate the bed channel bathymetry and Manning’s friction coeffi-
cient from available data of the fluid’s velocity. The continuous problem
is first presented and analyzed. A quadratic functional, which by means
of Lagrange multipliers incorporates the shallow water equations, is
minimized using the Fréchet derivative. We proved that the velocity
data determine uniquely the derivative of the bathymetry in a linearized
shallow water system. That is, we proved that the inverse problem is
identifiable in the linearized system, which helped us estimate the time
window that is needed for the inverse problem in the nonlinear case,
except for the cases where both the bathymetry and the Manning’s fric-
tion coefficients are estimated simultaneously. A continuous descent
method is formulated to obtain the minimal solution. Both direct and
adjoint systems are proposed to be solved by a second-order Roe-type
upwind numerical scheme. However, the algorithm works for any other
efficient and robust numerical scheme. We estimate the bathymetry of
transient flows as well as the Manning’s friction coefficient. Several
benchmark problems are presented in order to verify the numerical per-
formance of the proposed method. A simple steady-state case is first for-
mulated to verify the reliability of the algorithm before transient flows
can be treated. In this first case, we considered a steady-state velocity
and a bathymetry bump with a sinusoidal perturbation. In a second test,
we considered a transient flow consisting of a right-going perturbation
to a steady state. Finally, we simultaneously estimated both the bathym-
etry and the Manning’s friction coefficient in a channel with varying
width and discontinuous top surface, and a numerical test was presented
to estimate the Manning’s coefficient in the presence of wet-dry states,
motivated by experimental data. We obtained very accurate approxima-
tions of the bathymetry in all cases.

We have provided an algorithm that works very well even in
transient flows in channels with vertical walls of varying width, discon-
tinuous top surfaces, and even wet—dry states. The need for a good ini-
tial guess and the empirical initial coefficient (o) in the search

direction are often limitations for approaches like the one presented
here. However, we have shown that our algorithm is not very sensitive
to those parameters, and we provided criteria to choose the best coeffi-
cient oy together with conditions to stop our algorithm. Furthermore,
our setting is flexible and may be adapted to estimate other parameters
or systems.

From a theoretical perspective, the continuous descent method in
Sec. III can be extended to higher dimensions on irregular domains.
However, the computational complexity is much greater. We aim to
report on these in future works.

The identifiability result in Sec. II for the linear shallow water
equation is local. That is, for identifying bathymetry in an interval of
length L, we need data only in that interval with a final time greater
than T = L/./gH. We use the same time and data for the nonlinear
case based on Theorems 1 and 2. We conjecture that the local identifi-
cation is valid for smooth flows before shocks are formed. We clarify
that in this work we assume that the velocity observations are available
at all grid points for simplicity in the computation of the source term
in the adjoint equations. It is open to determine the minimal data
required for identification. These are challenging research problems to
be addressed in future works.

ACKNOWLEDGMENTS

This research was supported, in part, by grants UNAM-
DGAPA-PAPIIT IN112222 and Conacyt A1-S-17634. This research
was supported, in part, by grants UNAM-DGAPA-PAPIIT
IN112222 and Conacyt A1-S-17634. The co-author G. H-D would
like to thank the hospitality of NorthWest Research Associates and
the support of UNAM-PASPA-DGAPA during his sabbatical visit.

The authors acknowledge the anonymous reviewers for their
constructive comments which helped us to improve the
manuscript.

AUTHOR DECLARATIONS
Conflict of Interest

The authors have no conflicts to disclose.

Author Contributions

Gerardo Hernandez-Duenas: Conceptualization (equal); Formal analy-
sis (equal); Investigation (equal); Methodology (equal); Software (lead);
Visualization (lead); Writing - original draft (equal); Writing — review
& editing (lead). Miguel Angel Moreles: Conceptualization (equal);

Phys. Fluids 35, 027109 (2023); doi: 10.1063/5.0136017
Published under an exclusive license by AIP Publishing

35, 027109-12


https://scitation.org/journal/phf

Physics of Fluids

Formal analysis (equal); Investigation (equal); Methodology (equal);
Project administration (lead); Software (supporting); Visualization (sup-
porting); Writing — original draft (equal); Writing — review & editing
(equal). Pedro Gonzalez Casanova: Conceptualization (equal); Formal
analysis (equal); Investigation (equal); Methodology (equal); Software
(supporting); Visualization (supporting); Writing - original draft
(equal); Writing — review & editing (equal).

