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PREFACE

IN THE MID FIFTIES, in a celebrated paper [13], Albrecht Dold and René Thom
proved a theorem which roughly states that the homotopy groups of the infinite
symmetric product of a pointed space are isomorphic to the reduced homology
groups of the given space with Z-coefficients. The infinite symmetric product of
a space is the free H-space generated by the space. The proof of the theorem
involves the concept of quasifibration. This theorem was the core of [2]. A few
years later, M. McCord [35] proved a similar theorem, but using the free topological
group generated by the space instead. Indeed this construction allowed to put as
coeflicients not only Z, but any abelian group or any ring. These topological abelian
groups, which are constructed in a functorial way, when applied to the spheres,
yield the Eilenberg—Mac Lane spaces which are used to define cohomology. The
aim of this book is to introduce algebraic topology by defining homology and
cohomology from this point of view. This approach has been successfully used in
algebraic geometry in order to apply the methods of algebraic topology to study

geometric phenomena.

The book is intended to have advanced undergraduate level or basic graduate
level, i.e. it can be used as a text book to give an alternative introduction to
homology and cohomology. Furthermore, the book compares this viewpoint with
the traditional one. Therefore singular homology and cohomology are presented,
perhaps with less detail than in other books, but still explaining their construction.
An explicit isomorphism is then given between the homotopical homology (and

cohomology) and the singular homology (and cohomology).

One of the techniques used in the book is that of simplicial sets. So we have
devoted a chapter to their study. Their close relatives, the simplicial complexes

are briefly presented in a section of the introductory chapter.

Other chapters include fibrations and cofibrations and the higher homotopy
groups, as well as homological algebra. In the introductory chapter, there are also
sections on category theory,and on a convenient category of topological spaces,
where we work. The book is intended, as far as possible, to be self-contained, but
for a good understanding of the material, basic knowledge on point-set topology,
as well as on group and module theory are required.

This electronic version of the book is preliminary. The book is still in process
of being written, and many details are due.
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INTRODUCTION

WE EXPECT FROM THE READER the knowledge of basic notions both in point-set
and algebraic topology, mainly about the fundamental group and covering maps.
Notions of categories, functors and natural transformations, as well as the concept

of adjoint functors. We recall the main definitions.

We shall use the following basic categories: Sets and functions, denoted by Get,
topological spaces and continuous maps, denoted by Top, as well as several (full)

subcategories of Top.
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CHAPTER 1 BASIC CONCEPTS AND NOTATION

IN THIS PRELIMINARY CHAPTER we shall study the basic notions that will be
needed in the book. After a short account on basic symbols and useful construc-
tions, we start recalling the very basic concepts in category theory, like functors,
natural transformations and adjointness. Then we continue with the topological
setup of the text, namely the category of k-spaces, where we shall work. The simpli-
cial complexes build up an important source of spaces. We devote the next section
to them. The geometric realization of a simplicial complex is a CW-complex. We
study CW-complexes in the last section.

1.1 BASIC SYMBOLS

Throughout the text we shall use the following basic symbols, among others. The
symbol = between two topological spaces means that they are homeomorphic, ~
between continuous functions or topological spaces means that they are homotopic
or homotopy equivalent, and & between groups (abelian or nonabelian) means they
are isomorphic. The symbol o denotes composition of functions (maps, homomor-
phisms) and will be omitted ocasionally, if doing so does not lead to confusion.
The term map invariably means a continuous function between topological spaces,
and the term function is reserved either for functions between sets or for those

maps whose codomain is R or C.

And now a final note about some additional notation that will be used in the
text. If X is a topological space and A C X is a subspace, then in agreement

with the special cases mentioned below we shall use the notation ;l to denote
the topological interior of A in X, and the notation A to denote its topological
boundary. X LY denotes the topological sum of X and Y. On the other hand,
if V' is a vector space provided with a scalar product (or Hermitian product,
if the space is complex), which we usually denote by (—,—), then we use the
notation || - || or | - | to denote the norms in V' associated to the inner product,
that is, ||z|| or |z| = \/{z,z). Likewise, if U C V is a linear subspace, we use
Ut ={z €V |(r,a) =0foralla € U} to denote the orthogonal complement of
U in V with respect to the inner product.
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1.2 SOME BASIC TOPOLOGICAL SPACES

Euclidean spaces, various of its subspaces, and spaces derived from these will all

play an important role for us.

R will represent the set (as well as the topological space and the real vector
space) of real numbers. R® will denote the singleton set (of only one point) {0} C R.
Frequently, we shall use the notation * for an (arbitrary) singleton set. R” will be

the notation for Fuclidean space of dimension n, or FEuclidean n-space, such that

R"={z=(z1,...,2p) | z; € R, 1<i<n}.

Using the equality

((2717'"axm)v(yla"'ayn)) = (xlv""xmvylv"'vyn)

we identify the Cartesian product R™ x R™ with R, Likewise, we identify R"
with the closed subspace R"® x 0 ¢ R"*!. We give UnZ o R™ = R* the topology
of the union (which is the colimit topology, as we shall see shortly). R*® consists,
therefore, of infinite sequences of real numbers (z1, 2, z3,...) almost all of which
are zero, that is to say, such that x; = 0 for k sufficiently large. R" is identified
with the subspace of sequences (x1,...,2,,0,0,...). The topology of R* is such
that a set A C R* is closed if and only if AN R"™ is closed in R™ for all n.

Topologically we identify the set (as well as the topological space and the
complex vector space) C of complez numbers with R? using the equality x + iy =
(z,%), where i represents the imaginary unit, that is i = v/—1. Analogously with
the real case, we have the complex space of dimension n, C" = {z = (21,...,2n) |
zi € C, 1 <i<mn}, or complex n-space.

In R™ we define for every z = (z1,...,2,) its norm by

ol = /a3 + -+ a2

likewise, in C™ we define the norm by

2| = Vaz + -+ 2nZn,

where Z denotes the complex conjugate © — iy of z = x + iy. Up to the natural
identification between C" and R?", it is an ezercise to show that the two norms

coincide.

For n > 0 we shall use from now on the following subspaces of Euclidean space:

D" = {x € R" | |z| <1}, the unit disk or the unit ball of dimension n.
S"t = {x € R" | |z| = 1} = OD", the unit sphere of dimension n — 1.

D" = {z € R" | |z| < 1}, the unit cell of dimension n.
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I"={xeR"|0<uz;<1,1<i<n}, the unit cube of dimension n.
OI"={x € I" | z; =0 or 1 for some i}, the boundary of I" in R™.

I =1'=10,1] C R, the unit interval.

A" = {z € R""! | 2; > 0 and Y x; = 1}, the standard n-simplez.

A" = {& € A" | z; = 0 for at least one i}, the boundary of the standard
n-simplex.

Briefly, we usually call D" the unit n-disk, S*~! the unit (n — 1)-sphere, D" the
unit n-cell, and I"™ the unit n-cube. It is worth mentioning that all of the spaces
just defined are connected (in fact, pathwise connected), except for S, 9I, and
A, these being homeomorphic to each other, of course. The disks, the spheres,
the cubes, and their boundaries also are compact (but not the cells, except for the

0-cell D’ = %),

The group of two elements Zo = {—1, 1} (which can also be seen as the quotient
of the group of the integers Z modulo 27Z) acts on S™ by the antipodal action, that
is, (—1)z = —z € S™. The orbit space of the action, which is the result of identifying
each x € S™ with its antipode —z, is denoted by RP™ and is called real projective

space of dimension n.

1.2.1 EXERCISE.

(a) Show that S™ is the one-point compactification of R™. (Hint: Use the stere-
ographic projection. See [42].)

(b) Show that there is a homeomorphism S™ ~ I™/JI™. (Hint: Show that the

e]
n-cube I™ is homeomorphic to n-ball D™, then prove that the n-cell D" is
homeomorphic to R” and use the fact that the quotient D" /S"~! is the one-

[¢]
point compactification of ]D)n.)

The infinite-dimensional sphere S*° = |J;2,S", where the inclusion
S"—1 ¢ S™ is defined by the inclusion R” C R"*!, is a subspace of R>. The action
of Zy in S™ induces an action in S°°, whose orbit space is denoted by RP* and is
called infinite-dimensional real projective space. In fact, the inclusion S*~1 c S®
induces an inclusion RP"~! ¢ RP" and the union Us2 o RP™ coincides topologically

with RP>.

On the other hand, the circle group S* = {¢ € C | ||¢|| = 1} acts on S*"*! C
C"*! by multiplication on each complex coordinate, namely, ((z1,...,2n41) =
(Cz1y...,C2n+1). The orbit space of this action, which is the result of identifying
z € S with ¢z € S?"*HL, for all ¢ € S', is denoted by CP" and is called complex
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projective space of dimension n (in fact, its real dimension is 2n). The action of
S' on $?"*! induces an action on S, whose orbit space is denoted by CP* and
is called infinite-dimensional complex projective space. In analogy with the real
case, the inclusion S?"~1 C §?"*1  defined by the inclusion C* C C**!, induces
an inclusion CP"~! ¢ CP" and the union Un2y CP" coincides topologically with
CP*>.

The group of nxn invertible matrices with real (complex) coefficients is denoted
by GL,(R) (GL,(C)) and consists of the matrices whose determinants are not
zero. The subgroup O,, C GL,(R) (U,, C GL,(C)) consisting of the orthogonal
matrices (unitary matrices), that is, such that the matrix sends orthonormal bases
to orthonormal bases with respect to the canonical scalar product in R™ (the
canonical Hermitian product in C™) or, equivalently, such that its column vectors
form an orthonormal basis, is called the orthogonal group (unitary group) of n x n
matrices. In particular, O; = Zy and U; = S

1.3 CATEGORIES

The spirit of algebraic topology consists in assigning to topological spaces certain
algebraic objects, such as groups, modules, or algebras, and to continuous maps,
corresponding algebraic homomorphisms in a sensitive way. This means, in more
technical terms, that algebraic topology defines functors from topological cate-
gories to algebraic categories. This section explains briefly what categories and
functors are, as well as some other related concepts.

1.3.1 DEFINITION. A category € consists of a class of objects, denoted by ob €,
and for any A, B € ob €, a set of morphisms €(A, B). An element f € €(A, B) is
usually denoted by f: A — B. They are such that the following hold:

(i) If f: A— Band g: B — C are morphisms, there is a composite
gof:A— C.In other words, there is a function o : €(A, B) x €(B,C) —
C(A,C). It is associative in the sense that if h: C' — D, then (fog)oh =

folgoh)

(ii) For all C' € ob@, there is a unique morphism idc € €(C,C), called the
identity of C, such that if f: A — B, thenidgo f = f = foidya.

If a morphism f : A — B is such that there is another morphism g : B — A
such that go f =id4 and f o g = idp, then we say that f is an isomorphism with

inverse g, which is also an isomorphism.
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Iff:A—B,g:B—C,f:A— B, and ¢ : B — C are morphisms
such that go f = ¢’ o f/, we say that the diagram (or square)

A-l. B

f’l lg
B/ 4/> C
g

commutes (or is commutative).

1.3.2 DEFINITION. Let € and © be categories. Under a functor F : € — 2
we understand an assignment F' : ob€ — ob®, A — F(A), and a function F :
€(A, B) — D(F(A), F(B)) such that F(ida) = idp(4) and F(go f) = F(g)oF(f).

A subcategory € of a category € consists of a subclass ob €’ C ob € such that
for each pair of objects A, B € ob@ the set €'(A, B) is a subset of €(A4, B). If
these two sets are equal for all A, B € ob@’, then we say that the subcategory
is full. If € is a subcategory of €, then one has an inclusion functor, denoted by
i: € — €, such that for any object A € ob€’, i(A) = A and for any morphism
f:A— B,i(f)=1F.

A natural transformation T between two functors F,G : € — ® consists of a
morphism 74 : F(A) — G(A) for each A € ob€ such that for every morphism
f:A— Bin €, one has G(f) o7a = 7 o F(f). We write this fact stating that
the square

A F(A) > G(4)
fl F(f)i lcm
B F(B) —=G(B)

commutes. We say that 7 is a natural isomorphism if for each A € ob€ the

morphism 74 is an isomorphism.

1.3.3 DEFINITION. Given functors F': € — ®, G : ® — €, we say that F is

left-adjoint to G and that G is right-adjoint to F' if there is a natural isomorphism
q>C»D : Q(F(C)a D) - Q:(Ca G(D)) ’

that is, a bijection such that for any objects C,C" € ob€ and D,D’ € ® and
morphisms f: C — C" and g : D — D’, one has commutative squares

D(F(C"),D) MQ(C’,G(D)) , D(F(C),D) MC(C,G(D)) ,
F(f)*l if* g*l iG(g)*
DEF(C), D) 5 —¢(C, G(D)) D(F(C),D") Tor ¢(C,G(D")

where F(f)*(¢)) = ¢ o F(f) : F(C) — D, f*(p) = o f:C — G(D), g«(§) =
go&:F(C)— D', and G(9)«(n) = G(g)on: C — G(D").
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The following is a well-known result and will be used in the sequel.

1.3.4 Proposition. Let F: € — D, G: D — € be covariant functors. Then

(a) There is a one-to-one correspondence between natural transformations ®c p :
D(F(C),D) — €(C,G(D)) and ¢ : 1l¢ —> Go F.

(b) There is a one-to-one correspondence between natural transformations Yo p

¢(C,G(D)) — D(F(C),D) and ¢ : F o G — 1g.

Proof: (a) Given @, define ¢ by ¢ = ®¢ p(c)(idr()) : C — GF(C). Conversely,
given ¢, define ® by ®c p(g) = G(g) o pc : C — G(D).

(b) Given ¥, define ¥ by ¥p = V¢(py p(idgpy) : FG(D) — D. Conversely,
given v, define U by W¢ p(f) =vp o F(f): F(C) — D. O

Given two functors S,T : D — C, we denote by Nat(S,T) the set of natural
transformations from S to T'. The following result is easy but very important.

1.3.5 Lemma. (Yoneda lemma) Let D be a category and take a covariant functor
K : D — Set. Then given any object X in D, there is a bijection

¢ Nat(D(X,—), K) — K(X),

which maps a natural transformation n: D(X,—) — K to nx(1x).

Proof: Consider the following commutative diagram.

X D(X, X) 2+ K(X)
fl f*l lK(f)
Y D(X,Y) —— K(Y).

Then, given an element z € K(X), define a natural transformation by ny (f) =
D(f)(x). This yields an inverse to ¢,

b K(X) — Nat(D(X, —), K) .

We shall use the following basic categories: Sets and functions, denoted by Get,
topological spaces and continuous maps, denoted by Top, as well as several (full)
subcategories of Top.
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1.4 A CONVENIENT CATEGORY OF TOPOLOGICAL SPACES

The category of all topological spaces Top does not behave well with respect to
identifications. For instance, if p : X — X’ is an identification and Y is any
topological space, then the product p x idy : X x Y — X’ x Y need not be
an identification. Kelley [30] solved this problem introducing the category of com-
pactly generated Hausdorff spaces (see also [45] or [2]). This category, however,
has another pathology. Namely, if X is a compactly generated Hausdorff space and
q : X — X' is an identification, then X’ need not be Hausdorff and thus might be
outside of the category. In this section we shall introduce another category, which
was studied by R. Vogt [49] and has the desired properties, namely for spaces X
and Y in the category and the product in the category we have:

e If p: X — X’ is an identification, then X’ is in the category.

e If p: X — X' is an identification, then the product p x idy : X x Y —
X' x Y is an identification.

1.4.1 DEFINITION. Let X be any topological space. Define k(X)) as the space with
the same underlying set as X and a finer topology given by

e A C X isclosed in k(X) if and only if a1 A C K is closed for any continuous
map « : K — X, where K is an arbitrary compact Hausdorff space. We
then say that A is k-closed.

Clearly, if A is closed in X, then A is closed in k(X). Thus the identity id% :
k(X) — X is always continuous. We say that X is a k-space if X = k(X), i.e. if
the closed sets in X are precisely the ones in k(X ). Denote by K-Top the category
of k-spaces and continuous map. We call the topology of k(X) the k-topology.

1.4.2 EXERCISE. Show that indeed the k-closed sets in X constitute a topology.

1.4.3 Proposition. The assignment X — k(X) determines a covariant functor
k:Top — R-Top.

Proof: Let f : X — Y be continuous and denote by k(f) : k(X) — k(Y)
the same function. To verify the continuity of k(f), take a closed set B C k(Y),
namely such a set that 37! B C K is closed for any continuous map 3: K — Y.
Since the map 8 = id’f/ ok(f)oa=foa: K — Y is continuous, one has that
a Y k(f)™1B) = 7B C K is closed. Thus k(f)"'B C k(X) is closed. 0

1.4.4 EXERCISE. Show the following:



8 1 BASIC CONCEPTS AND NOTATION

(a) If X is a k-space and A C X is closed, then A as a subspace with the usual

relative topology is again a k-space.

(b) If X is a k-space and A C X is open, then A as a subspace with the usual

relative topology is again a k-space.

(c) Conclude that if X is a k-space and A C X is locally closed, i.e., the inter-
section of an open set and a closed set, then A as a subspace with the usual

relative topology is again a k-space.

(d) Give an example of a k-space X and a subspace A which with the usual

relative topology is not a k-space.
We have the following.

1.4.5 DEFINITION. If X is a k-space and A C X is any subset, then we define
the k-relative topology of A as the topology of k(A). A with this topology is called
k-subspace of X. For simplicity, whenever we talk about a subspace A of a k-space

X, we mean the k-subspace, even though we shall not write k(A).

1.4.6 EXERCISE. Let X be a k-space and A C X be a k-subspace. Show that the
map i : A — X has the following universal property:

(a) ¢ is continuous.

(b) If Y is a k-space, then a map f : Y — A is continuous if and only if the
composite io f : Y — X is continuous.

The following result summarizes the main properties of the functor K.

1.4.7 Proposition.

(a) The identity function id% : k(X) — X is continuous.

(b) The topology in k(X) is the finest such that any continuous map o : K —
X, K compact and Hausdorff, factors through the identity id’)“( k(X)) — X.

(¢) For every compact Hausdorff space K there is a one-to-one correspondence

between continuous maps K — X and continuous maps K — k(X).
(d) For every compact Hausdorff space K, k(K) = K.

(e) The functor k is idempotent, namely k(k(X)) = k(X) for every topological
space X.
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(f) Amap f: X — Y is continuous if and only if foa : K — Y is continuous
for every continuous map o : K — X, where K is an arbitrary compact
Hausdorff space.

Proof: Property (a) is obvious and property (b) follows by definition. Property
(c) follows immediately from (b). To show property (d), take B C k(K) closed.
Hence, by definition, !B C L is closed for any continuous map a: L — K, L
compact Hausdorff. Hence, if we take L = K and a = id : K, then B = a"'B is
closed and so id¥. : k(K) — K is a homeomorphism. Property (e) follows from
the definition of k(X). To prove property (f) assume first that f is continuous.
Then f o « is continuous for every continuous map « : K — X, where K is an
arbitrary compact Hausdorff space. Conversely assume that f o« is continuous for
every continuous map « : K —> X, where K is an arbitrary compact Hausdorff
space. To see that f is continuous, let B C Y be closed. Since f o « is continuous,
then a~'f~1B C K is closed. Hence by definition f~!B C X is closed and thus f

is continuous. O

We have the following categorical result about the category K-Top and the
functor k.

1.4.8 Corollary. The inclusion functor i : R-Top — Fop is left-adjoint to the
functor k : Top — K-Top, namely the following equality of sets holds:

where X is a k-space and Y is an arbitrary topological space.
Proof: If f : X — k(Y') is continuous, then f = idf-of : i(X) — Y is continuous.
Furthermore, if g : i(X) — Y is continuous, then by 1.4.7 (e) k(g) : X

ki(X) — k(YY) is continuous. Thus both sets &Top(X, k(Y)) and Top(i(X),Y

have exactly the same functions.

~—

O

1.4.9 ExAMPLES. The following are examples of k-spaces.

1. Compact Hausdorff spaces. Namely assume that C' is a compact Hausdorff
space and A C C is such that for any continuous map a : K — C the
inverse image a~!(A) C K is closed. Then in particular the identity map
ide : C — C' is continuous and thus A4 = id;'(A4) C C must be closed.

2. More generally, locally compact Hausdorff spaces. Namely assume that X is
a locally compact Hausdorff space and B C X is nonclosed. Hence there is a
point x € B (the closure of B) which is not in B. Hence there is a compact
(Hausdorff) neighborhood K of z in X such that z ¢ K N B, although
x € K N B. To see this, take another neighborhhod V of z in X. Hence VN K
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is a neighborhhod of  in X and consequently (VNK)NB = VN (KNB) # 0.
Thus, if i : K < X is the (continuous) inclusion, then i~}(B) = K N B is
nonclosed in K. Consequently B is nonclosed in the k-topology.

. Or even more generally, compactly generated Hausdorff spaces in the sense

of Kelley [30] and Steenrod [45]. Namely assume that X is a compactly
generated Hausdorff space and A C X is such that for any continuous map
o : K — C the inverse image a~'(A) C K is closed. Then in particular,
if ¢ C X is compact, the inclusion map ¢ : C' — X is continuous. Thus
ANC =1i"'A C C is closed and hence C is closed in the compactly generated
topology of X.

. First-countable Hausdorff spaces. Namely assume that X is a first-countable

Hausdorff space and B C X is nonclosed. Hence there is a point z € B (the
closure of B) which is not in B. Take a nested countable neighborhood basis
«-Up—1CU, CU,—1 C--- around z and for each n take z,, € U,,NB. Then
xn — x and so the set K = {z,, | n € N}U{x} is compact (Hausdorff). Thus,
if i : K < X is the (continuous) inclusion, then i "}(B) = BN K = {x, |
n € N} is nonclosed in K. Consequently B is nonclosed in the k-topology.

. CW-complexes. Namely assume that X is a CW-complex and A C X is such

that for any continuous map a : K — X the inverse image a~!'(4) C K
is closed. Then, in particular, for any characteristic map ¢; : D — X, the
inverse image ¢; '(A) C C' is closed. By definition of the topology of X, A
must be closed in X (see 1.6.3 below).

The following results give the properties of the category K-Top which will be

of interest in what follows.

1.4.10 Theorem. Let X be a k-space and assume that ¢ : X — Y 1is an iden-

tification. Then Y is a k-space. Consequently, the category K-Fop is closed under

identifications.

Proof: Assume that B C Y is such that for any continuous map 8 : K — Y, with

K a compact Hausdorff space, one has that the inverse image 37'B C K is closed.
To prove that B C Y is closed, we must show that ¢~!B C X is closed. Since X

is a k-space, it is enough to see that for every continuous map a : K — X, with

K a compact Hausdorff space, the inverse image a~!(¢~'B) C K is closed. This is
indeed the fact, since a 1(¢71B) = (qoa) !B =38"!'B,for f=qoa: K — Y.

O

1.4.11 Proposition. Assume that X = |J;2, X" has the union topology (i.e.

B C X is closed if and only if BN X" is closed in X™), where X" is a k-space.

Then X is a k-space.



1.4 A CONVENIENT CATEGORY OF TOPOLOGICAL SPACES 11

Proof: Assume that B C X is such that for any continuous map « : K — X with
K compact Hausdorff, the inverse image a~!(B) C K is closed in K. We have to
prove that B is closed in X, namely that B N X" is closed in X™. Since X" is by
assumption a k-space, we must show that for any continuous map 5 : K — X"
with K compact Hausdorff, the inverse image 3~ 1(B N X") is closed in K. But
BB NX") = a '(B) is closed, since « =i0f : K — X" < X is clearly

continuous. O

1.4.12 EXERCISE. Give an alternative proof of 1.4.11 by showing the following:

(a) If C C X is compact, then there exists n such that C' C X™. (Hint: Otherwise
one can take a sequence of points z,, € C'N (X" — X"~ 1) for all n which has

no cluster point.)

(b) If K is a compact Hausdorff space and o : K — X is continuous, then «
factors through the inclusion X™ — X for some n.

Now use that X" is a k-space.

Given two k-spaces X and Y, we consider their (usual) topological product
X Xiop Y. There are examples that show that this product need not be a k-space
(see [14]). We have the next.
1.4.13 DEFINITION. Given two k-spaces X and Y, we define their k-product by
X XY =k(X X¢pY).
Thus the product of k-spaces is again a k-space.

We must check that this is a product in the category K-%op, in other words,

that it has the universal property. For infinite products, we do the same.

1.4.14 Theorem. Let X, Y, and Z be k-spaces.

(a) The projections tx : X XY — X and my : X XY — Y are continuous.

(b)) If f: Z — X and g: Z — Y are continuous maps, then the induced map
(f,9): Z — X XY is continuous.

Proof: (a) follows from the classical case applying functor k, since by 1.4.7 (e),
kE(X) = X and k(Y) = Y. To prove (b) notice that by the universal property of
the topological product, the map (f,g) : Z — X Xtop Y is continuous. Applying
functor k£ we have a continuous map (f,g) : k(Z) — k(X Xiop Y). But again
k(Z) = Z, hence the result. 0
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1.4.15 Proposition. Let C be a compact Hausdorff space and Y an arbitrary
space. Then the following hold:

(a) CxY =C xop k(Y).

(b) IfY is a k-space, then C XY = C X¢op Y.

Proof: Since (b) is clearly a consequence of (a), we just prove (a). To that end,
let us take a k-closed set B C C' Xiop Y, namely such that for any continuous
map « : K — C X¢op k(Y), K a compact Hausdorff space, the inverse image
a~1(B) C K is closed. We must prove that B is closed in C Xop k(Y).

Take (x,y) € C Xop k(Y) — B. The inclusion C x {y} < C Xyop k(Y) is a
continuous map from a compact Hausdorff space, hence BN (C x {y}) is closed
(compact) and thus there is a neighborhood U of z in C such that (U x {y})NB = 0.
Let A CY be the image under the projection of (U Xtop Y) N B C C Xyop Y and
let 5 : K — Y be a continuous map from a compact Hausdorff space. The map
ixB:U Xtop K — C Xiop Y, where 7 is the inclusion, is continuous with a
compact Hausdorff domain. Hence by assumption, (i x 8)"1(B) C U Xiop K is
closed and thus also 3714 C K is closed. Therefore, A is k-closed in Y. Since
y ¢ A, we have that U xiop, (Y — A) is a neighborhood of (z,y) in C' Xop Y such
that (U X¢op (Y — A)) N B = (). Consequently B C C Xyqp k(Y) is closed. 0

In order to prove the second property of the category R-Top, namely that the
product of identifications is an identification, we have to develop some theory.
First recall that given two topological spaces X and Y one can endow Top(X,Y)
with the compact-open topology defined as follows. Let C C X be any compact
set and let U C Y be any open set. Then the topology has as subbasis the sets
(C,U) ={f € Top(X,Y) | f(C) C U}. Denote the resulting topological space by
Fop.,(X,Y). This map space need not be a k-space, even if X and Y are k-spaces.
Therefore we have the next.

1.4.16 DEFINITION. Let X and Y be k-spaces. Define their k-map space by
M(X,Y) =k(Top,(X,Y)).

Thus the k-map space of k-spaces is again a k-space. If we are dealing with pointed

spaces, denote by M,(X,Y") the k-subspace of M (X,Y") of pointed maps.

We shall need the following result.

1.4.17 Proposition. The mapping f — f, where f(x)(y) = f(z,y), yields a
natural bijection

©: R-Top(X x Y, Z) — R-Top(X, M(Y, Z)).



1.4 A CONVENIENT CATEGORY OF TOPOLOGICAL SPACES 13

Before we proceed to prove Proposition 1.4.17, we prove the following lemma.

1.4.18 Lemma. If K is a compact Hausdorff space and Y is any topological space,
then the evaluation map exy : Top,(K,Y) Xop K — Y given by exy(f,z) =
f(z) is continuous.

Proof: This is a special case of the more general result where K is a locally compact
Hausdorff space (see Proposition 1.3.1 in [2]). 0

The evaluation map has the following universal property which will be used

below.

1.4.19 Proposition. Assume that the evaluation map ey,z : Top (Y, Z) x Y —
Z s continuous and consider a commutative diagram

X Xtop Y ! Z

—~ ey,z
ﬂk

‘IOPCU(Y, Z) X top Y.

Then f is continuous if and only iff s continuous. O

1.4.20 Lemma. Given a continuous map f : X XY — Z, where X and Y are
k-spaces, the adjoint map f: X — M(Y,Z) given by ]?(a:)(y) = f(z,y) is also

continuous.

Proof: Since X is a k-space, it is enough to prove that the composite K —— X !

M (Y, Z) is continuous, where K is a compact Hausdorff space and « is continuous.
First notice that the commutative diagram

aXidY

Xxy 1

| A

K Xiop Y —= X Xiop Y
top ©  xidy top

KxY VA

shows that the composite f o (a X idy) : K Xtop ¥ —> Z is continuous. Hence
it has a continuous adjoint f o (a xidy) : K — Top,(Y, Z). The following is a

commutative diagram:

—

K fo(aXidy) zopco (YY’ Z)

o Ju

X _ M(Y, Z).
f

Applying Proposition 1.4.7, the continuity of ffollows. ad
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1.4.21 Lemma. IfY is a k-space, then the evaluation map ey z : M(Y, Z)xY —
Z 18 continuous.

Proof: 1t is enough to prove that for an arbitrary continuous map « : K —
M(Y,Z) xY, where K is compact Hausdorff, the composite ey, z o a is continuous.
Let o = (o, a2) and consider the commutative diagram

€Y,z

K—2 > M(Y,Z)xY ’ Z

6l TidXQQ ey, z

K x K —m MY, 2) X K s M(K, 2) % K — = Tope (Y, Z) Xiop Y -

a1 X1

where § is the diagonal map. Since the composite ey, z oido (o x id) o (o x id) 0 &
is continuous, the map ey,z o o on the top is continuous as desired. O

Since the evaluation map ey z : M(Y,Z) x Y — Z is continuous if Y and
Z are k-spaces, we may now restate Proposition 1.4.19 to obtain the universal
property of the evaluation maps for the category K-Top.

1.4.22 Proposition. Consider a commutative diagram

XxY /

h >z

M(Y,Z)x Y.

Then f is continuous if and only z'ff 18 continuous. ad

We are now ready for the proof of Proposition 1.4.17. Namely, take first f €
R-Top(X x Y, Z), that is, a continuous map f : X x Y — Z. Then O(f) = f:
X — M(Y, Z) is continuous by Lemma 1.4.20. Conversely, if Fix— M(Y,2)

is continuous, then

o X xy Y vy, 2y xy 24 7

is continuous, since by Lemma 1.4.21, ey, 7 is continuous. O

Before passing to the proof, we state our desired result.

1.4.23 Theorem. Assume that X and Z are k-spaces and that p: X — Y is an
identification (thus Y is a k-space too). Then p xidy : X x Z — Y X Z is an
identification.
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Proof: Since p is surjective, p x idy is surjective too. Assume that g : Y xZ2 — W
is such that the composite g o (p x idz) is continuous. To prove that p x idy is
an identification, we must show that from the assumption it follows that ¢ is

continuous.

Consider the bijections, as given in Proposition 1.4.17,
O: R-Top(X x Z,W) — KTop(X,M(Z,W)),

O : &Top(Y x Z, W) — &-Zop(Y,M(Z,W)).

Since go (p x idyz) : X x Z — W is continuous, so is its image O(go (p x idyz)) :
X — M(Z,W), which is given by

O(g o (p xidz))(z)(2) = g(p x idz)(x, 2) = g(p(x), 2) .

Furthermore we have the following commutative triangle

x%

Y.

X

Indeed, ©'(g)(y)(z) = g(y, 2), so that if z € X, then ©'(g)p(z)(z) = g(p(x),2) =
O(g o (p x idz))(x)(2).

But by hypothesis, p is an identification. Thus, since ©’(g)p is continuous and p
is an identification, so is ©’(g) continuous. On the other hand, since ©’ is bijective,
it follows that g = ©’~10'(g) is continuous. 0

Since the composite of identifications is an identification, we have the following.

1.4.24 Corollary. Assume that X, Y, W, and Z are K-spaces and thatp : X —
Y and q : W — Z are identifications. Then p X q: X x W — Y X Z is an

identification.

Proof: Just observe that p x ¢ = (idy X ¢q) o (p x idy) and that by the previous
theorem, idy x ¢ and p x idy are identifications. O

To finish this section, we prove that © induces isomorphisms in &-Top.

1.4.25 Theorem. Let X and Y be k-spaces. Then
O: MX,M(Y,Z) — M(X xY,Z2)

1s a natural homeomorphism.
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Proof: Consider the diagram

el xid

M(X,M(Y,Z)) x X xY M(Y,Z)xY

ez xid
Oxidxid €2

M(X xY,Z)yx X XY zZ,

€3

where e; = ex (v,z), €2 = €y,z, and e3 = exxy,z. Since © makes the diagram
commute, it is continuous by the universal property 1.4.22 of es. The triangle on
the bottom commutes by definition of é3. Thus €3 o (O x id) = e; due to the

universal property of es. By the universal property of e, there is a unique map
UV:MXxY,Z)— M(X,M(Y,Z2))
such that e; o (U x id) = é€3. On the other hand,
e30((@oV) xid xid) =ez0 (e xid)o (¥ x id x id) = ez 0 (€3 x id) = e3,
e10((PoO)xid) =eé30(0 xid) =e;.

Hence, by the universal properties of e3 and e, we have @ o ¥ = id and Yo © = id.
Thus ¥ and © are inverse homeomorphisms. O

1.4.1 The pointed category of k-spaces

Pointed spaces will play a central role in this book. Recall that a pointed space is
a k-space X together with a base point rg € X. There are several constructions
we shall be interested in. Many of them rest upon the unit interval I = {t € R |
0 <t < 1} considered as a pointed space with 0 as the base point. Whenever we
take quotient spaces of the form X /A, we take as base point of them the point
onto which A collapses. If A = ), then we put X/A = X+ = X U {x} taking the
isolated point as base point. In what follows, given two pointed spaces X and Y,
we shall denote by M, (X,Y’) the map space of pointed maps, which is a subspace
of the map space M (X,Y) as defined above.

1.4.26 DEFINITION. Let X and Y be pointed spaces.

(i) We define the wedge sum or simply the wedge X V'Y of the spaces X and
Y as the subspace X x {yo} U{zo} x Y C X x Y and we define their smash
product X N'Y as the quotient space X x Y/X VY. We denote the class of
the pair (z,y) in X AY by 2 A y. Notice that the 0-sphere S° = {0, 1} acts
as a neutral for the smash product, namely X AS° ~ X.

(ii) A special role will be played by the cone of X, CX = X A I, and the
suspension of X, XX = X A'S!, where by definition S' = I'/SY. There is an
embedding X — C'X given by x — x A 1. It is an easy exercise to show that
CX/X = ¥X.
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(iii) We shall also use the path space PX defined as the set of pointed maps
M.(I,X)={ce M(I,X)|o(0) =xz0}. We consider also the loop space QX
defined as the set of pointed maps M, (S', X) = {\ € M(I,X) | \(0) = zo =
A1)}

1.4.27 EXERCISE. Show that for all m,n > 0 there is a homeomorphism S™AS™ ~
S™+n_ (Hint: Use the facts that a sphere S¥ is the one-point compactification of
R* and that the one-point compactification of a product of spaces is the smash
product of the one-point compactification of each of the spaces.)

Recall the homeomorphism M (X xY, Z) ~ M(X,M(Y,Z)). If we consider the
subspace of M (X xY, Z) of those maps which send X VY to the base point zg € Z,
this space corresponds via the homeomorphism to the subspace M, (X, M. (Y, Z)
of M(X,M(Y,Z). Since maps which send X VY into a point are in one-to-one
correspondence with pointed maps of the smash product, we obtain the following
pointed version of 1.4.25.

1.4.28 Theorem. Let X, Y, and Z be pointed k-spaces. Then there is a natural

homeomorphism
O, M (X, M.(Y,Z)) — M, (X ANY,Z).

O

This means in particular that the functor 8-Top — K-Top given by X — XAY
is left adjoint the functor Z +— M, (Y, Z). A special case is obtained taking Y = S*.

Then we obtain the next.

1.4.29 Theorem. Let X and Z be pointed k-spaces. Then there is a natural home-
omorphism
O : M,(X,QZ) — M.(XX,Z).

We finish the section with a basic definition of a general character.
1.4.30 DEFINITION. Under a topological (abelian) group we shall understand an
abelian group F' such that F' is also a k-space and the map
FxF—F, (uv)—u—v
is continuous. Here the product is, as always, the product in K-Fop.
1.4.31 EXERCISE. Show that the continuity condition imposed in the definition
of a topological (abelian) group is equivalent to the continuity of the sum, namely

of the map F' x F' — F, (u,v) — u+ v, and the continuity of the pass to inverse,
namely of the map FF — F, u— —u
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1.5 SIMPLICIAL COMPLEXES

In this section we shall speak about simplicial complexes, also called triangulated
spaces or polyhedra. There are two closely related concepts: that of an abstract
simplicial set, which has combinatorial character, and that of a geometric simplicial
complex which is already a topological space.

1.5.1 DEFINITION. An abstract simplicial complexr C consists of a set of vertices
V(C) and for each integer k > 0 a set C* consisting of subsets of V(C) of cardi-
nality k + 1, which satisfy the following conditions

(a) For each vertex v € V(C), the singleton {v} € C°.

(b) Each subset of a set in C* with j + 1 elements of them must lie in C7.

In other words, V(C) is an arbitrary set of points v called vertices. Each C* consists
of subsets o = {vg, v1, ..., v} of V which satisfy that if o/ C ¢ has cardinality j+1,
say o' = {viy, Vi, - - -, Vi, }, then o’ lies in C7. Formally, C = C°uC'U---UCkU- - .
A simplicial complex C is finite dimensional of dimension n if C* = () for all
k > n. An element o of C* is called a simplex of dimension k, or k-simplex of
C. Furthermore, a nonempty subset ¢’ of a k-simplex o is called a face of . The
set C¥ is called the k-skeleton of C. A simplicial complex D such that for each k,
DF ¢ CF is called a simplicial subcomplez.

Ve

Vg

V2 v7

Us

Uo'

U3

Figure 1.1 A simplicial complex

It is convenient to consider ordered simplicial complexes, namely simplicial
complexes C such that the set of vertices C? is partially ordered, and each sim-
plex ¢ with the induced order is totally ordered. In this case we shall write
[Vigs Vig s - - -, ;] for a k-simplex if and only if v;; < v;, if and only if j < I. Notice
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that a simplex o € C can be considered as a simplicial complex (a subcomplex of

0).

Hence, given a partially ordered set V, then the set C(V, <) of totally ordered
subsets ¢ C V with k+1 elements is the k-skeleton of an ordered simplicial complex

c(V,<).
1.5.2 EXAMPLES. The following are important examples of simplicial complexes.

1. For each n € N, define a simplicial complex D,, as follows. Consider V (D,,) =
{0,1,...,n}, n > 0, with the obvious order. Then D¥ consists of all sets of
the form {ig,41,...,9x} such that ip < iy < -+ < ig.

2. Let {U; | i € Z} be a family of subsets of a set X and consider the set
C(I)* = {{ir, ... igy CT | iy # iy if m#n and U;,N---NU;, # 0, k € N}.

Then these sets constitute a simplicial complex C(Z). If the family {U; | i €
T} is a cover of a topological space X, then the simplicial complex C(Z) is
called the nerve of the given cover.

3. Given a simplicial complex C there is an associated ordered simplicial com-
plex sd C, called the barycentric subdivision whose partially ordered set of
vertices V (sd C') consists of all simplexes of C' with the partial order relation
given by

o<t ifandonlyif oCr.

1.5.3 DEFINITION. Given a simplicial complex C , we define its geometric realiza-

tion as the set

IC| =% a:V(C)—1I|a"'0,1] € C and Z alv) =1
veV(C)

Notice that a~1(0,1] is finite. The metric topology of |C| is given by the metric
defined by pco(a, ) = \/Zvev(c)(a(v) — B(v))? (where the sum is finite). We

denote this metric space by |C|metric- By restriction of the metric to the geometric

realization |o| C |C|metric; we furnish |o| with a topology. The topology that we
take in |C| is the coherent (weak) topology with respect to the closed subsets |o|,
that is, we declare a subset A C |C| to be closed if and only if the intersection

AnN|ol is closed for all simplexes o € C.