DATA AVAILABILITY

Data sharing is not applicable to this article as no new data were
created or analyzed in this study.

REFERENCES

1G. K. Vallis, Atmospheric and Oceanic Fluid Dynamics (Cambridge University
Press, 2017).

2M. Sellier, “Inverse problems in free surface flows: A review,” Acta Mech. 227,
913-935 (2016).

3R. J. LeVeque, D. L. George, and M. J. Berger, “Tsunami modelling with adap-
tively refined finite volume methods,” Acta Numer. 20, 211-289 (2011).

“M. E. Vézquez-Cendén, “Improved treatment of source terms in upwind
schemes for the shallow water equations in channels with irregular geometry,”
J. Comput. Phys. 148, 497-526 (1999).

SK. Marks and P. Bates, “Integration of high-resolution topographic data with
floodplain flow models,” Hydrol. Processes 14, 2109-2122 (2000).

®R. M. Westaway, S. N. Lane, and D. M. Hicks, “Remote sensing of clear-water,
shallow, gravel-bed rivers using digital photogrammetry,” Photogramm. Eng.
Remote Sens. 67, 1271-1281 (2001).

7N.-R. Kevlahan, R. Khan, and B. Protas, “On the convergence of data assimila-
tion for the one-dimensional shallow water equations with sparse observa-
tions,” Adv. Comput. Math. 45, 3195-3216 (2019).

8Y. Ding, Y. Jia, and S. S. Wang, “Identification of Manning’s roughness coeffi-
cients in shallow water flows,” |. Hydraul. Eng. 130, 501-510 (2004).

Y. Ding and S. S. Wang, “Identification of Manning’s roughness coefficients in
channel network using adjoint analysis,” Int. ]. Comput. Fluid Dyn. 19, 3-13
(2005).

'°Y. Ding and S. S. Wang, “Optimal control of flood diversion in watershed using
nonlinear optimization,” Adv. Water Resour. 44, 30-48 (2012).
IS, Kar and A. Guha, “Letter: Ocean bathymetry reconstruction from surface

data using hydraulics theory,” Phys. Fluids 30, 121701 (2018).

ARTICLE scitation.org/journal/phf

12p_Garcia-Navarro and M. E. Vazquez-Cendon, “On numerical treatment of the
source terms in the shallow water equations,” Comput. Fluids 29, 951-979
(2000).

3M. J. Castro, J. A. Garcia-Rodriguez, J. M. Gonzdlez-Vida, J. Macias, C. Parés,
and M. E. Vazquez-Cendén, “Numerical simulation of two-layer shallow water
flows through channels with irregular geometry,” J. Comput. Phys. 195,
202-235 (2004).

A, A. Khan and W. Lai, Modeling Shallow Water Flows Using the Discontinuous
Galerkin Method (CRC Press, 2014).

"SM. Bolognesi, G. Farina, S. Alvisi, M. Franchini, A. Pellegrinelli, and P. Russo,
“Measurement of surface velocity in open channels using a lightweight remotely
piloted aircraft system,” Geomatics, Natural Hazards Risk 8, 73-86 (2017).

L. Hormander, Lectures on Nonlinear Hyperbolic Differential Equations
(Springer Science & Business Media, 1997), Vol. 26.

7T -P. Liu and T. Yang, “Weak solutions of general systems of hyperbolic con-
servation laws,” Commun. Math. Phys. 230, 289-327 (2002).

8E. W. Cheney, E. Cheney, and W. Cheney, Analysis for Applied Mathematics
(Springer, 2001), Vol. 1.