1.5.4 EXAMPLE. Let D be the simplicial complex of Example 1.5.2 1. Its geometric

realization |D,,| is homeomorphic to the standard n-simplex

A" = {itiei ‘ iti = 1}
1=0 =0

and the homeomorphism is given by o — > a(k)ey, where eg = (1,0,...,0),
e1 = (0,1,0,...,0),..., e, = (0,...,0,1) € R*"!. See Figure 1.2.
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AZ

0
Figure 1.2 The standard 1-, 2-, and 3-simplexes
More generally than in the example, if we take any set of points V' = {zg, ...,z }
in R™ which are affinely independent (i.e. the k vectors x1 — xzg,...,xp — xo are

linearly independent), then its convexr hull, namely the set

k k
§= {Z/\zl‘z | A >0, Z/\izl} CR"
i=0 i=0

is a Fuclidean simpler in R™. The interior of £ is given by

k k
=0 =0

The faces of € are the convex hulls of the subsets of V.

1.5.5 REMARK. |C| is the union of its skeletons. More precisely, it is a filtered
space
IC|D>--->|C* > |Cc* Yo o0,

where the 0-skeleton |C| is discrete and the difference between the k-skeleton and
the (k — 1)-skeleton |C*| — |C*~1| is a disjoint union of k-cells, namely the interior
of geometric k-simplexes (see the previous example). Hence |C| is a CW-complex.
A topological space X together with a homeomorphism ¢ : |C| — X is called a
polyhedron and the map ¢ is called a triangulation of X.

1.5.6 EXAMPLE. The five regular polyhedra, namely the tetraheder, the cube, the
octaheder, the dodecaheder, and the icosaheder are Euclidean simplicial complexes
with 4, 8, 6, 20, and 12 vertices, respectively.

More generally than in the example above, we have the next.
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1.5.7 Lemma. Given a k-simplex o in a simplicial compler C, the geometric

realization |o| is homeomorphic to the standard k-simplex AY.

Proof: Given a € |o|, where o = {vg,v1,...,v}, define ¢ : |o| — AF by ¢(a) =
Zf:o a(v;)e;, wheree; = (0,...,1,...,0),i=0,1,...,k, is the canonical generator
of R*¥1. Then ¢ is a homeomorphism with inverse ¢ : A" — |o| given by

(o tiei) (v;) = t;. 0

Given two (ordered) simplicial complexes C' and D, by a simplicial map we
shall understand a (-n order-preserving) function f : V(C) — V(D) such that
if {viy, viy,...,0i, } is a k-simplex of C, then {f(vi,), f(vi,),..., f(vi,)} is an I-
simplex of D. Given such an f, it defines a map |f| : |C| — |D| given by

[Fl(@)(w) = 3 e p-1 () @(v)-
1.5.8 Proposition. The map |f| : |C| — |D] is continuous.

Proof: 1t is enough to check the continuity of the restriction of |f| to an arbitrary
k-simplex |o|. By 1.5.7 it is equivalent to check the continuity of the corresponding

map between standard simplexes. Thus take the square

o] —2— Ak

|
|f|a|i Lf
Y

7| —— al,
P
where ¢ and v are the homeomorphisms given in Lemma 1.5.7 and f’ is such
that the square commutes. Thus |f||, is continuous if and only if f’ is continu-
ous. So it is enough to compute f’. Let o be the simplex {vg,v1,...,v;} and take
a € |ol, ie. a: {vg,v1,...,vx} —> I such that a(vg) + a(v1) + -+ + a(vg) = 1.
If f(o) = {wo,w1,...,w}, then clearly f' : A* — Al is given by f'(e;) =
Yic F1(w;) oz(vi)> e; and then extending the map affinely. Thus clearly f is con-

tinuous. O

1.5.9 EXAMPLE. If & < n, we may define a simplicial map Dy — D,, by sending
itoif 0 <i <k.If k> n we may define a simplicial map Dy — D,, by sending
i to 1 if 0 < ¢ < n, and sending i to n if i« > n. Figure 1.3 shows D; — D5 and
Dy — D;.

It is an easy ezercise to prove the next result.

1.5.10 Proposition.

(a) Abstract simplicial complexes together with simplicial maps build a category
Gimcom.
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1 1 1 1
(] [ J
/ y /ﬁ\%\
[ J [ ]
0 0 2 2 0 0

Figure 1.3 The simplicial maps D1 — Dy and Dy — Dy

(b) The geometric realization is a functor Gimcom — Top. 0
In contrast to the concept of an abstract simplicial complex, we have the next.

1.5.11 DEFINITION. A Fuclidean simplicial complex X is a finite family of sim-
plexes in R™ for some n, such that the following hold.

(a) If € is a simplex of X, then every face of £ is a simplex of X.
(b) If & and &, are two simplexes of X such that their interiors meet, i.e. £;NEy #
@, then fl = ég.

1.6 CW-COMPLEXES

A category which will be used along the text is that of the CW-complexes. Since
we shall relate CW-complexes with simplicial complexes and even simplicial sets,
it is convenient to replace unit balls with standard simplexes and spheres with the
boundary of standard simplexes. Thus we start with the following.

1.6.1 DEFINITION. Define the nth standard simplez A™ C R*T n > 0, as the set

n
A" = {toeo—l—t161+---+tnen [6:>0, Y ti= 1} ,

i=0
where eg, €1, . . ., e, are the unit vectors (1,0, ...,0), (0,1,...,0),...,(0,0,...,1) €
R+ respectively. It is sometimes convenient to write the elements of A™ as n+ 1-
tuples (o, t1,...,t,) such that t; > 0 for all 4 and > " ;¢; = 1. In the case of n = 1,
one has that the elements of Al are pairs (1 —#,¢) with 0 < ¢ < 1. Thus one can
canonically identify the standard 1-simplex A! with the unit interval via I — Al
given by t + (1 —t,t) with inverse A! — I given by (t,t1) + t1 (this identifies
0 € I with eg € R? and 1 € I with e; € R2. The boundary A" of A" is defined as
the set

A" = {toeo + t1e1 + -+ - + tpe, € A" | t; = 0 for at least one i} .
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1.6.2 EXERCISE. Show that one has homeomorphisms
p: A" — D" and ¢: A" — s

(Hint: The orthogonal projection onto R™ € R"*! sends A™ homeomorphically to
a compact convex set in R"™ with nonempty interior.)

1.6.3 DEFINITION. A CW-complez X is a filtered space X = [J,, X™ with the
topology of the union, where the 0th skeleton X is a discrete subspace, and the
nth skeleton X" is defined from X"~ ! as follows. Take an index set Z,, and for
each i € Z,, a continuous map ; : SZ.”*l — X", where Sinfl is a copy of the
boundary A" of the nth standard simplex A" (or a copy of the unit n — 1-sphere
S"~1). Define X™ as the attaching space

xmtuy [ pr
icIn

where D" is a copy of nth standard simplex A™ (or a copy of the unit n-ball D")
and ¢ : [Liczn Ssp=t — X1 s given by Y| gn-1 = 1. Clearly X" ! is a closed
subset of X"™, hence A C X is closed if and o;ﬂy if AN X" is closed for all n. If
qn : [ DU X"~ — X" is the identification map, n > 0, then for each i € T,
the map ¢; = q‘D? : DY — X" is called the characteristic map of the ith n-cell.
The image of ¢; is denoted by el and is called a closed n-cell of X. We say that
the CW-complex X is regular if for every cell €', the characteristic map is an
embedding. We denote the category of CW-complexes by €2 and the category of
regular CW-complexes by SRE.

We have the next.

1.6.4 Proposition. Let X be a CW-complexr. A subset A C X is closed if and
only if go;lA C D = A" is closed for every i € I, and every n > 0. Equivalently,
A is closed if and only if AN el is closed for any closed cell € of X. ad

1.6.5 EXAMPLES. In the following examples it is convenient to take DY = D7 and
STt =get,

1. The unit g-sphere S? is a CW-complex such that X0 = X! = ... = X971 =
{zo} and S? = X1 is obtained as an attaching space X° Uy D9, where 1 :
S?=1 — X9 is the obvious map.

2. The g-sphere can be seen as a regular CW-complex. One may alternatively
define S? as the space filtered by the subspaces X" = S* ¢ Rl n =
0,1,...,q with the canonical inclusions. There are two attaching maps 1/1?_1 :
Sr=t — S*~1 i = 1,2, each of which is the identity, n =1,2...,q — 1.
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3. The real projective space RP? is a CW-complex filtered by the subspaces
X" =RP" n=0,1,...,q with the canonical inclusions. The attaching map
Pl snl 5 X1 = RP"! is the antipodal identification.

4. The complex projective space CP? is a CW-complex filtered by the subspaces
Xl = X?» = CP", n = 0,1,...,q with the canonical inclusions. The
attaching map "1 : §2"~1 — X"~1 = CP" ! is the usual identification
given by the equivalence relation z ~ 2’ if there is ¢ € S! such that 2’ = (z,
where z, 2/ € §?»~1 c R?" = C™.

5. The geometric realization |K| of an abstract simplicial complex is a regular
CW-complex with one n-cell for each nondegenerate n-simplex of K.

1.6.6 EXERCISE. Describe the examples 1.-5. above in terms of the standard sim-
plexes D} = A% and their boundaries Sz-q_1 = A1,



CHAPTER 2 ELEMENTS OF SIMPLICIAL SETS

IN THIS CHAPTER we shall study the notions on simplicial sets that will be needed
in the book. Simplicial sets are an alternative to the study of (nice) topological
spaces from a combinatorial viewpoint. This approach to algebraic topology dates
back to the early fifties, when Eilenberg and Zilber studied the singular homol-
ogy theory. Simplicial sets lie halfways between topology and algebra, since their
nearness to algebra makes the computation of homotopy and homology groups
easier, while one can define for simplicial sets many topological concepts, such as

connectedness, homotopy, fibrations, et cetera.

2.1 SIMPLICIAL SETS

In this section we define the concept of simplicial set. We start considering the
category A whose objects are the ordered sets n = {0,1,2,...,n}, n € N, and
whose morphisms are monotonic (order-preserving) functions p : m — n, namely,
if i <j e m, then p(i) < u(j) € n.

2.1.1 DEFINITION. Let € be any category. Then a simplicial object of € is a con-
travariant functor K : A — C. We denote by K, the value of K at n and we call
its elements n-simpleres. Furthermore, if 4 : m — n is a morphism in A then we
denote by u¥ : K,, — K,, the morphism K (z1). Given two simplicial objects K
and K’ of €, we define a morphism ¢ : K — K’ to be a natural transformation
of functors. Namely, for each n € N, one has a morphism ¢,, : K,, — K, such

that for any morphism p : m — n, the following diagram commutes:

Pn /
K, "~ K

I

!/

We have a category simp-€ of simplicial objects of €.

2.1.2 DEFINITION. Assume that € is a category that admits subobjects of its
objects. Given a simplicial object K of €, we shall understand by a simplicial
subobject a simplicial object L of € such that for each n, L, is a subobject of K,
and the inclusions L, — K, induce a morphism L < K of simplicial objects.

25
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2.1.3 EXAMPLES. The next will be useful examples in what follows.

1. If € = Get is the category of sets, then the simplicial objects are called
simplicial sets. We denote the category of simplicial sets simply by &G&et. In
this case, given a simplicial set K, we have the concept of a simplicial subset,
which is a simplicial set L such that for each n, L, C K,. This allows to
define the concept of a quotient of simplicial sets K /L, which is a simplicial
set which for each n is given by (K/L),, = K,,/Ly. If L is a simplicial subset
of K, it is an easy ezercise to show that K/L is a simplicial set too.

2. If € = &rp (or 2Ab) is the category of (abelian) groups, then the simplicial
objects are called simplicial (abelian) groups. We denote the category of
simplicial groups by G®&tp (or S2(b in the abelian case). As above, given a
simplicial group I', we have the concept of a (normal) simplicial subgroup A,
such that for each n, A,, C I'), is a (normal) subgroup. Defining (I'/A),, =
I'y,/A, (group quotient), it is an easy ezercise to show that we obtain a
simplicial set (or group).

A source of new simplicial objects is given by the following.

2.1.4 Proposition. Let K be a simplicial object of a category € and take a covari-
ant functor F': € — 3. Then the composite functor F o K is a simplicial object
of ©. For each n € N, the object (F o K),, is given by F(K,) and if p : m — n
is a morphism in A, then puf°% = F(ufc). 0

Given a simplicial set K, for each n € N there are two types of operators,
namely the degeneracy operators s; : K, — Kn4+1 and the face operators d; :
K, — K,_1, 0 < i < n. These operators are determined by s; = K(o;) and
d; = K(0;), where 0; :n+1 — n and é; : n — 1 — n are given by

. J if j <14 . J if j <
i(J) = 9" o 0i(7) =1~ e
7i(J) {]—1 if j >4 (7) {j+1 ifj>1.

2.1.5 EXERCISE. Show that any morphism g : m — n of A is a composite of
face and degeneracy morphisms.

2.1.6 EXERCISE.

(a) Show that the morphisms §; : n — n+ 1 and 0; : n + 1 — n satisfy the
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following relations:
0j0; = 03051 ifi<y,
Uj(si:(SiO'j_l ifi <y,
0j0; = 0041 = idn,
ajéi:(ii_laj ifi>j3+1,

040; = 0i05+1 lflgj

(b) Conclude that the following simplicial identities hold:
didj = dj_ldi if i < j,
dZ'Sj = ijldi ifi < j,
djsj = djt15; = idk, ,
diSj = dei,1 ifi>7+1,

iS5 = 854154 if 4 S j .

Recall the nth standard simplex A™ C R™™1, n > 0, defined as the set

n
A" = {toeo+t161—|—---—|—tnen | t; >0, Zti: 1} ,

i=0
where eg, e, . . ., e, are the unit vectors (1,0,...,0), (0,1,...,0),...,(0,0,...,1) €
R"™*!. The face morphisms 6; : n — 1 — n and the degeneracy morphisms o; :
n+1 — n induce maps ;% : A" — A" by sending each vertex e; to €s;(5)
and o4 : A"l 5 A" by sending each vertex e; to €4,(;), respectively, and then
extending them affinely.

2.1.7 ExamMPLES. The following are two manners of associating simplicial sets to
topological spaces.

1. Given a topological space X, we can associate to it the singular simplicial
set S(X) : A — Get as follows
S(X)(n) =8, (X)={a: A" — X | a is continuous} .
Its face and degeneracy maps are given by
di(a) =aoduy : A" — X, si(@) = ooy : A" — X
As a functor, S(X) : A — Get is defined as follows. If 4 : m — n is
a morphism of A, then ;1 determines a map pux : A™ — A" by mapping
each vertex e; € A™ to e, € A" and then extending affinely. Then the

function pS(X) : Sp(X) — Sm(X) is given by uS(a) = avo iy. An element
o € 8,(X) shall be called a singular n-simplex of X.
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A2

Figure 2.1 A singular 2-simplex in a space X

2. If C' is an ordered abstract simplicial complex, then we can associate to it a
simplicial set K(C) such that

K(C)m = {(vo,v1,...,vm) | {vo,v1,...,vm} € Covg <vp < -~ <o}y

and the face operator dZK(C) : K(C)yy — K(C)py—1 is given by

K(C ~
d; ( )(vo,...,vm) = (V0y -y Uiy v ey Um) s
where the hat means that the vertex v; is removed, and sf((c) : K(C)y, —
K(C)m41 is given by

K(C

s; ( )(vo,...,vm) = (V0y -« Viy Viy ey Umm)
It is an easy exercise to show that these operators satisfy the simplicial
identities 2.1.6 (b).

This construction is a functor, namely if f : C — D is a simplicial map,
then we define K(f) : K(C) — K(D) as follows. Give K(f), : K(C),, —

K (D), by K(f)(vo,v1,...,vn) = (f(v0), f(v1),..., f(vy)). Thus we have a
functor Gimcom — SGet.

2.2 GEOMETRIC REALIZATION

The last example in the previous section shows how to produce from a topological
space simplicial sets. The following definition links the combinatorics of the sim-
plicial sets with the topology. Concretely it assigns to a simplicial set a topological

space.
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2.2.1 DEFINITION. Let K be a simplicial set. Endow each set K, with the discrete
topology and take the standard simplex A" with its relative topology as a subspace
of R"1. The geometric realization of K is given by

|K| = ﬁKn X A" [~
n=0

with the quotient topology, where the equivalence relation ~ is generated by the
relation (z, uy(t)) ~ (u¥(x),t) for 4 : m — n, where x € K,, and t € A™. We
shall denote by [z, s] the equivalence class of (z,s) € K, x A™ and call it geometric

simplex.

According to 2.1.5, it should be enough to consider the equivalence relation
generated by the relations (x, §;4(s)) ~ (di(x), s) and (x, 04 (t)) ~ (si(x), t), where
€Ky, s A" and t € A",

Given a morphism of simplicial sets ¢ : K — K’, we may define a continuous
map |p| : |K| — |K’| as follows. Consider the diagram

nxid
1L, Kn x A” H#n xi 1L, K, x A"
K== === === |,

where ¢ and ¢ are the respective quotient maps. The map |p| is well defined and
thus continuous, since it is compatible with the quotient maps, namely if © : m —
n is a morphism in A, then (¢, 1% (2),5) = (1% on(x), 5) ~ (pn(x), px(s)), where
the equality holds because ¢ is natural. Thus equivalent elements are mapped by
[ ¥n x id to equivalent elements.

It is a routine exercise to prove the following.

2.2.2 Proposition. The realization is a functor, namely the equalities |idx| =
idg| and [ ol = [ilolp| hold if p: K — K" and ¢ : K' — K" are morphisms

of simplicial sets. O

2.2.3 Proposition. Let C be a simplicial complex and let K(C) be its associated
simplicial set. There is a natural homeomorphism ¢ : |C| — |K(C)|

Proof: Take o € |C|, a : V(C) — I, and define ¢(a) = [z,s] € |[K(C)|, where
T = (V0,01,...,v,) € K(C), if a=(0,1] = {vg,v1,..., 00}, vo < v1 < -+ < Uy,
and s = a(vg)eg + a(v1)er + - - - + vy ) e, € A™. Conversely, define ¢ : |K(C)| —
|C| as follows. Let (x,s) € K(C)y, x A™ be a representative of an element in |K (C')
such that z = (vo,v1,...,v,) and s = speg+si1e1+- - +spep, s; #0,i =0,1,...,n,
and define

s; ifv=wv;,i=0,1,...,n,

W (2,5): V(C) — T by ¢/ (2, 8)(v) = {

0  otherwise.
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It is an easy ezercise to show that ¢’ is compatible with the equivalence relation
which defines |K(C)| and thus it determines . It is also easy to verify that both
o and 1 are continuous and inverse to each other. a

The next family of simplicial sets will be very important in what follows.

2.2.4 DEFINITION. The simplicial set Alg] : A — Get given by Alg], = A(n, q)
is called the ¢-model and the simplicial subset Afg] : A — Get given by Algl, =
{0 :n — q | 0 is not surjective} is the boundary the g-model.

2.2.5 EXERCISE. Show that the geometric realization of the g-model is the stan-
dard g-simplex, namely |Ag]| =~ A% Furthermore show that |Afq]| =~ A4,

2.2.6 EXERCISE.

(a) Verify that Alg] is indeed a simplicial set and show that its geometric real-
ization |A[g]| is canonically homeomorphic to the standard g-simplex A?.

(b) Verify that A[q] is also a simplicial set and show that its geometric realization
|A[g]| is canonically homeomorphic to the boundary A? of the standard ¢-

simplex.

If one takes a monotonic function o : @ — n, one can associate to it the
simplex o*(n) € A[n],, which clearly determines a one-to-one relation between
monotonic functions ¢ — n and the g-simplexes of A[n|. Indeed we have the

next.

2.2.7 Proposition. There is a bijection between the set of monotonic functions
A(q,n) and the set of morphisms of simplicial sets SSet(Alq], An]).

Proof: Map the function a : ¢ — n to the morphism given by

[q] — ((0), (1), ala))

namely a : Alg] — A[n]. Then «([q]) = o*([n]). 0

In other words, the last result states that we have a full subcategory of the

category of models which is isomorphic to A.

2.2.8 EXERCISE. Consider the simplicial set 97! : A — Get given by yit =
{c:n—q—-1]0()=0,i=0,...,q— 2}, Egj = {idq_1}, and 347" = {0 :
n — q — 1| o is surjective}. Verify that X971 is indeed a simplicial set and show

that its geometric realization is homeomorphic to the ¢ — 1-sphere SI—1.
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2.2.9 ExaMpPLE. If € = 2b is the category of abelian groups and G : A — 2bis a
simplicial abelian group, then its geometric realization |G| is an abelian topological
group (see below). We postpone the proof of this nontrivial fact.

2.2.10 Theorem. Let K be a simplicial set and Y be a k-space. Then there is a
natural bijection
K-Top(|K|, X) = SGet(K,S(X)) .

In other words, the functor | -| is left-adjoint to the functor S.

Proof: According to Lemma 1.3.5, for the proof we shall need the following canon-
ical morphisms which relate the geometric realization and the singular simplicial
set construction. First consider a simplicial set K and let

(2.2.18) ag : K — S(|K]) be given by ay,(x)(s) = [z, s]

for x € K, and s € A™ We have to show that ay is natural, i.e., that given
4 : m — n, the following is a commutative diagram:

L

K —= Sn(K]),

where we shorten the notation (ag ), by writing simply «,,, and similarly for m.
To see this, we chase an element x € K,, along the diagram. Going right and down
and evaluating in ¢t € A™, we obtain pSay, (2)(t) = an(2)(ue(t) = [z, ue )],
while going down and right, we obtain oy, (u (2))(t) = 1" (z),t]. Thus both are
equal.

If X is a topological space, let also
(2.2.19) px |S(X)| — X

be given by
px([o,t]) = o(t) where o € S§,(X), t € A".

To see that px is well defined consider a morphism g : m — n. Then by
definition (1%(0))(s) = o(ux(s)). Therefore, both px([uS(c),s]) = (u5(0))(s)
and px ([0, p1(5)] = 0 (j14(s)) are equal.

We pass to the proof of the theorem. Consider the function
Ry x : 66Get(K,S(X)) — Top(|K|, X)

given by Rg x(¢) = px o |p|. Explicitly, if ¢ : K — S(X) is a morphism of
simplicial sets, then ¢ maps each simplex x € K, to a singular simplex ¢(z) :
A" — X. So we have R x(¢)([z,s]) = on(x)(s).
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On the other hand, consider the function
A x  Top(| K|, X) — SGet(K,S(X))

given by Ak x(f) = S(f)oak. Explicitly, if we have a continuous map f : [K| —
X, 2 € Ky, and s € A", then A x(f)a(z)(s) = f([z,s]).

To see that A and R are inverse of each other, take x € K, and s € A™ and
consider

Ar.x(Rg x(9))n(2)(s) = R, x (¢)([z, 5]) = on(z)(s) ,
thus Ax xRk x(¢) = ¢, and

Ri xAr x(f)([2,5]) = Ar x(f)al(z)(s) = f([z,s]),
thus RK7xAK7x(f) =f. ]

2.2.20 DEFINITION. Let K be a simplicial set. An n-simplex x, i.e. an element
x of K, is said to be degenerate if x is of the form s;(y) for some y € K, 1
and any ¢. Otherwise, we say that x is nondegenerate. Furthermore we say that a
representative (x, s) € K, x A" of a geometric simplex [z, s] € | K| is nondegenerate

o
if x is nondegenerate and s € A" (i.e. s is an interior point).

2.2.21 EXERCISE. Show that a m-simplex z € K,, is degenerate if and only if
there is a surjective morphism g : n — m and an m-simplex y € K, such that

z = p"(y).

2.2.22 Proposition. If x is a degenerate simplex, then there is a unique nonde-
generate simplex xg such that x = si;s;, - - s, (o), for some finite sequence of

degeneracy maps Siq, Siys- - -, Siy-

Proof: First notice that if o = p, 44, - - - pi,, (xo) for some nondegenerate simplex
xo, where each p;; is either a face or a degeneracy map, then one can switch the
face maps to the right using the simplicial identities 2.1.6 (b) and then replace xg
with one of its proper faces. If this face turns out to be degenerate, we apply the
process once more. Eventually this process stops. Hence a degenerate simplex can
always be written in the form s;,s;, - - - 54, (o).

To show the uniqueness, assume that zg and 39 are nondegenerate simplexes,
possibly in different sets K,, and K,, such that s(xg) = t(yp), where s and t
are composites of degeneracy operators. Assume s = s;, 0 s;; 0 --- 0 s;, and take
d =d;, od;, ,o---od;,. Then by the third simplicial identity xo = ds(xo) = dt(yo)
and using again the simplicial identities for the first equality, and switching the face
maps to the right, we obtain zg = t'd’(yo) for some composite of face operators
d’ and some composite of degeneracy operators t’. But since by assumption zg is
nondegenerate, t’ must be the identity and so g = d’(yo). Thus z¢ is a face of yp.
But repeating this argument reversing xg and gy, we may prove that yg is a face
of xg. This can only happen if zg = yp. O
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2.2.23 Proposition. Every geometric simplex [x,s] € |K| has a unique nonde-

generate representative.

Proof: If © € K, is already nondegenerate but s lies in the boundary of A™,

o
then s = §(t), where t € A™, m < n, and J is the composite of finitely many
face operators d;%. Thus (z,s) ~ (d(z),t), where d : K,, — K, is the function
corresponding to 4.

If z € K, is degenerate, then z = s(xg), where s : K,,, — K,,, m < n, is the
composite of finitely many degeneracy operators s; and xg € K, is nondegenerate.
In this case, (z,s) ~ (zg,0(s)), where o corresponds to s. If o(s) is not an interior
point of A™, we may proceed as in the first part of the proof. a

2.2.24 EXAMPLE. Given a topological space X, a singular n-simplex o : A™ — X
is nondegenerate if it cannot be written as a composite A” — AF 15 X where

7 is a simplicial collapse with k < n and 7 is a singular k-simplex.

Notice that a nondegenerate simplex might have a degenerate face. Also a
degenerate simplex might have a nondegenerate face (for instance, we know that

djsj(xz) = x for any x, degenerate or not).

2.3 PRODUCT AND QUOTIENTS OF SIMPLICIAL SETS

We shall need products of simplicial sets.

2.3.1 DEFINITION. Let K and K’ be simplicial sets. Define their product K x K’
by

(a) (K x K'), =K, x K},
(b) If 4 : m — n is a morphism in A and (x,2’) € (K x K'),, then

ufE (2, al) = (" (), 1 (@)

This is obviously a simplicial set. Observe that the projections 7, : K, x K/, — K,
and 7}, : K, x K| — K], are simplicial morphisms.

2.3.2 EXAMPLES.

1. Given any (abstract) group G, one can define a simplicial group I" as follows.
Let I',, = G for all n and let ' = 14 for all morphisms & : n — m.
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2. Let F' be a topological (abelian) group. The singular simplicial set S(F)
is a simplicial (abelian) group, if one defines the product of two singular
n-simplexes ¢ and 7 by elementwise multiplication, namely

o-7: A" — F isgiven by (0-7)(s) =0(s)r(s) € F.

If f: F — G is a continuous homomorphism of topological groups, so is
S(f) : S(F) — S(G) a simplicial homomorphism.

2.3.3 Theorem. Let K and K’ be simplicial sets. Then there is an isomorphism
n:|K x K'| =5 |K| x |K'|.

Proof: Consider the maps |r| : |[K x K'| — |K| and |7’| : |K x K'| — |K'|. By
the universal property of the product, there is a map

n:|Kx K'| — |K| x |K'|.
We prove first that this continuous map is bijective.

Consider z € |K x K'| and take a nondegenerate representative ((z,z’),t) €
(Kp x K]) x A™. Then, according to 2.2.23 |r|(z) = [z, t] has a nondegenerate rep-
resentative (zo, o) and |7’|(z) = [2/,t] has a nondegenerate representative (zj, t(,).

We define an inverse function ¢ : |K| x |K'| — |K x K'| as follows. Take
an element (a,a’) € |K| x |K’'| and nondegenerate representatives (x,,t,) and
(g, te) of a and d'. If t, = (to,t1,...,t;) and to = (t),t),...,t,,), then for each
m,n, define

m n
"= "t; and "= 1.
i=0 =0

Let 19 <11 < --- <1, =1 be the sequence obtained by ordering the different
elements of {t™} U {t""} by size, and define ¢/ = r; —r;_1, 0 < i < b, r_; = 0.
Clearly 0 <t/ < 1 and

Therefore the point u, = (t,t], ..., ;) lies in the interior of the standard simplex
Ab. Let i1 < -++ < iy_, be those integers i such that r; ¢ {t™} and let j; < --- <
Jb—ar be those integers j such that r; ¢ {t"}. Hence {in} and {jg} are disjoint,
Uq = 04y - 04y, (Up) Y Uqr = 0y -7, (up). Now put

(a, ') = [(siy_o -+ 50 (Ta), 85y o+ 550 (Tar))s up)] -
Then we have
|7T|§(a7 a,) = [Sib,a cr Sy (xa)a Ub] = [l‘a, ta] =a

and

|7’ |€(a,a’) = (8, Sy (Tar), up] = [Tar, tar] = a .
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Hence 7o & = id|x|x|x|- On the other hand, taking z € |K x K'| as above,

En(z) = f([l’a,ta], [xa’7ta’]) = [($,$/),t] =z.

To finish, notice that £ is continuous in each product cell of | K| x | K’| and since we
are working in the category of k-spaces this implies that £ is continuous. Therefore
7 is a homeomorphism with inverse &. a

2.3.4 Theorem. Let G be a simplicial (abelian) group. Then the geometric real-
ization |G| is a topological (abelian) group (in K-Fop).

Proof: The group structure of G is given by a family of set functions u, : G, X
G, — Gy, (multiplication) and ¢, : G, — G, (pass to the inverse) that make
each G, into a group. Define the maps

m: |G| x |G| — |G| and i: |G| — |G|

by m = |u| 0§ and ¢ = ||, where p and ¢ are the simplicial morphisms defined
by the families u, and ¢,, respectively. The conditions on the functions u, and
tn, that make G, into a group as well as the naturality of £ imply that m and i
convert |G| in a topological group. 0

The following will have much interest in Chapter 6 below.

For the next, recall Example 2.1.3 2.

2.3.5 Proposition. Let K be a simplicial set and Q C K be a simplicial subset.
Then |K/Q| =~ |K|/|Q].

Proof: The sequence of simplicial sets Q S KL K /@ determines a sequence of

' Ip|
spaces |Q ﬂ> |K| — |K/Q|, where |i] is an embedding and |p| is an identification.

Consider, on the other hand, the quotient map ¢ : |[K| — |K|/|Q|. We shall see
that both |p| and ¢ identify exactly the same points.

Assume first that ¢([o,t]) = q([o’,t']). If [0,t] # [0, t'], then this means that
[o,t],[0,t'] € |Q|. Therefore (0,t) € Qm x A™ and (0/,t') € @, x A™ for some m
and . Hence |pl([0,]) = [pm(0),1] = [7,1] and [lpl([o", 1) = [pa(0"),] = [, ¢,
where the bar means the class in the quotient. Both representatives (p,,(0),t) and
(pn(0’),t") are degenerate if m > 0 and n > 0 and the common nondegenerate rep-
resentative of both is (7o, 1) € (Ko/Qo) x A°. Consequently, |p|([o,t]) = |p|([o’,t]).

Conversely, assume that [p|([o,t]) = |p|([0’,t']), where (o,t) and (0/,t") are
nondegenerate. We claim that if o ¢ @), then p,, (o) is also nondegenerate. This
=

is true, because if p,, (o) is degenerate, then the classes ¢ = 5" (7,) with r < m.

But in this case @ = {¢} = 5%(5,), and so s%(0,) = o, which is a contradiction.

Therefore, the assumption means that [p,,(c),t] = [pn(c’),t'], and we have two

possible cases:
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(i) o € Qu and o' € Qu, hence [0, 1], [o", ] € |Q], s0 that q([o1]) = q([o", ).

(i) o € Qm and o’ ¢ Qy, hence [py,(0),t] = [To, 1] = [pn(c’),t’]. But by the claim
above, p,(o’) is nondegenerate. Therefore, p,(c’) = 7o and thus o’ € Qo,
contradicting the assumption.

Hence, only case (i) can hold. 0

2.4 KAN SETS AND KAN FIBRATIONS

In what follows we shall define a special subclass of simplicial sets, which is quite
useful. One should call them Kan simplicial sets but we stick to one of the usual
terms, namely simply Kan sets. Before stating the definition, we need some previ-
ous concepts.

2.4.1 DEFINITION. The simplicial kth horn Aln,k] is the union of all faces of
the simplicial set A[n] except for the kth face. Equivalently it can be defined as
the simplicial subset of A[n] generated by the set {do,ds,...,dx_1,dk+1,---,dn},
d; : Aln — 1] — Aln]. It has the property that A[n,k|; = Aln]; for j < n —1,
and A[n, k|,—1 = A[n],—1 — {dx}. Given a simplicial set K, a sequence of n — 1-
simplexes of K (20, Z1,...,Tk—1,Tk+1,--.,Tn_1,%n) is said to be a horn in K with
a hole in the kth place if

di(xj): j—l(xi)a 1<j and i#k#j
holds.

Figure 2.2 The simplicial horn A[2, 1]

Notice that the geometric realization |A[n, k]| of the simplicial kth horn is
the subcomplex of the geometric realization |A[n]| of the n-simplex obtained by
removing the interior of |A[n]| and the interior of the kth face of it (see Figure
2.2).

2.4.2 DEFINITION. A simplicial set K is said to satisfy the extension condition or
Kan condition if for allm = 1,2,..., and all 0 < k < n, any morphism of simplicial
sets

Aln, k] — K
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admits an extension to a morphism of simplicial sets
Aln] — K.
Such a simplicial set K is called a Kan set or a Kan complex. In a diagram

Aln, k| — K

7
s
Ve
s
Ve

Aln]

Nowadays a Kan set is also called a fibrant simplicial set. We shall stick to the
term Kan set.

2.4.3 EXERCISE. Show that a simplicial set K is a Kan set if and only if for all n =
1,2,...,and all 0 < k < n the following holds: For any horn T' = (xo, x1, ..., Zx_1,
Tkl - Tn—1,Ty) in K there is an x € K,, such that d;(z) = z; for all ¢ # k.
Such an x is called the filling of the horn. This is an alternate description of the
Kan condition.

2.4.4 DEFINITION. Given a simplicial set K and a simplex « € K,,, we define its
boundary by

D(z) = (do(x),d1(z),...,dn(x)).

2.4.5 EXERCISE. Show that if z,y € K,, are degenerate and D(z) = D(y), then
x=y.

The following result yields a very important example of a Kan set.

2.4.6 Proposition. For any space X, the singular simplicial set S(X) is a Kan
set.

Proof: By the adjunction 2.2.10 there is a correspondence between the following
diagram of simplicial sets and the one of spaces:

Aln, k] — S(X) Aln, k]| — X.

7
7 -
e e
e e
- e

Aln] |Aln]]

Since the topological horn |A[n, k]| is a deformation retract of the topological n-
simplex |A[n]|, the extension problem on the right has a solution and the dashed
arrow exists. Passing this back along the adjunction 2.2.10 once more, we obtain
a solution for the extension problem on the left as desired. a

There are other nice examples as follows.
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2.4.7 EXAMPLES.

1. Tt is easy to verify that the 0-model A[0] satisfies the Kan condition, namely
it is a Kan set.

2. The n-model A[n], n > 0 does not satisfy the Kan condition. For instance,
take the 1-model A[l] and consider the horn A[2,0] which consists of the
edges [0,2] and [0, 1] of A[2]. Now take the simplicial morphism that maps
[0,1] and [0,2] € A[2,0] to [0,1] and [0,0] € A[1], respectively. There is a
unique such simplicial map, since we specified what happens in the nonde-
generate simplexes of A[2,0]. Observe that these functions are order pre-
serving. Notice that this simplicial morphism cannot be extended to a map
AJ2] — A[l1], since the given prescriptions

0—0, 1—1, 2+—0

are order preserving as morphisms A[2,0] — A[1], but they are not so as
morphisms A[2] — A[l].

3. Any simplicial group (ignoring its group structure) satisfies the Kan condi-
tion. For a proof of this fact see [39, Theorem 2.2].

Recall the morphism of simplicial sets ag : K — S(|K|) given by ax n(0)(s) =
[0, s] and the continuous map px : |[S(X)| — X given by px([o,s]) = o(s). It is
an immediate result that

S(px) o asx) = ids(x) -

The following is an interesting result for the other composite.

2.4.8 Proposition. For any space X, the composite
as(x) °S(px) : S(IS(X)]) — S(X) — S(IS(X)])

is homotopic to ids(s(x))) relative to S(X).

Proof: By Proposition 2.4.6, the singular simplicial set S(X) is a Kan set. Thus
there is a simplicial homotopy

H:S(S(X)|) x All] — S(|S(X)]) rel S(X)

which starts with ids(s(x))) and ends with the composite ags(x) o r, where r :
S(IS(X)[) — S(X) is some simplicial retraction. Hence the composite ag(x) o
S(px) o H is a simplicial homotopy relative to S(X), which starts with agx) o
S(px) and ends with ag(x)oS(px)oasx)or = agx)or, because S(px)oasx) =
ids(x)- Since S(|S(X)]) is a Kan set too, the homotopy relation relative to S(X)
is an equivalence relation on the set of all simplicial morphisms S(|S(X)|) —

S(IS(X)D)- O
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In what follows we define the concept of a Kan fibration, which is a general-
ization of the notion of Kan set, and show that given a simplicial group I' and a
subgroup A, then the simplicial quotient map I' — T'/A is a Kan fibration with
fiber A. In the definiton of a Kan fibration we shall not use the (explicit) concept

of homotopy; later on we shall give characterizations that depend on homotopy.

2.4.9 DEFINITION. Let m : K — ) be a morphism of simplicial sets. We shall
say that 7 is a Kan fibration if for every horn T' = (xg, ..., Tk—1, Tht1,- - - Tnt1)
in K with a hole in the kth place (see 2.4.1), and for any n-simplex y of @) such
that d;(y) = m(x;), for i # k, there is an n+ 1-simplex x of K such that d;(z) = =;,
i # k, and 7(z) = y. We say that the horn T in K can be filled in K over y. The
simplicial set K will be called the total simplicial set, QQ the base simplicial set,
and 7 the projection. If we take a 0O-simplex yp seen as a simplicial subset of @,
then K’ = 7~ 1(yo) is a simplicial subset of E which will be called the fiber of .

If 2o is a O-simplex of the fiber F’, we shall frequently refer to the sequence

(K',20) < (K, 70) > (Q, 0)

as simplicial fiber sequence. If there is no danger of confusion, we shall also write
K' — K — @ for this sequence.

The following is a convenient characterization of a Kan fibration.

2.4.10 Proposition. A morphism of simplicial sets m : K — Q is a Kan fi-
bration if and only if given morphisms of simplicial sets g : Aln, k] — K and
[ An] — Q such that f|zjnx = 7o g, where Aln, k| is the simplicial kth horn
in Aln], there exists a morphism of simplicial sets h : Aln] — K which extends

g and lifts f. In a diagram, we have:

Aln, k] % K
(2.4.3) £ s lﬂ

Proof: Clearly to have a morphism ¢ : A[n, k] — K is equivalent to having a horn
T = (20, yTk—1,Tht1s- -, Tnt1) in K; furthermore a morphism f : Aln] — @
is an n-simplex y in @), and the commutativity of (2.4.3) means that d;(y) = 7(x;),
for i # k. The extension h : A[n] — K determines an n-simplex x in K such that
di(x) = x4, i # k, and 7(z) = y. Hence the horn T can be filled by x over y. O

The following concept provides a system to construct Kan fibrations.
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2.4.4 DEFINITION. Let I' be a simplicial group and let K be a simplicial set. We
say that I' acts on K from the left, if there is a morphism of simplicial sets

I'xK — K, (9,z) — gz,
such that
lz ==z, (gh)xr = g(hz) forall xze K, ghel.

Here 1 means the unit element in each group I'),. We thus have a left action of T’
on K. One can correspondingly define a right action K xI' — K.