19G. Herndndez-Dueiias and S. Karni, “Shallow water flows in channels,” J. Sci.
Comput. 48, 190-208 (2011).

204, Kurganov and G. Petrova et al., “A second-order well-balanced positivity
preserving central-upwind scheme for the Saint-Venant system,” Commun.
Math. Sci. 5, 133-160 (2007).

215, Balbds and S. Karni, “A central scheme for shallow water flows along chan-
nels with irregular geometry,” ESAIM: Math. Modell. Numer. Anal. 43,
333-351 (2009).

22p_ L. Roe, “Approximate Riemann solvers, parameter vectors, and difference
schemes,” ]. Comput. Phys. 43, 357-372 (1981).

23M. E. Hubbard and P. Garcia-Navarro, “Flux difference splitting and the bal-
ancing of source terms and flux gradients,” . Comput. Phys. 165, 89-125
(2000).

24p. Roe, “Upwind differencing schemes for hyperbolic conservation laws
with source terms,” in Nonlinear Hyperbolic Problems (Springer, 1987),
pp- 41-51.

25R.7. Leveque, Numerical Methods for Conservation Laws (Springer, 1992), Vol. 3.

26C. Bellos, V. Soulis, and J. Sakkas, “Experimental investigation of
two-dimensional dam-break induced flows,” J. Hydraul. Res. 30, 47-63
(1992).

27G. Hernandez-Duenas and A. Beljadid, “A central-upwind scheme with artifi-
cial viscosity for shallow-water flows in channels,” Adv. Water Resour. 96,
323-338 (2016).

Phys. Fluids 35, 027109 (2023); doi: 10.1063/5.0136017
Published under an exclusive license by AIP Publishing

35, 027109-13


https://doi.org/10.1007/s00707-015-1477-1
https://doi.org/10.1017/S0962492911000043
https://doi.org/10.1006/jcph.1998.6127
https://doi.org/10.1002/1099-1085(20000815/30)14:11/12<2109::AID-HYP58>3.0.CO;2-1
https://doi.org/10.1007/s10444-019-09733-6
https://doi.org/10.1061/(ASCE)0733-9429(2004)130:6(501)
https://doi.org/10.1080/10618560410001710496
https://doi.org/10.1016/j.advwatres.2012.04.004
https://doi.org/10.1063/1.5055944
https://doi.org/10.1016/S0045-7930(99)00038-9
https://doi.org/10.1016/j.jcp.2003.08.035
https://doi.org/10.1080/19475705.2016.1184717
https://doi.org/10.1007/s00220-002-0705-4
https://doi.org/10.1007/s10915-010-9430-x
https://doi.org/10.1007/s10915-010-9430-x
https://doi.org/10.4310/CMS.2007.v5.n1.a6
https://doi.org/10.4310/CMS.2007.v5.n1.a6
https://doi.org/10.1051/m2an:2008050
https://doi.org/10.1016/0021-9991(81)90128-5
https://doi.org/10.1006/jcph.2000.6603
https://doi.org/10.1080/00221689209498946
https://doi.org/10.1016/j.advwatres.2016.07.021
https://scitation.org/journal/phf

	s1
	s2
	s2A
	d1
	d2
	s2B
	d3
	f1
	d4
	d5
	d6
	d7
	s2B
	s3
	d8
	d9
	d10
	s3A
	d11
	d12
	d13
	d14
	d15
	s3A
	d16
	d17
	s3B
	s4
	s4A
	d18
	d19
	d20
	s4A1
	d21
	s4A1
	d22
	d23
	s4A2
	d24
	s4A2
	s5
	s5A
	s5B
	d25
	d26
	s5C
	f2
	f3
	s5D
	f5
	f4
	s5E
	s5F
	f6
	d27
	f8
	f7
	s6
	l
	f9
	l
	c1
	c2
	c3
	c4
	c5
	c6
	c7
	c8
	c9
	c10
	c11
	c12
	c13
	c14
	c15
	c16
	c17
	c18
	c19
	c20
	c21
	c22
	c23
	c24
	c25
	c26
	c27