Given a left (right) action of " on K, we say that two n-simplexes z, 2’ € K,
lie in the same orbit if 2’ = gz (2/ = xg) for some g € T',,. This relation is clearly
an equivalence relation and the quotient sets, denoted by K,\I',, (K, /T';) build
up a simplicial set K\I' (K/T") called the simplicial orbit set. Each equivalence
class is called orbit.

The action of I' on K is said to be free if gt = x = ¢ = 1, equivalently,
the action is free if for each z € K,, the mapping I', — K, given by g — gx is
injective for all n.

2.4.5 EXAMPLE. If A is a simplicial subgroup of I', then A acts on I' by left (right)

multiplication. The simplicial orbit set in this case is the homogeneous simplicial
set I'\A (I'/A). See Example 2.1.3 2.

2.4.6 NOTE. If we take m : K — %, where * means the one-point simplicial set,
then 7 is a Kan fibration if and only if K is a Kan set.

2.4.7 Proposition. Let m: K — Q be a Kan fibration. Then its fiber K' is Kan
set.

2.4.8 EXERCISE. The collection

T - (:UO) oo 7$i1—1ax’i1+17 o v )xiQ—laxi2+l7 o e )xir—lamir-‘rlv [ 7$TL)

is a so-called horn with r holes in K, if it satisfies a compatibility condition similar
to that of a horn with a hole. Let 7 : K — @ be a Kan fibration. Show that if
Yy € @y, is such that T lies over the faces of y, then T" may be filled by some = € K,

over y.

2.4.9 EXERCISE. Given a Kan fibration 7 : K — @, show that K is a Kan set if
and only if @) is a Kan set.

2.4.10 Theorem. If a simplicial group I' acts freely on a simplicial set K, then
the orbit map m: K — K\G is a Kan fibration.
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Proof: Consider a horn T' = (xq,...,Zk_1,Tk+1,---,2Zpn) in K and an n-simplex y
of K\G such that d;(y) = w(z;), for i # k.

First step. For »r =0,1,...,k — 1 we construct consecutively simplexes t, € K,
in such a way that 7(¢,) = y and d;(¢,) = =; for 0 < i < r. Since 7 is surjective,
there is an simplex t_; € K, such that w(t_1) = y. If we assume that we already
have constructed ¢, for r < k — 2, since wd,+1(t,) = dyr41(y) = 7(xr41) and the
action is free, there is a unique g, € I';, such that

(2.4.11) grd,q_l(tr) = Tp41 -

If we apply d; with ¢ < r to this equation, then we obtain

(2.4.12) di(grdrr(ty)) = dy(@pi1) = dy (x7)

Once more, since the action is free, we must have
(2.4.13) di(gr)=1 for0<i<r.

We define t,41 = $y41(9rtr). Hence m(ty,41) = m(t,) = y and from equations
(2.4.11) and (2.4.12) it follows that d;(t;+1) = z; for 0 <i <r 4 1.

Second step. For ¢ =0, 1,...,n—k we construct consecutively simplexes v, € K,
in such a way that 7(vy) = y and d;j(vq) = z; for 0 <i < kandn—q <i<mn.
We start setting vg = ¢,_1. By induction, assume that v, has been constructed

already and we construct vy41 as in the first step.

Third step. We then have that v,_, is a filling of the given horn over y. In case
that k = 0, we skip the first step and start with the second with a vy such that

m(vg) = y. 0

By 2.4.5, an immediate consequence is the next.+

2.4.14 Corollary. Given a simplicial group I’ and a subgroup A, then the simpli-
cial quotient map I' — T'\A is a Kan fibration with fiber A. O

2.5 SIMPLICIAL ABELIAN GROUPS

In this section we shall study in certain detail the structure of simplicial abelian
groups, namely the objects of the category &2b introduced in 2.1.3, Example 2,
above. We shall see two interesting properties. One is the fact that any simplicial
abelian group can essentially be seen as a chain complex, while the other property
is the fact that any surjective simplicial homomorphism is a Kan fibration, whose
fiber is the kernel of the homomorphism.
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2.5.1 DEFINITION. Let A be a simplicial abelian group, namely an object of &2b,
and consider the face operators d; : A,, — A,_1,0 < i < n. Define the + boundary
operator

Op:Ap — Apy by Op(a)= Z(—l)idi(a).

On
2.5.2 Proposition. The composite A,11 A, H A, _1 is equal to zero.

Proof: Take an element a € A,,+1 and consider

n n+1
OnOny1(a) = _(=1)'d; | Y _(~1)d;(a)
i=0 J=0

= (—l)iﬂdidj(a)
(4,7)=(0,0)

= (=1)"didj(a) + ) (1) did;(a)

1<J i>7

:Z( )’L+]d _1di(a Z z+]dd (a)
i<j i2j

=> (=D dpdi(a) + > (—1)"H did(a)
k>1 >7

= 07

where we put £k = j — 1 and [ = ¢ and the fourth equality follows from the first
simplicial identity 2.1.6 (b). 0

Thus we have proved that A, = (A,;0, | n € NU{0}) is a chain complex (see
Chapter 5).

Assume that F' is a simplicial abelian group and that G C F' is a simplicial
subgroup, namely G is a simplicial group and for each n, the group G, is a sub-
group of F,,. Moreover, the inclusion homomorphisms i : G,, < F}, determine a
homomorphism of simplicial groups ¢ : G — F. In this case, one can also define
a simplicial quotient group F/G by (F/G),, = F, /Gy, i.e. the quotient group of
cosets of G, in F, for each n. If g : m — n is a morphism in A then we take
the homomorphism /¢ : (F/G), — (F/G),, induced by the homomorphism
ut o F, — F,,. The fact that G C F is a simplicial subgroup guarantees that
uF/G

want to exhibit was already proven in the last section. We put here the case of

is well defined. The other property of the simplicial abelian groups which we
simplicial abelian groups, which follows immediately from 2.4.14.
2.5.3 Proposition. Let F' be a simplicial abelian group and let G C F' be a sim-

plicial subgroup. Then the quotient morphism © : F — F/G is a Kan fibration.
a



CHAPTER 3 HOMOTOPY THEORY OF SIMPLICIAL
SETS

IN MANY WAYS, SIMPLICIAL SETS behave very much like spaces. This is also the
case with homotopy concepts.

3.1 SIMPLICIAL HOMOTOPY

The role usually played by the interval will be played here by the 1-model A[l],
which has the nondegenerate 1-simplex [0, 1] and two nondegenerate 0-simplexes [0]
and [1], while all other simplexes are degenerate. Each of these other simplexes has
the form [0,...,0,1,...,1] with possibly no Os or no 1s. We shall abuse notation
and write [0] and [1] for the degenerate simplexes [0,0,...,0] and [1,1,...,1],

respectively.

3.1.1 DEFINITION. Under a path in a simplicial set K we shall understand a sim-
plicial morphism
AAl] — K.

Equivalently, a path in K is a 1-simplex A of K. Given a path A in K, dj oA = A[0]
is the origin of the path, and dy o A = A[1] is its end.

Two O-simplexes a and b of K are said to belong to the same path component
of K if there is a path A whose origin is a and whose end is b. We write this fact
by A:a =~ bor simply by a ~ b, and say that A is a path from a to b.

3.1.2 Theorem. In a Kan set, the path connectedness relation >~ is an equivalence

relation.

Proof: We shall verify each of the axioms of an equivalence relation.
Reflexivity. For any vertex [a], sp o [a] is a path from a to a.

Transitivity. Given Ay : a ~ b and Ay : b ~ ¢, define p : A[2,1] — K by
letting p take [0,1] to A\; and [1,2] to A2. The Kan condition allows to extend u to
p' : A[2] — K. The composite A = p/ 0 [0, 2] is a path from a to c. See Figure 3.1

Symmetry. Take a path A : @ ~ b. We need another path in the reversed
direction. We consider the path as the edge [0, 1] of A[2]. If the edge [0, 2] of A[2]

43
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Figure 3.1 Transitivity

represents soo [a], which exists since K is a simplicial set. Notice that dposgo[a] =
dy o sp o [a] = [a]. From here on, we label the three vertices of [0, 1,2] of A[2] as
[a, b, a]. Hence we have a simplicial morphism defined on A[2, 0] that takes [0, 1] to
A and [0, 2] to sgo[a]. Once more, by the Kan condition, we extend this morphism
to all of A[2], and then [1,2] gets taken to a path p from b to a. See Figure 3.2.0

Figure 3.2 Symmetry

3.1.1 Homotopy of morphisms of simplicial sets

A special role in homotopy is played by the cylinders K x A[1], since a homotopy
in the simplicial case is a morphism 7 : K x A[1l] — Q. Particularly important is

the next.
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3.1.3 DeFINITION. The product A[n] x A[l] is called prism. A g-simplex in the

prism is of the form

((ao,al,...,aq),(o...01...1)),

i
where 0 < ag < a; <--- <ay < n are integers. We abbreviate by

i
(ao, a1, ..., a4, 0541, ... ag) = ((ag,a1,...,ag),(0---01...1)

(see Figure 3.3).

1

Figure 3.3 Prism A[2] x A[1]

The prism A[n] x A[1] is generated by the nondegenerate n + 1-simplexes
¢ =(0,1,...,0,(i+1),....,n)), i=0,1,....,n.
One may easily verify the following

dO(CO) = ([n]7 1)7 dn+1(6n) = ([n]70)7
dit1(ci) = dip1(civ1), i=0,1,...,n—1,
di(ci) € Aln] x A[l], i#j#i+1.

3.1.4 NOTE. Since the prism A[n] x A[1] is generated by the simplexes ¢;, each
morphism of simplicial sets (simplicial homotopy) 7 : A[n] x A[l] — K is de-
termined by its values 7n(c¢;). They can be arbitrarily given, provided that the
equations

dit1n(c;) = diyin(civ1), i=0,1,...,n—1
hold. If L and L’ are simplicial subsets of A[n] or A[n] x A[1], then each morphism
a: L — L' is uniquely determined by its values a(z) for all 2 € Ly.

3.1.5 DEFINITION. Let K and K’ be simplicial sets and L ¢ K, L'’ C K’ be
simplicial subsets. If ¢,1 : K — K’ are morphisms of simplicial sets such that
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o(L),y(L) C L' C K', then we say that ¢ and v are morphisms of pairs. We say
that ¢ and ¥ are homotopic if there is a simplicial homotopy 1 : ¢ ~ 1), namely a
morphism of simplicial sets 1 : K x A[l] — K’ such that n(L x A[1]) € L/, and
its restrictions ng : K = K x [0] — K’ and n; : K = K X [1] coincide with ¢ and
1 respectively.

3.1.6 EXAMPLES.

1. If f,g: X — Y are homotopic maps of topological spaces, then the induced
morphisms of the singular simplicial sets S(f),S(g) : S(X) — S(Y) are
simplicially homotopic. Namely if H : X x I — Y is a homotopy, then the
composite

S(X) x A[1] 94 S(X) x S(I) = (X x 1) S s(v)

is a homotopy from S(f) to S(g). Notice that the morphism i : A[l] — S(I)
is given by

i0(0) = ko; do(1) =r1; @1([0,1])=a: A — I, a((1—1t)eg +ter) =t
2. The constant morphism x : A[n] — A[n] given by (01...n) — (00...0)

and the identity morphism id : A[n] — Aln| are homotopic, i.e., ¢ ~ id via
the homotopy

n: Aln] x All] Aln],

(3.1.7)
(a0, a1, ..., ai,ajy ;... a) > (0...0ai11...aq).

However id # ¢, since if there were a homotopy, it should be a morphism
Aln] x A[l] — A[n] such that (1,1) — (1,0), where 0 and 1. But (1,0) is
not a simplex of A[n]. Thus the homotopy relation is not reflexive and thus
it is not an equivalence relation.

3.1.8 Theorem. Let L C K, L' C K’ be pairs of simplicial sets. Then we have
the following:

(a) If K' is a Kan set, then the homotopy relation for morphisms p, v : K — K’

s an equivalence relation.

(b) If L' and K' are Kan sets, then the homotopy relation for morphisms @, :
(K,L) — (K', L) is an equivalence relation.

(c) If Ais a Kan set, then the homotopy relation for morphisms ¢, : K — K’
relative to L, i.e. the restriction of the homotopy to L is stationary, is an
equivalence relation.
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3.2 HOMOTOPY EXTENSION AND LIFTING PROPERTIES

We now come back to Kan fibrations under the light of the homotopy concept. We

state a new concept.

3.2.1 DEFINITION. Let w : K —> () be a morphism of simplicial sets. We shall
say that 7 has the homotopy lifting property (the HLP for short) for the pair of

simplicial sets (L, L") if given the commutative diagram

LxeUL xAll] =K

(3.2.10) £ /f// Lw
L x A[l/] ; Q

of morphisms of simplicial sets (shown in solid arrows), where e = [0] or [1], there
is a simplicial homotopy 7 (shown in dashed arrow) such that both triangles com-
mute. Equivalently we may say that the pair (L, L’) has the homotopy extension
property (the HEP for short) for the morphism of simplicial sets 7 : K — Q.

The following provides a characterization of Kan fibrations.

3.2.11 Theorem. The following assertions are equivalent:

(a) m: K — Q is a Kan fibration.

(b) m: K — Q is surjective and has the HLP for the pairs (A[n], Aln]), n =
0,1,....

(¢) m: K — Q is surjective and has the HLP for all pairs (L, L") of simplicial
sets.

Proof: Clearly (a) = (b). Namely assume first that e = [0] and consider the
generating simplexes ¢; of A[n] x A[1] (see 3.1.3). According to 3.1.3, G(d;(c;)) for
i# j#1+1andto 2.2.7, G(dp+1(cn)) are defined. One may choose 7(cy,) so that
it is a filling of the horn

(G(do(cn)), G(di(en)), -+ Gldn-1(cn)); Gdns1(cn)))  over  n(cn),
and then we may choose 77(¢,,—1) to be a filling of
(G(do(cn—1)), G(di(cn-1)), - - -, Gldn—2(cn-1)), G(dn+1(cn-1)))

et cetera. Thus d;77(¢c;) = d;n(ci—1) for all i. By 3.1.4, 7 is a morphism of simplicial
sets which obviously makes diagram (3.2.10) commute. In case that e = [1] one

begins with ¢y, then ¢; and so on and proceeds analogously as above.
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To see that (b) = (c), one should proceed skeleton by skeleton inductively
under the assumption that 7”~! has been already defined in such a way that the

next diagram commutes:

LxeUL xA[l] — s K

(3.2.12) LxeU(LUL"™ x A[1] m

L x A[1] ; Q

Next diagram (with the solid arrows) commutes:

sn—1

Aln] x eUA[R] x A[l] 29 L x e U (LU L) x A[l] 2=
n

(3.2.13) J ,////,,/ﬁfff”’/ o

|
Aln] x A[1] = Q

By (b) we can complete it with 77, (dashed arrow) making the triangles commute.
Then we define

L x A[1]

xxid

" LxeU(LULY) x All] — K

by
. 7Yz, t)  if (x,t) € LxeU (L' UL 1Y) x A[1],
Nz, t) =4 -
N2 ([n], 1) -
for the nondegenerate © € L,. 7" is a morphism of simplicial sets for which diagram

(3.2.12) with n instead of n — 1 commutes.

Now we prove (c) = (a). In the diagram

Aln] x eUAn, i] x All] = Ajn,i] —= K

(3.2.14) £ - - f/ :/c/ Lw
Aln] x A1) Aln] —=Q

n

the right subdiagram is given (solid arrows) and we wish to find the dashed arrow ¢
so that the two triangles commute. Take first ¢ > 0 and we choose e = [1] and define
n according to 3.1.4 by n(j) = j for all j, n(j’) = j forall j # i—1 and n((i—1)") = 1.
Then 7 is a morphism of simplicial sets for which n(A[n] x [1] U Aln,i] x A[l]) C
Aln,i]. If i = 0, we choose e = [0] and 7 = w (see 3.1.7). In both cases, using
(b), one can find a morphism of simplicial sets 77 which makes diagram (3.2.14)
commutative. One defines ¢ by {([n]) = n([n],1 —e). 0

We finish this section stating a result which is the simplicial version of the
topological fact that that the inclusion A — X of a subcomplex A of a CW-
complex X has the homotopy extension property (see Definition 4.3.1). It follows
from the previous result if we take @ = AJ0].
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3.2.15 Theorem. A simplicial set K is a Kan set if and only if it has the following
homotopy extension property. For e = [0] or [1] and every pair of simplicial sets
(L, L"), given a morphism o : L — K and a simplicial homotopy n : L' x A[1] —
K such that n|px0) = a|r, there is a homotopy 1 : L x A[l] — K such that
Nxap =1 and N|pjo) = a. In diagrams

I 1 x A1) or  Lx[0]UL x Al YL K.

/7
j[ ljxid « £ -
I -7
LTLXA[I] \ L x A[1]
\\77
\&

3.3 SIMPLICIAL HOMOTOPY GROUPS

In this section we define the simplicial homotopy groups of a simplicial set and we
construct the long exact sequence of simplicial homotopy groups determined by a
Kan fibration. Given a pointed Kan set K, i.e., each set K, has a distinguished
base point *, there are two different definitions of m, (K). The first is the following.
We wish to acknowledge here that for many of the proofs we were inspired by [16],
[31], and [34].

3.3.1 DEFINITION. Let K be a pointed Kan set. We consider the set

T(K) = [An+1],% K,%] n=1,2,...
of homotopy classes of morphisms of pairs of simplicial sets, where A[n—i— 1] denotes
the boundary of A[n +1], .

Notice that we require that K is a Kan set in order for homotopy to be an
equivalence relation. For the other definition, we need some preparation.

3.3.2 DEFINITION. Two n-simplexes z,2’ € K, are said to be homotopic if the
following hold:

(a) di(z) = d;(2') for 0 < i < n.
(b) There is a simplex y € X,,41 such that
(i) dn(y) =,

(i) dp41(y) = 2, and
(iii) di(y) = sp—1di(x) = sp—1d;(2'), 0 <i<n—1.
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In other words, such that

D(y) = (sp_1do(2), ..., sn_1dp_1(x),z,2').

The previous definition means that the two homotopic simplexes x and 2’ have
the same boundaries and that y acts as a homotopy between them relative to the
boundary, in such a way that z and z’ become two of the faces of y. The rest of
the faces of y degenerate. See Figure 3.4.

Figure 3.4

3.3.3 EXERCISE. Show that homotopy of simplexes is an equivalence relation for
Kan sets. (Hint: Arrange a simplex in such a way that the known parts fall on
certain faces of horns and the parts whose existence we want to show fall on the
missing faces. The Kan extension condition allows these relations to exist.)

Now we can give the second definition of m, (K).

3.3.4 DEFINITION. Let K be a pointed Kan set. We define 7, (K) to be the set
of equivalence classes of n-simplexes x of K such that d;(x) € x, 0 < i <n, up to
homotopy of simplexes.

There are two things to be done. One is to show that both definitions are
equivalent. The second is how to endow 7, (K) with a group structure. First we

need some preparation.

3.3.5 Lemma. Let K be a Kan set and assume that d;(z) = d;(x') for alli. Then
we obtain the same equivalence relation of Definition 3.3.2 if we instead require
that d,(y) = z, dy4+1(y) = 2’ for some 0 < r < n, and d;(y) = d;s,(z) = d;s.(2')
for i #£ r,r+ 1. In other words, if

D(y) = (sp_1do(x), ..., 8n_1dr_1(x), 2,2’ 5p_1dy12(), ..., 5p_1dn(7)).
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Proof: A full proof is available in [34, Lemma 5.5]. We sketch here some ideas of
it. It is a sort of induction, since one proves that for relevant values of r there is
a y as in Definition 3.3.2, namely so that d,(y) = = and d,+1(y) = 2/, then there
is some other 3y’ such that d,+1(y') = 2 and d,2(y') = 2’. One does this showing
that there is an n + 2-simplex z that contains the n + 1-simplexes y and vy’ and
then one uses the Kan extension property of K. Figure 3.5 shows this in small

dimension.

Figure 3.5

Given an n-simplex x € K, of a simplicial set, there is a unique morphism of
simplicial sets £ : A[n] — K which maps the only nondegenerate n-simplex e,, of
A[n] exactly to . We say that & represents x. We have the next.

3.3.6 Lemma. Let K be a Kan set. Then two n-simplezes x and x’ in K are ho-
motopic in the sense of 3.3.2 if and only if the morphisms & and & which represent

them are homotopic in the sense of 3.1.5.

Proof: We assume first that z and z’ are homotopic n-simplexes of K which are
represented by morphisms &, & : A[n] — K. Hence there is an n + 1-simplex
y € K,y that connects z and 2/, for instance d,(y) = =z, dp+1(y) = 2/, and
di(y) € * for all other values of i. We must define a morphism 7 : A[n]xA[l] — K
which yields the desired homotopy. We already know that in the bottom and top
1 must be given by £ and &', respectively. Now n must be such that the image of
one of the n + 1-simplexes yields y, let it be the last, and put s;(x) in the others
(see Figure 3.6).

Conversely, assume that £ and ¢ are homotopic relative to * via n : A[n] x
A[l] — K. The image of 7 is a simplicial subset such that each of the nondegen-
erate n + l-simplexes of the prism has two n-faces which are not in Afn] x A[l]
and the rest are in A[n] x A[0] which goes totally to * in K. It is not difficult to
verify that the two n-faces not in A[n] x A[1] are consecutive faces. These faces
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Figure 3.6

are consecutive homotopies which by the transitivity property of the homotopy
relation imply the homotopy between z and z’. O

In order to prove the equivalence between the two definitions of the homotopy
groups, we need one more previous result, which is very familiar in the topological
context.

3.3.7 Lemma. Given a pointed Kan set K, there is a bijection

[Aln], Aln]; K, *] — [Aln+ 1], %; K, %]

Proof: Take f8 : (A[n], Aln]) — (K, *), identify A[n] with the face doA[n + 1],
and define a : (A[n+1],%) — (K, %) by defining it by 3 on dyA[n+ 1] and by the
only morphism to * on d;A[n+ 1] for ¢ > 0. Following the same procedure one can
prove that a homotopy of 8 relative to A[n] determines a homotopy of « relative

to *. Thus we have a well-defined function

®: [Aln], Aln); K, ] — [Aln + 1], K, +], - @([f]) = [a].
Conversely, assume given a morphism « : (A[n + 1], %) — (K, *). We shall
show that there is a homotopy from « to a morphism o' which maps the horn
A[n + 1,0] to *. Once we have done this, we define 3 as a'[g,A[n41), modulo the
obvious isomorphism.

As we did in 3.3.6, in order to construct a homotopy between two inclusions
of k-simplexes z and 2’ in K, it is enough to find a a simplex y in K such that
dp(y) = x and di11(y) = 2/, which can be taken as one of the blocks of a prism.
The rest of it can be filled up with degeneracies of either = or z’.
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The construction is by induction. The induction step is as follows. Assume
that ay_; : A[n+ 1] — K is such that a([0]) € * and a(z) € * for all simplexes
z € Aln + 1] of dimension < k — 1 and such that [0] is a vertex of z. Then there
exists a homotopy from aj_1 to an aj which takes all simplexes up to dimension
k that have [0] as a vertex to *. This homotopy can be assumed to be relative to

the faces of dimension up to k£ — 1 which have [0] as a simplex.

Of course we can take ag = «, and assume that we have constructed aj_q for
k > 1. We have to define only the desired homotopy on the k-simplexes of Aln+1]
which have [0] as a vertex. Then we may apply the homotopy extension theorem
3.2.15. Hence we let z be a k-simplex of A[n + 1] having 0 as a vertex. We know
already that ay_1d;(z) € * for all i # 0. Take the horn A[k+1, 0] and observe that
we can map it into K in such a way that the k-face corresponding to dy 1Ak + 1]
is a—1(z) and that all other k-faces are mapped into *. This can be done since
ap—1d;(z) € * for all ¢ > 0. Since K is a Kan set, we can extend the horn to a
k + 1-simplex y in K with the property that dii1(y) = ax—1(2) and di(y) € .
This is all we need to define a homotopy on z starting with aj_1(z) and ending
with with the only map from z into *. Moreover, this homotopy is relative to all
faces of z for which [0] is a simplex. These homotopies can be found for all such
simplexes z independently and compatibly. This way, we obtain a homotopy on
all k-simplexes of A[n + 1] having [0] as a vertex, which starts at a_; and ends
with the map to *. The desired homotopy to «j is now obtained extending this

one using Theorem 3.2.15.

Inductively, we obtain a morphism a4 @ Aln + 1] — K which is homotopic
to the given « and is such that the horn A[n + 1,0] is mapped into *. We now
define 8 as the restriction aun11|gyAfn+1)-

Now suppose that a, o/ : A[n+ 1] — K are homotopic relative to *. In order
to show that the corresponding 3 and 3’ constructed as above, are homotopic, we

must define a homotopy which starts with the homotopy H : A[n+1]xA[l] — K,
H :a ~d, and ends with a homotopy Hj,1 : Aln 4 1] x A[1] — K such that
Hi1(A[n + 1,0] x A[l]) € % and extends the homotopies constructed for o and
o', as we did above. Then the restriction Hy1|g, Aln+1]xa[1] Will be the desired
homotopy from £ to /3. Thus the class [3] depends only on the class [a] and so we

have a well defined function

U [Aln + 1], %; K, %] — [A[n], A[n]; K, ]

which can be shown to be the inverse of ® defined above. O

Now we can pass to the group structure of 7, (K). Notice first that an element
[a] € T, (K), which is given by a morphism of simplicial sets a : A[n] — K such

that a(A[n]) = % determines a unique n-simplex a € K, such that d;(a) = * for
all 1.
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2
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Figure 3.8

3.3.8 DEFINITION. Let K be a Kan set. Given two simplexes a,b € K,, such that
di(a) = di(b) = * for all 7, one may consider the horn (x,...,*,a,—,b). Fill the
horn with v € K, 41 and put ¢ = d,,(v), then c is such that d;(c) = * for all 7. We
can define the product of the elements of m, (K) represented by a and b by

Figures 3.7 and 3.8 illustrate this construction for n = 1 and n = 2 respectively.

3.3.9 Proposition. The homotopy class of ¢ depends only on the homotopy classes
of a and b.

Proof: Assume that v/ € K, also satisfies d,—1(v') = a, dp+1(v') = b, and
otherwise d;(v') = x. By the extension condition, there is a w € K12 such that
di(w) =x*for 0 <i<n—2,dp—1(w) = s$pdn-1(v), dpt1(w) = v and dy2(w) = v'.
Hence d,,—1(w) is a homotopy from d,(v) and d,(v').
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Assume now that b is homotopic to &', namely there is some w € K, 1 such that
di(w) =%,0<i<n—1,d,(w) =¥ and d,1(w) = b. We can find w’ € K, 11 such
that d,—1(w') = a, dp1(w') =8, and d;(w') = %, 0 < i < n—1. It follows from the
extension condition that there is a u € K12 such that d;(u) = %, 0 < i <n —2,
dp—1(u) = sp—1(a), dp(u) = ', and dpta(u) = w.

Hence d,dn+1(u) = dp(v'), dpy1dp+1(u) = b, and dy—1(u) = a. This means

that we may take the same v for either b or b'. Analogously one may prove that
the homotopy class of ¢ is independent on how we choose a. a

3.3.10 Proposition. With the operation defined above, m,(K) is a group if n > 1.

Proof: Let a,b € K,, represent two elements of 7, (K ). By the extension property,
there is v € Kp41 such that d;(z) =%, 0<i<n—1,d,(v) =0, and dp4+1(v) = a.
Hence [d,,—1(v)] - [a] = [b]. This proves divisibility on the left. Divisibility on the
right is proven similarly. Taking b = % one obtains left and right inverses of [a].

If a,b,c € K, represent three elements of m,(K), if we use the extension
property, then we may choose v,—1,Un41,0n4+2 € Kny1 such that d;(v,) = x,
0<i<n-2andv=n-—1n+1n+2 dy1(vp-1) = a, dpy1(vn—1) = b,
dp—1(Vnt1) = dp(vp—-1), dnt1(vnt1) = ¢, dp—1(vpt2) = b, and dp11(vpe2) = c.
From these equalities, we obtain

([a] - [8]) - [¢] = [dn(vn-1)] - [] = [dn-1(vnt1)] - [¢]
= [dn(vnt1)] = [a] - [dn(wny2)] = [a] - ([0] - [c]) -

Hence the operation is associative. a

The assignment K — m,(K) is a functor SSet — Grp. We have namely the
next. Let f: K — L be a morphism of pointed simplicial sets between Kan sets,
and take a € K, such that d;(a) = * for all 4. Since f is a morphism of simplicial
sets, d;f(a) = fdi(a) = . If a ~ o/, then by definition, there is an element
u € K11 such that d,,(u) = a, dp11(u) = @, and d;(u) = * for 0 < i < n. Hence
dnf(u) = fdn(u) = f(a), dns1f(u) = fdpi1(u) = f(a'), and d;f(u) = fdi(u) = =

for 0 < i < n. Consequently f(a) ~ f(a’) and so f defines a function

fo i (K) — m,(L) .
3.3.11 Proposition. The following hold:

(a) If fo, fi : K — L are homotopic pointed morphisms of simplicial sets, then
Jox = fre : T (K) — mp(L).

(b) (idr)« = Loy (x) and if f : K — L and g : L — M are morphisms of
simplicial sets, then (go f)s« = g« © fa.
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(¢c) If f : K — L is a morphism of simplicial sets and n > 1, then fi :
n(K) — (L) is a homomorphism.

Proof: We take the definition 7,(K) = [A[n], A[n]; K, %] for this. Therefore let
a : (A[n], Aln]) — (K, *) be a morphism of simplicial sets. Then fy o a, f o a :
(A[n], A[n]) — (K, *) are homotopic. Hence

fox([a]) = [fo o a] = [f1 0 a] = fr«([a])
and this proves (a).

Obviously (idk )« = 1, (k) and on the other hand if a : (A[n], Aln]) — (K, %)
is a morphism of simplicial sets, then

(9f)«([a]) = [(go f)oa] =[go(foa)] = gcfulla])
and this proves (b).

Take f : K — L and a,b,c € K,, are such that d;(a) = d;(b) = di(c) = * for
all 7 and [c] = [a][b]. Namely there is u € K,y such that

D(u) = (*,...,%,a,¢,b).

D(f(u)) = (x,..., %, f(a), f(c), £ (D))
Hence [f(c)] = [f(a)][f(b)]. In other words
fe([a][b]) = Fi([a]) f+([0])

and this proves (c). 0
3.3.12 Proposition. Ifn > 2, then the group m,(K) is abelian.

Proof: Take elements a, b, c,e € K,. We shall give the proof in four steps.

First step. Assume that v,+1 € K41 is such that
D(vp41) = (%,...,%,a,¢,b,%) .
We show that [a][b] = [c].
Choose v,—1 € K41 such that
dp(vp—1) =¢, dpt1(vn—1)=b, di(vp—1) =%, 0<i<n-—2.

Define ¢ = dy—1(vp—1) and v; = *x if 0 < i < n— 2, vy—o = $,(b), and vy42 =
Sn—2(b). Then the v;s satisfy Kan’s extension condition, namely there is an r €
K42 such that d;(r) = v; for all i # n and we may put v, = d,(r). Then

D(vyp) = (%,...,%,c,a,%).
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Hence [¢][] = [a]. On the other hand, the choice of v,,—1 implies [¢][b] = [c], thus
[a][b] = [c].

Second step. Now assume that v, € K, satisfies

D(vy) = (%,...,%,b,%,a,¢€).

We show that [b][a] = [e].

Choose v,—1 € K41 such that

di(vn—l) = *, 0<i< n_27 dn—Q(Un—l) = b’ dn—l(vn—l) =k, dn+1(vn—1) = *.

Put ¢ = dy(v,—1) and let v; = x if 0 < i < n — 2 and let v,_o = s,_2(b) and
Unt2 = Sp(e). Then the v;s satisfy Kan’s extension condition, namely there is an
r € K42 such that d;(r) = v; for all i # n+ 1 and we may put v,+1 = dp41(7).

D(vps1) = (x,...,%,c,a,e)

hence [|[e] = [a]. On the other hand, the choice of v,_1 and the first step imply
['][b] = [#], so that [b] = [¢/] 7! and so [b][a] = [¢] [a] = [e].

Third step. Suppose that v,12 € K41 satisfies

D(UTL+2):(*7"',*,bacaaae)'

We show that [b]~[c][e] = [a].

Choose v,—9 € K, 1 with faces d;(vp—2) =%, 1 #n—2, n+ 1, dyy1Vp42) = b
and d,,—2(v,—2) = . Take another element v,_1 € K, 11 such that d;(v,—1) = *,
0<i<n-2o0ri=mn-1,and dy2(vy—1) = ¢, dpt1(vp—1) = ¢, and set
b = (vp—1). Let v; = %, 0 < i < n—2, v, = sy(a). Then the v; satisfy the
extension connection, i.e. d;(r) = v;, i # n+ 1. Set vy41 = dyp41(r). By the second
step, [¢'] = [b] and [][b'] = [¢]. On the other hand, D(v,41) = (*,...,*,V,a,e).
Therefore [b'][e] = [a]. Combining we obtain [b]~![c]|[e] = [a].

Fourth step. In the third step put e = *. Hence [b]~![c] = [a] and applying the

first step to v,12 of the third step in this case, it results that [a] = [c][b] ™. Thus
for every [b] and [c], [b]~![c] = [c][b] !, and this implies the desired result. 0

3.4 LONG EXACT SEQUENCE OF A KAN FIBRATION

In this section we shall derive the long exact sequence of a Kan fibration p : K —
Q@ with fiber M. We start by defining the connecting homomorphism as follows.

3.4.1 DEFINITION. Take a € @, such that d;(a) = * for all i. By the Kan condition
for a fibration, there is an o' € K, such that p(a’) = a and d;(a) = * if 1 <
i < n. Hence do(a’) € M,_1 and d;do(a’) = = for all i. The homotopy class
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[do(a")] € mp—1(M) depends only on the homotopy class [a] € 7,(Q), namely if
[b] = [a], we take b’ € K,, such that p(b') = b and d;(b') = * if 1 < i < n. Since
a and b are homotopic, there is a u € Q41 such that D(u) = (x,a,b, *,...,*).
By the Kan-fibration condition, there is a v’ € K, 11 such that p(v) = w and
D(u') = (do(v'),a’, b, *,...,%). Then dy(u') € M,, and

D(do(ul)) = (dO(a/)v dO(b/)7 PRI *) .
Hence [dy(a’)] = [do(b')]. Therefore we have a well-defined function

0:m(Q) — m_1(M) given by [a] — [do(a’)].

3.4.2 Proposition. The function 0 : m,(Q) — mn—1(M) is a natural homomor-

phism.

Proof: Recall that in the case of n = 1, the set mo(M) regularly has no group
structure. In this case what one can expect is that J([*]) = [*], which is indeed
clearly true. Thus we assume that n > 2. Take a,b,c¢ € @, such that D(a) =
D(b) = D(c) = * and [a] + [b] = [¢]. This means that there is u € Q41 such that
D(u) = (%,b,c,a,%,...,%). By the Kan-fibration condition, there is an element
u' € Kp41 such that p(u’) = w and D(u') = (do(u'),V',c/,d,*,...,*), where the
elements o/, V', ¢’ are to a,b, ¢ as in Definition 3.4.1 o’ is to a. Then dy(u’) € M,,—1
and

D(do(u/)) = (dO(b,)v dO(Cl)v dO(a,)v *yeny *) .
Hence, by Definition 3.4.1,

d([a]) + A([b]) = [do(a")] + [do (V)] = [do(c")] = A([c])

and thus 0 is a homomorphism.

3.4.3 Theorem. Given a Kan fibration p : K — @ with fiber M, there is a

natural long exact sequence

s T (M) — T (K) — T (Q) ~L a1 (M) — -
— 1(Q) -5 (M) — mo(K) — m0(Q) — 0,

where exactness in the nongroup part simply means that the image of a function

coincides with the inverse image of the base point under the next function.

Proof: Consider elements a € My, b € K, and ¢ € )y, such that D(a) = D(b) = *
and D(c) = = and let i : M — K be the inclusion.

(a) We clearly have that p, o, = 0 since M = pfl(*) and thus poi = *.
(b) We have that 0 o p, = 0 since Op«([b]) = [do(b)] = [*].
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(c) One has i, 0 9 = 0. Namely, let ¢/ € K,, be to ¢ € Q,, as a’ is to a in 3.4.1,
namely p(¢’) = cand D(c') = (do(c), *, ..., *). Then i,0([c]) = [do(c)] € Tp—1(K).
But by the form of D(c) it follows that dy(c) and * are homotopic in K. Thus
i+9([c]) = 0.

(d) Now suppose that i.([a]) = 0. This means that a € M, is homotopic
to * in K. Hence there exists u € K, 11 such that D(u) = (a,*,...,%), and so
D(p(u)) = % and 9([p(u)]) = la], therefore [a] € im (). This together with (c)
shows the exactness at m,(M).

(e) If p«([b]) = 0, then there is u € Qn+1 such that D(u) = (%, p(b), *, ..., *). To
such a u there is v/ € K,1; such that p(u’') = v and D(u') = (do(u'), b, *,...,*).
Hence dy(v') lies in M,,, D(dp(u)) = *, and dy(v') is homotopic to b in K. Thus
ix([do(u)]) = [b], and so [b] € im (iy). This together with (a) shows the exactness
at m, (K).

(f) Assume 9([c]) = 0. Let again ¢ € K,, be to ¢ € @, as d' is to a in
3.4.1, namely such that p(¢) = ¢ and D(¢/) = (do(¢/),*,...,%), but also such
that [do(c’)] = 0. Hence there is a u € M, such that D(u) = (x,do(c), *,...,*).
By the Kan-fibration condition, there is a v € K1 such that p(v) = s1(c) and
D(v) = (u,dy(v),c,*,...,%). Therefore D(d1(v)) = * and p(di(v)) = c¢. Hence
we have the equality p.([d1(v)]) = [¢], which together with (b) yields exactness at
T (Q). 0
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CHAPTER 4 FIBRATIONS, COFIBRATIONS, AND
HOMOTOPY GROUPS

IN THIS CHAPTER WE SHALL STUDY fibrations and cofibrations in the topological

case, and the exact sequences of homotopy groups determined by them.

For the purposes of this chapter, we shall understand by the n-ball B" the unit
n-cube I"™ and the n — 1-sphere S*~! the boundary 91" of the unit n-cube and via
a canonical homeomorphism, also the quotient 1"~ /91",

4.1 TOPOLOGICAL FIBRATIONS

In this section we study the homotopy lifting property for different families of
spaces and we analyze the special case of Serre and Hurewicz fibrations.

4.1.1 DEFINITION. Let C be some class of k-spaces. We say that amapp : F — X
has the homotopy lifting property for the class C (the C-HLP for short) or that it
is a C-fibration if given a homotopy H : Y x I — X and amap h: Y — E such
that pf(y) = H(y,0), for any space Y in C, there is a lifting H : Y x I —» E such
that pﬁ[(y, t) = H(y,t) and f[(y, 0) = h(y). In a diagram

. a7
Jo // p
-

Y xI—— X.
H

If C is the class of all unit balls B™, then we say that p is a Serre fibration. If C is
the class of all k-spaces, then we say that p is a Hurewicz fibration

4.1.2 EXERCISE. Show that a Serre fibration has the homotopy lifting property
for the class of all CW-complexes.

Assume that p : E — X is a Hurewicz fibration and define E x x M(I,X) =
{(e,o0) € Ex M(I,X) | ple) = 0(0)}. Consider the following commutative dia-

gram:

Exx M(I,X)—"

E
- 7
H
jol /// ip
X,

Exx M(I,X) X I ——
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where h(e,0) = e and H(e,o0,t) = o(t). Since all spaces involved are k-spaces,
there is a solution H : E xx M(I,X) x I — E. If we take the adjoint I', :
E xx M(I,X)— M(I, E) this map has the following properties:

I'y(e,0)(0) =e and  pol,(e,o0)=0.

Namely, the map I, at the point (e, o) lifts the path o starting at e,

4.1.3 DEFINITION. The map I'y, : E xx M(I,X) — M(I, E) is called the path-
lifting map for the Hurewicz fibration p : £ — X.

The existence of a path-lifting map characterizes Hurewicz fibrations.

4.1.4 Theorem. A map p: E — X is a Hurewicz fibration if and only if it has
a path-lifting map I'y : E xx M(I,X) — M(I,E).

Proof: We already saw that a Hurewicz fibration p has a path-lifting map I'.

Assume conversely that p has a path lifting map I',. Given a homotopy H :
Y xI — X and a map h : Y — FE such that pf(y) = H(y,0), consider the
adjoint map to H, H : Y —» M(I, X). Define K : Y — M(I,E) by K(y) =
T, (h(y), H(y)). Since p(h(y)) = H(y,0) = H(y)(0), the map K is well defined.
Defining H:Y xI —Y to be the adjoint map to K, H is the desired lifting.
Thus p is a Hurewicz fibration.

4.1.5 EXAMPLES. 1. A trivial bundle, defined as the projection on the first
factor p: X x F — X, is a Hurewicz fibration. Namely define a PLM by
I'((z,y),0) = (0,ky), where Ky is the constant path with value y. In other
words, if a point (z,y) € X x F and a path o in X are such that 2 = ¢(0),
then the path t — (o(t),y) € X x F defines a continuous PLM.

2. Let X be a pointed k-space and put PX = {o : I — X | 0(0) = z0} C
M(I,X) and let 7 : PX — X be given by 7(0) = o(1). Define I' : PX x x
M(I,X)— M(I,FE) by

o ifds <t,
D(w,o)t)(s) = w(5h)  ift<ds<4-—t,
o3ty if4—t < ds.

One easily shows that the map is well defined and continuous as a function
of w and o. Furthermore, I'(w,o)(0)(s) = w(s), so that the path I'(w,o)
starts at w, and 7'(w, 0)(t) = ['(w,0)(t)(1) = o(t), so that 7 o I'(w,0) = 0.
Hence I' is a PLM for 7 and so « is a Hurewicz fibration. It is the so-called
path fibration of X. Its total space PX is called the path space and its fiber
QX = 7 1(bp) is called the loop space of X. Notice that PX is contractible,
namely the homotopy H : PX x I — PX given by H(o,t) = 01—, where
o1-+(s) = o((1 —t)s) is a contraction of PX to the constant path with value
zg.
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3. Let X be a pointed k-space and let now 7 : M (I, X) — X be given by
(o) = 0(0). Similarly as in Example 2, it is an ezercise to construct a PLM
for m and thus show that it is also a Hurewicz fibration.

4. Given any continuous map f : X — Y, the mapping path space of f is

defined as
Ey={(z,a) e X x M(1,Y) | (1) = f(x)}.

The map 7 : Ey — Y given by p(z, ) = «(0) is a Hurewicz fibration, whose
fiber 71 (yo) = Py = {(z,0) € X x M(1,Y) | a(0) = yo, (1) = f(x)}, is
the so-called homotopy fiber of the pointed map f. The map i : X — E;
given by i(x) = (x, ky(,)) is a homotopy equivalence with the nice property
that the following is a commutative diagram:

which means that one can replace any continuous map, up to a homotopy

equivalence, by a Hurewicz fibration.

4.1.6 DEFINITION. Let p : F — X be a Hurewicz fibration with fiber F =
pY(zo), and let ') : E xx M(I,X) — M(I, E) be a path-lifting map for p. Let
QX C M(I,X) be the loop space of X, namely the subspace of loops A : [ — X
such that A(0) = A(1) = o (see above). Given X € QX the path I';(eg, A) is well
defined and has the property that pI'(eg, A)(1) = A\(1) = =g, i. e., I'(eg, A\)(1) € F.
The map 6 : QX — F given by 0(\) = I'(eg, \)(1) is called the holonomy of p.

4.2 LOCALLY TRIVIAL BUNDLES AND COVERING MAPS

A very important special case of fibrations is the following.

4.2.1 DEFINITION. A map p : E — X is called a locally trivial bundle with
fiber F if every point x € X has a neighborhood U C X such that there is a
homeomorphism ¢y : U x F — p~'U making the triangle

UxF Ld

U p,lU
\ %

U

commute, where pyy = p|p~!U : p~'U — U and where 7 is the projection onto
U. From this commutative diagram we get that oy can be restricted to a homeo-
morphism of 77! (z) = {z} x F ~ F onto p~!(x) for all x € U. Because of this we
say that the fiber is F'. The open cover of such sets U is called a trivializing cover

of the bundle, and the maps g trivializing maps.
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4.2.2 EXAMPLE. If we can take U = X, that is, if £ ~ X x F, then we have a
trivial bundle. In particular, if £ = X x F, then p = projy is a trivial bundle.

A very important special case of a locally trivial bundle is given as follows.

4.2.3 DEFINITION. A locally trivial bundle p : E — X whose fiber F'is a discrete
space is called a covering map. In particular, a covering map always is a local
homeomorphism. Figure 4.1 shows what a covering map looks like locally.

!
oy

Figure 4.1

4.2.4 Proposition. Assume that X is connected. Then a mapp : E — X is a
covering map if and only if the following condition holds:

There is an open cover U of X such that every U € U is evenly covered by

p_lU = H (77, 3
1€J

p, i.e. the inverse image

and for each i € 3, p|5. : (71 — U 1is a homeomorphism.

The proof is an easy exercise. Noteworthy is the fact that the connectedness of
X implies that all fibers p~!(z) are equivalent sets. Otherwise, given a fixed fiber
p~Hzo), thesets A={x € X | pHz)=p t(wo)}and B ={x € X | p~(z) #
p (o)} are open disjoint nonempty sets that cover X. 0

4.2.5 Theorem. FEvery locally trivial bundle is a Serre fibration.

Proof: Let p: E — X be alocally trivial bundle. We have to prove that for every

commutative square
f

&S

J'ol
K x.;

E
P /1
H/ P
-

R
H
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there exists H : I x I —» F such that po H=Hand H o jo = f. For each point
x € H(I7x I) there exists a neighborhood U(z) of & such that pyy(,) is trivial, and
so there exists a homeomorphism ¢y ;) : F' x U(z) — Ey(y) = p~tU(x). Since
H(I? x I) is compact, we can cover it with a finite number of such neighborhoods
U(x), say Uy, ...,Ug. Since I? x I is a compact metric space, there exists a number
e > 0, called the Lebesgue number of the cover { H1(U;)}, such that every subset
of diameter less than ¢ is contained in some H~'(U;). Therefore, we can subdivide
17 into subcubes and take numbers 0 = t5 < t; < --- < t;,, = 1 in such a way
that if ¢ is an n-face, then the image of ¢ x [t;,¢;11] under H lies in some U;.
(Note that the O-faces are vertices, the 1-faces are edges, etc.) Suppose that we
have constructed H on I? X [to, tj]. Then we shall construct H on I x [tj,tj+1] by
defining it on each n-subface, using induction on n.

If ¢ is a O-face, then we pick some U; such that H(c x [tj,tj41]) C U;. Since
pH(c, tj) = H(c,t;), we then have Hie, tj) C Ey,. We define

H(c,t) = pu,(H(c,t), projpey! (H(c,t;)))  for  t € [tj, t;41].
This is well defined and continuous.

Assume that we have already constructed H on ¢ x [tj,tj41] for every face ¢
of dimension less than n and let ¢ be an n-face. Let us then pick some U; such
that H(c x [t;,tj+1]) C U;. By hypothesis H is defined on ¢ x {t;}U0c x [tj,tjq1).
Clearly, there exists a homeomorphism of ¢ x [t;, t;41] to itself that sends ¢ x {t;}U

Jc x [tj,tj41] onto ¢ x {t;}, and so using Example 1 of 4.1.5 we can complete the

diagram
¢; 'oH]|
c X {tj}UacX [tj,tj_H] U, x F
_ 7
BE_-- l .
_ - Pproj
c X [tj, tj—i—l] H Ui.

Composing this lifting K with ¢;, we define H on ¢ x [tj,tj+1]. In this way we
complete the induction step and obtain H|I? x [0,t;41]. Finally, by induction on
j, we define H on I x I. O

4.2.6 EXERCISE. Using the same method of proof as in 4.2.5, prove the following
statement, which means that the concept of being a Serre fibration is a local
concept:

4.2.7 Proposition. Suppose that p: E — X is continuous and that there exists
an open cover {U} of X such that for each open set U in the cover the restriction
py s a Serre fibration. Then p is a Serre fibration. O

4.2.8 EXERCISE. Assume that p: F — X is a covering map. Prove that p has the
unique path-lifting property; that is, p is such that for any given path a: I — X
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and any given point i € p~!((0)) there exists a unique path & : I — E satisfying
a(0) = y and poa = «. (Hint: Since p is a Serre fibration, the lifting always exists.
To prove that it is unique, show that any two liftings with the same initial point y
have to be homotopic fiber by fiber, using again the fact that p is a Serre fibration,
and notice that this is possible only if both coincide, since the fiber is discrete.)

The following is a very important example.

4.2.9 EXAMPLE. Let S? € C x C be defined as
S ={(z,)eCxC | 2247 =1}.

Also let us identify the Riemann sphere, defined by C U {oo}, with S? by means of
the stereographic projection e : S> — CU{oco} defined by e(¢) = (1/1—z)(z +iy)
for ( = (z,y,2) and z < 1 and by e(0,0,1) = co. This is shown in Figure 4.2.

o

Figure 4.2

We have a map
p: S — §?=CU {0}

defined by

z e
p(z,z'):{z/ e 7o

oo ifz=0.

Then p is a locally trivial bundle with fiber S' = {¢ € C | (¢ = 1}, as we shall

soon see.

Put U =§? — {cc}(=C) and V = S? — {0}. We define a homeomorphism

oy UxSt—p iU

by ¢u(z,¢) = ((z/VzZ +1,(/V/2z + 1). It then has an inverse

Yy p U — U x St
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!

given by ¢y (z, 2') = (5, ﬁ)
We define another homeomorphism
vV xSt —ptV
by

_(_z[¢ |21¢
iz 6) = <\/zz+ 1 2v2Z + 1)
if z € C— {0} and by py(00,() = (¢,0). Then its inverse

Yy p tV — V xSt
is given by 1y (z,2') = (ﬁ, |"‘7‘) if 2/ # 0 and by ¢y (z,0) = (00, 2).
So we have that p : S* — S? is locally trivial. This locally trivial bundle is

called the Hopf fibration.

Given maps p : E — X and f : Y — X, we may construct the pullback
of p over f, denoted by f*(p) : f*(E) — Y, where f*(E) = {(y,e) € Y x E |
f(y) = p(e)} and f*(p) : f*(E) — Y is the projection. All these maps fit into
the so-called pullback diagram

E
l”
X

f )

fE) —

()
Y

where f: f*(F) — E is the other projection. Le. f*(p)(y,e) = y and f(y, e) =y.

4.2.10 Proposition. Ifp: E — X is a locally trivial bundle and f 1Y — X is
continuous, then the pullback of p over f, f*(p): f*(E) — Y, is a locally trivial
bundle that has the same fiber F' as p has.

Proof: Suppose that y € Y and that U is a neighborhood of f(y) in X such that
there exists a homeomorphism ¢y that makes the triangle

UxF L

o,

commute. Put V' = f~'U. Then V is a neighborhood of y, and the map ¥y :
V x F — f*(p)~tV given by ¥y (y,e) = (v, ou(f(y),e)) is a homeomorphism

p U

that makes the triangle

VxF d4 )V

N

commute.
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4.2.11 Corollary. Given a covering map p: E — X and a map f:Y — X,
the pullback f*(p): f*(E) — Y is covering map that has the same fiber as p. O

4.2.12 EXAMPLE. Assume that R is the space of real numbers and consider the
exponential map

p:R—S!

defined by p(t) = e?™* € St C C. Clearly, we have that p(t) = p(t') if and only if
t' —t € Z. So we have that S! = R/Z as abelian groups and as topological spaces.
Let us show that it is a locally trivial bundle with fiber Z (see Figure 4.3). Put
U = S! — {1}, so that we have p~'U = R — Z. Then there is a homeomorphism
Yy that makes the triangle

o UXZ
U

commute. It is given by ¥y (t) = (e*™¢ [t]), where [t] € Z satisfies t = [t] + ¢’ with
0 <t < 1. And its inverse oy : U x Z — p~ U is given by ¢y (¢,n) = n + t,
where ¢ = €™ € U with 0 < t < 1.

p U

Tt

Figure 4.3
Analogously, if we put V = S! — {1}, so that
1 1 1
p V=R-— Z+§ = t€R|t7én+§; nely,
then we define ¢y : p~'V — V x Z by ¥y (t) = (e%it, [t + %]) Then its inverse

oy : VX Z — p~ 1V is given by ¢y ((,n) = n+t for ( = ™! € V with
—L<t<?
2 2
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4.2.13 EXERCISE.

(a) Let p; : E; — X; be a covering map for i = 1,2,...,n. Show that the
product
pL X Xpp: iy x-o o xE, — X x---xX,

is a covering map.
(b) Show that in general an infinite product of covering maps is not a covering

map. (Hint: Let p : R — S! be the exponential map and assume that for
each i =1,2,..., p; = p. Prove that

oo o0 o
q:sz‘ZHEi —>HXz‘,
=1 i=1 i=1
where E; = R and X; = S for all i, is not a covering map.

In view of the rich structure of Hurewicz fibrations, it is a pertinent question,
under what conditions a locally trivial bundle is a Hurewicz fibration. A quite gen-
eral answer is given in [10]. In order to state the result, we need some preparation.

4.2.14 DEFINITION. Given an open cover U = {U, | a € T} of a topological
space X, we define a partition of unity subordinate to U as a family of continuous
functions 7, : X — I, o € J, such that the following hold:

(i) supp (1) € Uy, where supp (1,) denotes the closed support of 7,, namely
the closure of the set u; (0, 1].

(ii) Every point € X has a neighborhood V' such that the restrictions n,|y = 0
except for finitely many indexes «.

(iii) For each point € X the (finite) sum 5 nq(z) = 1.

In metric spaces, each open cover admits a subordinate partition of unity as
one may show. We have the following.

4.2.15 DEFINITION. A space X is said to be paracompact if any open cover of X
admits a subordinate partition of unity.

Thus any metric space is paracompact. By a theorem of Miyazaki [37], every

CW-complex is paracompact.

We have the next result due to Dold [10].

4.2.16 Theorem. Let p : E — X be a locally trivial bundle and let U be a
trivializing cover. If U admits a partition of unity, then p: E — X is a Hurewicz
fibration.
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As a consequence, we have the following.

4.2.17 Corollary. Letp: E — X be a locally trivial bundle over a paracompact
space X. Then p: E — X is a Hurewicz fibration. ]

4.3 TOPOLOGICAL COFIBRATIONS

The concept of cofibration is dual to that of fibration.

4.3.1 DEFINITION. Let C be some class of k-spaces. We say that an inclusion map
i : A — X has the homotopy extension property for the class C (the C-HEP for
short) or that it is a C-cofibration if given a homotopy H : A x I — Y and a
map f: X — Y such that f(a) = H(a,0), for any space Y in C, there is a map
H: X xI — E such that H(z,0) = f(z) for all z € X, and H(a,t) = H(a,t) for
alla € A, t € I. In a diagram

A
|
X

Jo A

X

I
jx%

AN

\H
— X

‘ I

Jo \\\H\\/
\\
! Y.

If C is the class of all k-spaces, then we say that j is a cofibration.

-~

(4.3.2)

X

For what follows, we shall require two elementary concepts. Recall that A is
a retract of X if A C X and there is a map r : X — A, called retraction, such
that 7|4 = id4. Furthermore, we say that A is a strong deformation retract of X
if A C X and there exists a homotopy H : X x I — X such that

H(z,0)=0 foral ze€X,
H(a,t)=a forall ac A, tel,
H(z,1) € A forall z € X.

In this case, r(z) = H(z,1) is a retraction r : X — A, which we call strong
deformation retraction. The homotopy H is called a deformation.

In the next we shall follow the papers [47, 48]. The following is a useful char-
acterization of a cofibration.

4.3.3 Proposition. Let A C X be closed. Then the inclusion map j : A — X is
a cofibration if and only if there is a retraction r: X x I — X x {0} U A x I.
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Proof: Notice first that X x {0} and A x I are closed in their union, hence a map
¢: X x{0}UAxI —Y is continuous if and only if its restrictions to both closed
sets are continuous. Assume that we have a retraction r and we have the homotopy
extension problem depicted in (4.3.2). The maps f and H determine a well-defined
continuous map K : X x {0}UAxI — Y. The composite H = Kor : X xI — Y

solves the extension problem. Thus j is a cofibration.

Conversely, assume that 7 : A — X is a cofibration and in the extension
problem (4.3.2) take Y = X x {0} UAx Taswellas f: X — X x {0} UA X T
and H : Ax I — X x {0} UA x I to be the inclusions. Then the extension
r=H:XxI— X x {0} U A x I is the desired retraction. O

The previous result is indeed stronger. We have the following.

4.3.4 Proposition. Let A C X be closed. Then the inclusion map j : A — X is

a cofibration if and only if there is a strong deformation retraction r: X x I —
X x{0}UAXxI.

Proof: It only remains to prove that if j : A < X is a cofibration and r : X xI —
X x {0} U A x I is a retraction, then r is indeed a strong deformation retraction.
Consider the homotopy H : X x I x I — X x [ given by

H(z,s,t) = (r1(x,ts), tra(x, s) + s(1 —t)),

where r(x,t) = (ri(z,t),r2(z,t)), r1(z,t) € X and ro(x,t) € I. If s = 0, then
r(z,0) = (z,0), hence H(x,0,t) = (x,0), and if z € A, then r(x,t) = (z,t), hence
H(xz,s,t) = (z,s). Therefore, the homotopy is relative to X x {0} U A x I. Finally,
H(z,s,0) = (z,s) and H(z,s,1) = r(x,s), thus the homotopy starts with the
identity and ends with the retraction r. ad

4.3.5 EXAMPLE. 01" — [I" is a cofibration. Namely there is a retraction r :
I" x I — I" x {0} UOI™ x I. Figure 4.4 shows r. It is an exercise to give the
algebraic expression for r.

4.3.6 EXERCISE. Consider the inclusion i : I"™ x {0} UJI™ x I < I™ x I. Show
the following.

(a) i is a cofibration.

(b) ¢ is a homotopy equivalence. (Hint: The homotopy H : I" X I x I — I" x I
given by H(s,t,7) = (1 — 7)(s,t) + 7r(s,t), where r(s,t) is as above, starts
with the identity and ends with ¢ o . Furthermore, 7 o = id.)
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(S//, t//)

"' (Slvt,)t‘:
S

7"(8”, t”)

r(s’,t)

Figure 4.4 The retraction r : I" x I — I"™ x {0} U9I™ x I

We shall give several further results which characterize cofibrations. Our first
result gives a characterization which shows that tha concept of cofibration has
locaal character, i.e. it depends only on a certain neighborhood of the small space
in the large one.

4.3.7 Theorem. Take a closed subset A of a space X. Then the inclusion j : A —
X is a cofibration if and only if there exist

(a) a neighborhood U of A in X and a deformation H : U x I — X to A,

relative to A, namely such that

H(xz,0) =0 forall z€U,
H(a,t)=a forall a€ A,tel,
H(z,1)€ A forall z€U.

(b) a continuous function ¢ : X — I such that A = ¢=1(0) and ¢(z) = 1 for
alz ¢ U.

Proof: If j is a cofibration, then by Proposition 4.3.3, there is a retraction r :
X xI— X x{0}UAxI and let 7 and r3 be the components of 7 in X and I,
respectively. Define U, H, and ¢ by

U={re X |ri(z1) € A},
H:rl‘UXIa

o(x) = sup [t — ro(x,t)|
tel



4.3 TOPOLOGICAL COFIBRATIONS 73

First notice that U is a neighborhood of A since it can be seen as r~1(A x (0,1]),
and A x (0,1] is open in X x {0} U A x I. Further, H(z,0) = ri(x,0) = z, since
r(x,0) = (z,0), H(a,t) = a, since r(a,t) = (a,t), and H(x,1) € A, since x € U, by
definition of U. Moreover, ¢(x)sup,cs [t — r2(z,t)| = 0 if and only if ro(z,t) = t.
Thus ¢t > 0 and so z € A.

Conversely, assume that we have U, H, and ¢ as in the statement of the
theorem. Since A C X is closed, it is enough to construct a retraction r : X x I —
X x {0} U A x I. Define it by

((x,0) if p(z) =1,
(H (z, ( p())t),0) if 5 <p(x) <1,

r(z,t) = ( ,Zw(x ) , if0<g0(x)§%and0§t§2cp(x),
(H(z,1),t —2p(x)) , if0<go(x)§%and2<p(x)§t§1,
(z,t), if p(x) =0

It is an easy exercise to show that r is continuous. To see that it is well defined,
notice that if ¢ > 2¢(x), then since z € U, we have H(z,1) € A; moreover, if
o(z) = 0, then we must have z € A. To verify that r is a retraction, notice that
r(x,0) = (2,0) and r(a,t) = (H(a,t'),t) = (a,t) (for some value of t'). 0

The following result relates fibrations and cofibrations. It is a consequence of

one of the previous results.

4.3.8 Theorem. Let p: E — X be a Hurewicz fibration and let A be a strong
deformation retract of X and there is a function ¢ : X — I such that A = p=1(0).
Then given maps f : X — X and g : A — E such that po g = f o j, where
j: A= X is the inclusion map, there is a map h : X — E that lifts f, i.e. such
that po h = f, and extends g, i.e., hoj = g. In a diagram

(4.3.9) j

Furthermore, the map h is unique up to homotopy relative to A.

Proof: By assumption, there is a retraction r : X — A and a deformation H :
idx ~ jor rel A.If h such that hoj = g exists, then hoH : h ~ hojor = gor rel A.
This proves the last assertion of the theorem.

Define K : X x I — X by

N H(z, ) it <o(x),
Kz, t) = {H(:L‘ iﬂ)( k ift > p(z).

One easily shows that K is continuous. Since p is a Hurewicz fibration, there is
alifting K : X xI — Eof foK : XxI — X, namely poK = fo K
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and K (z,0) = gr(z) for any z € X. The desired lifting h : X — E is given by
h(z) = K(z, o(x)). 0

Notice that if we are interested in cofibrations where the space X is a CW-
complex and A is a subcomplex, the previous result holds also for Serre fibrations.
A consequence of the last result is the next.

4.3.10 Theorem. Let p : E — X be a Hurewicz fibration and j : A — X a
cofibration (where A C X is closed). Given a homotopy H : X x I — X and a
map [ : X X {0} UAXI — E such that po f = H|X><{O}UA><Iz there exists a
lifting of H, H:X xI— FE such thatpoH H and H’Xx{o}quI =f.Ina

diagram

Xx{O}UAxIHE

(4.3.11) l
XxI E

H

Proof: By Proposition 4.3.4, X x{0}UAx [ is a strong deformation retract of X x I.
By Theorem 4.3.7, one can construct a function ¢ : X — I such that 1»~1(0) = A.
Define ¢ : X x I — I by p(x,t) = tp(x). Thus ¢ 1(0) = X x {0} UAxI. O

4.3.12 Theorem. Suppose that A is closed in X and let j : A — X be the
inclusion map. Then these two statements are equivalent:

(a) Given a Hurewicz fibration p: E — B and a commutative diagram

A E

7
. h
v

X — B,
f
there exists a lifting h : X — E such that poh = f and hoj =g.

(b) The map j is a cofibration and a homotopy equivalence.

If (a) and (b) hold, then the lifting h of f is unique up to a homotopy relative to
j(A).

Proof: We prove first (b) = (a). Since j is a cofibration, by Theorem 4.3.8 (a)
follows from (b).

Conversely, to prove (a) = (b) recall 4.1.5 2 that the map = : M(I,Y) — Y
given by 7(o) = ¢(0) is a Hurewicz fibration for any space Y. Let f : X — Y
and H : A x I — Y such that for any a € A, f(a) = H(a,0). Then by Lemma
1.4.20, H corresponds to a map H:A— M(I,Y) such that wo H= fla. Hence
by 4.3.12, H exists as desired. Hence A < X is a cofibration. O
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4.3.13 REMARK. If in the previous result X is a CW-complex and j : A — X
is the inclusion of a subcomplex, then the result holds for a Serre (instead of a
Hurewicz) fibration p : E — B.

4.4 TOPOLOGICAL HOMOTOPY GROUPS

In this section we define the homotopy groups of a pointed space and we construct
the long exact sequence of homotopy groups determined by a Serre fibration.

We start considering the nth cube I, which is the product of n copies of the
unit interval I = [0, 1], and its boundary 0I"™ which consists of points such that at
least one of their coordinates is ether 0 or 1.

4.4.1 DEFINITION. Let X be a pointed space with base point xy. We define
(X, o) as the set of homotopy classes of maps of pairs o : (I™,0I") —
(X, {x0}). The homotopies between two such maps of pairs must of course send
OI™ to the base point xg.

We define an operation in 7, (X, o) as follows. Let o, 5 : (I",0I"™) — (X, {z0})
represent two elements; define

_ 06(281,32’...78,”) 1f0§81§%,
ok Bls1; 82,000y 8n) = {ﬂ(?sl —1,89,...,8n) if% <s <1.

It is an ezercise to verify that the homotopy class [« * ] depends only on
the homotopy classes [a] and [f] so that we have a well defined sum operation in
(X, zo) given by [a] + [3] = [a* f]. Furthermore, define an identity element 0 to
be the homotopy class of the constant map ¢, which sends I™ to the base point

xo, and an inverse element to o], —[a] = [a], where

a(s1,82,...,8,) = (1 —51,82,...,8p) -

The next lemma will be useful in what follows.

4.4.2 Lemma. Given two maps f,g: I — I such that f(0) = g(0) and f(1) =
g(1), then f ~ g rel 8I. Thus in particular, if f(0) = 0 and f(1) = 1, then
f~id; rel I and if f(0) =0 and f(1) =0, then f ~cy rel 1.

Proof: Define a homotopy H : I x I — I by H(s,t) = (1 —1t)f(s) + tg(s). Then
H: f~g rel 1. (See Figure 4.5.) O

We shall use Lemma 4.4.2 to prove a general associativity result. We shall write
the expression

Q] kg *---x Q,
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Figure 4.5

without parentheses, which, if it is not stated otherwise, means the element

al(k817327"'73n> if 0 < 51 < %7
ag(k:sl—l,sQ,...,sn) if%gslg%,
(p*xagx- - *ag)(81,82,...,8,) = i

ag(ksy —k+1,s92,...,5,) if%gslgl.

4.4.3 Lemma. Given maps ai, ag, ... , o : (I",0I") — (X, x¢) one has

(%% ay) % (g1 % %ap) Yoy *---xap rel O x ["7!

Proof: Let f: I — I be the piecewise linear function such that f(0) =0, f (%) =
7»and f(1) = 1 (see Figure 4.6), which by Lemma 4.4.2 is homotopic to id; relative
to 0I. We clearly have

(%o kap) * (Qppr * % ) (81,82, -+, 8n) = (1 % -k ap)(f(s1), 82, -+, 8n) -

Hence the result. O

4.4.4 Theorem. The set 7, (X, xo) with the sum operation, identity element and

mverse elements is a group.

Proof: By Lemma 4.4.3, the operation is associative. We prove now that 0+ [a] =
] = [a] +0. Let f : I — I and g : I — I be piecewise linear functions
such that f(0) = 0, f(3) = 0, and f(1) = 1, and g(0) = 0, g(3) = 1, and
g(1) =1 (see Figure 4.7). Then (cg, * @)(s1,52,--.,5n) = a(f(s1),52,...,5,) and
ak Cpo(s1,82,. .., 8n) = a(g(s1), s2,...,5,)), and the result follows from 4.4.2.

We prove now that [o]+[a] =0 = [a]+[a]. Let now f: [ — Tand g: I — [
be piecewise linear functions such that f(0) = 0, f(3) = 1, and f(1) = 0, and
g(0) =1, g(%) =0, and g(1) = 1 (see Figure 4.8). Then (« * @)(s1,52,...,8,) =
a(f(s1),s2,...,8,) and @ x a(s1,S2,...,8,) = a(g(s1),S2,...,S,). Thus the result
follows from 4.4.2, since f ~cg: 1 — I rel I and g ~ ¢; rel OI. O
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Figure 4.7

We have written + for the group operation. This we shall do only if n > 2,
since in this case the groups are abelian. This follows from the next general result.
Before we state it, we shall say two operations in W are mutually distributive up
to homotopy if

(axb)e(cxd)~(aec)*(bed) forall a,b,c,d e W .

We say that x and e have a common bilateral identity element up to homotopy if
there is an element e € W such that

axe~exa~aee~ceq~aqforalacW.

We say that the multiplications are mutually distributive, resp. they have a common
bilateral unit if we can replace ~ by = in the corresponding conditions.

4.4.5 Lemma. Let W be a space equipped with two continuous multiplications *,
e such that

(a) * and e have a common bilateral identity element up to homotopy, and
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Figure 4.8

(b) * and e are mutually distributive.

Then x and e are homotopic, as well as being commutative and associative up to
homotopy.

Proof: Take a,b,c,d € G and let e € W be the common identity element up to
homotopy. Therefore,
axb~(aee)x(cob)~ (axe)e(exb) ~aeb,
and so * and e are homotopic. Moreover,
aeb~axbx~(eea)x(bee)~(exb)o(axe)~boea~bxa,
and so the multiplications are commutative up to homotopy. Finally,
ax(bxc)~(aee)x(bec)~(axb)e(exc)~(axb)*c,
and so the multiplications are associative up to homotopy. O

In our case, if n > 2, we can define a second operation on m, (X, z¢) as follows.
Let a, B : (I, 0I™) — (X, {zo}) represent two elements; define

a(s1,282,...,5n) if0§52§%,

B(s1,289 —1,...,8) if%§52§1.

OZ.,B(Sl,SQ,...,Sn):{

The operations * and e are mutually distributive up to homotopy. Namely, let
a,B,7,0 : (I",0I") — (X, {xo}) represent four elements in 7, (X, zo). Then

((axB) e (y*0))(s1,82,...,8n) =

(251,259, ...,5,) 0<s1<%, 0<sy<?

2 L. — ) ) M ) 27 2

(s B)(s1, 282, .- 5n) {ﬂ(231—1,232,...,sn),;gslgl,0532§§
V(251,252 — 1,...,8,), 0<s1<3, 3<s<1

§) (51,250 — 1, 8,) = 20 2
(7% 0) (51,28, =1, 5n) {5(251—17252—1,...,.9”),;§51§1, los<a
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and on the other hand

((voy)x (5 ®0))(51,82,-..,8n) =

(251,289, ... ,5,) 0<s1<i, 0<sy<i
2 L. — b 7 M ) 27 2
(re ) (51,282, 5n) {7(231,252—1,...,%),0<31<;, l<sy<l
B(2s1 —1,282,...,5y) L<g<1,0<8<
) (51,250 — 1, ., 5,) = 252,05 8n)y g )
(Be0)(s1,282 =1, 5n) {5(251—1,282—1,...,sn),§381§1, l<s, <

Thus clearly both expressions are equal. It is also easy to see that the constant
map is a two-sided identity element up to homotopy for both operations. Hence
we conclude the following.

4.4.6 Proposition. Ifn > 2, then the groups m,(X, o) are abelian. O

4.4.7 NoTE. If n = 1, then 7 (X, z¢) is the so-called fundamental group. 1t is
not necessarily abelian and thus if we take elements a,b € 71 (X, xo) we write the
operation simply by ab.

4.4.8 REMARK. Given a map of pairs a : (I",9I") — (X, x¢), then it defines
a pointed map @ : ["/0I™ — X, where the quotient space I"/OI™ has as base
point the point onto which 9I™ collapsed. Fixing a homeomorphism " /91" ~ S",
then @ determines a pointed map o : S* — X. Conversely, given a pointed map
o : S" — X, it determines a map of pairs a: (I",0I") — (X, x0). Thus we can
view the homotopy groups m,(X,z¢) as the pointed homotopy sets [S", X]. and
the operation is given as follows. If o/, 8’ : S* — X are two pointed maps, take
the quotient map ¢ : S* — S™ v S™ which collapses the equator S*~! to a (base)
point and define o x 8’ = (/, 8’) o ¢ (see Figure 4.9).

Figure 4.9 The sum of o/ and ' in [S", X].

4.4.9 Proposition. Given two points xo,x1 € Xand a path v : zg ~ x1, there is
an isomorphism ¢~ : (X, 1) = m,(X, x9). Consequently, if X is path connected,

(X, x0) does not depend on xy and we may write 7, (X) instead.

— Nl
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Proof: Consider the canonical inclusion I"™ < I"*! which maps (s1, 52, ..., 8,) to
(51,52,...,5n,0). Then I" C 9I"! and we may put J"* = I"*t! — I" (see Figure
4.10, where J™ is upside down).

Let K be the interval [%, %] and consider the complement . There is a home-
omorphism 7 : I"" — J" which maps K™ to I" (enlarging and translating), and
I" — K™ to 0I™ x I so that every radial segment inside I™ — K™ maps affinely onto

I as shown in Figure 4.10).

[/,

\//4
/TN

AN

[N

Figure 4.10 The isomorphism ¢, : m,(X, 21) — m, (X, 20)

Given g : (I",0I") — (X, 1), consider the map « : (I",0I") — (X, x0)
given by composing n with the map 1 : J» — X defined as

~ [B(s) if(s,1) e I™ x {1}
Vls,t) = {fy(t) if (s,¢) € OI" x I .

Now define ¢ ([5]) = [a]. It is a routine ezercise to show that ¢., is an isomorphism.
(Hint: If one takes 7(t) = (1 — t), then ¢y is the inverse isomorphism.) 0

Figure 4.11 illustrates the effect of ¢, to a representative 3 of an element in
Ust (X7 y)

4.4.10 REMARK. One may define another isomorphism ¢., : 7, (X, x1) — m, (X, 20).
Assume, as before, that 8 : (I",0I") — (X, z1) represents an element in 7, (X, z1).
Recall 4.3.5, where we show that the inclusion 9I™ < I" is a cofibration. Thus
the extension problem depicted in the diagram

oN——— 1"

j0£ £ \\ 8

OI" x I——1I" x I
I \\{

X,

where T'(s,t) = ~(t), has a solution H. Define o : I — X by «(s) = H(s,1).
Then o ~ B and « represents an element in m,(X,z0). Let ¢, be defined by

oy ([8]) = [ad.
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by a(I™)

Figure 4.11 The effect of ¢, on 3

4.4.11 EXERCISE. In the previous exercise prove the following.

(a) Any two a; and apo obtained as above are homotopic relative to 91", thus
¢~ is well defined.

(b) ¢ is bijective.

(c) ¢y is a group isomorphism.

4.4.12 DEFINITION. Let (X, A, xg) be a pointed pair of spaces with base point
xg € A. For n > 1 we define 7, (X, A, z¢) as the set of homotopy classes of maps
of triples (I", 01", J" 1) — (X, A, {x0}), where J"~1 = 0I" — I""! is as above
and the homotopies map 91" into A and J"~! to the base point x(.

We define an operation in 7, (X, A, z¢) for n > 2 using the same formulas as
for m, (X, z¢), where now the last coordinate s,, does not play the same role as the
previous ones, since it can only be different from one if (s, s2,...,8,-1) € OI" L.
Hence we may use only either of the coordinates si,$9,...,8,-1 to define the
operation in 7, (X, A,z¢) and we have at least two of them which are mutually
distributive if n > 3. Thus we may prove similarly the following result.

4.4.13 Theorem. If n > 2 the set m,(X, A, xg) is a group, and it is abelian if
n > 3. O

The following is a criterion for a map « : (I, 01", J" 1) — (X, A, {z0}) to
represent the identity element 0 € m, (X, A, xo).
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4.4.14 Proposition. An element [a] € m,(X, A, x0) is equal to zero if and only if
a is homotopic relative to OI™ to a map o' : (I, 01", J" 1) — (X, A, {xo}) such
that o/ (I™) C A.

Proof: Assume first that a ~ o/ rel 9I", with o/ (I"™) C A. If we now deform I" to
a point, say by a homotopy H : I"™ x I — In given by H(s,t) = (1 — t)s, where
s = (s1,82,...,8,) € I". Then o ~ 0 and thus [o] =0 € m, (X, 4, z0).

Conversely, assume that [«] = 0. This means that there is a homotopy of triples
G : I" x I — X such that G(s,0) = a(s), G(s,1) = xg, and G(OI" x I) C A, and
G(J" 1 x I) = {zo}. There is a retraction r : I" x I — I" x {0} UOI"™ x I. Then
define H : [" x I — X by H =Gor:I" x I — A. Clearly for all s € I"" we
have H(s,0) = G(s,0) = «(s), furthermore for all s € 9I" and all t € I we have
H(s,t) = G(s,t) C A. Thus H is a homotopy relative to 0I" which starts with «
and ends with a map o' whose image lies in A. Figure 4.4 shows r. ad

4.4.15 EXERCISE. Give an explicit formula for the retraction r: I™ x I — I"™ x
{0} U AI"™ x I used in the previous proof and depicted in Figure 4.4.

Given two pointed pairs (X, A, z¢) and (Y, B, 1) and a base-point-preserving
map f : (X, A,29) — (Y, B, yo), by mapping « : (I",0I", J" 1) — (X, A, {x0})
to the composite foa: (I",0I", J" 1) — (Y, B, {yo}), one obtains a homomor-
phism

fo (X, A z0) — (Y, B, yo) -

4.4.16 EXERCISE. Show that 7, is a functor from the category of pointed pairs
of spaces and continuous maps Top? to the category of groups &tp (or of abelian
groups 2Ab if n > 2), i.e. (id(x 4,00))x = L, (X, 4,0) : Tn(X; A, 20) — (X, A, 70)
and if f: (X, A, xg) — (Y, B,yo) and f : (Y, B,yy) — (Z,C, z) are base-point-
preserving maps, then (go f). = gi 0 fu : mo(X, A, 20) — m(Z, C, 20).

Notice that if one takes the pointed pair (X, {zo}, zo), then 7, (X, {zo}, z0) =
(X, zg). Consider the inclusions i : (A, z9) — (X,x0) and j : (X, {zo},x0) —
(X, A, x0). Furthermore, given a map of triples a : (I, 91", J" 1) — (X, A, {x0})
we may take its restriction o : (I""Y 91" 1) C (91", J" 1) — (A, {z0}). Then
the mapping [a] — [&/] clearly defines a homomorphism 0 : 7,(X, A, x0) —
Tn—1(A,xo) which can be shown to be a homomorphism. The homomorphisms
induced by ¢ and j together with O fit into a long sequence of homomorphisms.
When there is no danger of confusion we shall omit the base points from the
notation. We have the following.

4.4.17 Theorem. The sequence

o i (A) S (X)L (X, A) L w1 (A) — - — mo(X)
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is exact. Notice that the last three terms of the sequence meed not be groups.
Nonetheless the exactness makes sense.

Proof: We start checking the exactness at m,(X). First notice that if we take any
[@/] € mp(A), then jui.([o/] € m,(X, A) is represented by the composite

a: (I, 81", J"Y) 25 (A, {ao), {zo)) < (X, A, {z0}) .

Thus «(I™) C A and by the criterion 4.4.14, j.i.([¢/]) = [o] = 0 € m, (X, A).
Therefore im (i,) C ker(j,). Conversely, if a : (I",0I") — (X, {xo}) is such that
joa: (I",0I", J" 1) — (X, A, {z0}) is nullhomotopic, then again by 4.4.14 jo
is homotopic to a map o/ : (I", 01", J*~ 1) — (X, A, {z0}) such that o/(I") C A.
Therefore o determines a map of pairs 8 : (I",0I") — (A,{zo}) such that
i+([8]) = [¢/] = [@]. Hence ker(i,) C im (j.) and the sequence is exact at 7, (X).

Take now [a] € (X)), a : (I™,0I") — (X,{zo}). We can consider a as a
map ioa : (I",0I", J" 1) — (X, A, {x¢}) whose restriction 3 : (I"~1, 9I" 1) C
(1", J Y — (A, {z0}) is constant. Hence 9j.([a]) = 0 and thus im (j.) C
ker(9). Conversely, assume that « : (I, 01", J" ') — (X, A, {zo}) is such that
its restriction o' : (I"~1, 0I"" 1) — (9I™, J" 1) -, (A,{zo}) is nullhomotopic
via a homotopy K : I""! x I — A such that K(s,0) = o/(s) = a(s,0) and
K(s,1) =29 = K(s',t) forall s € "', s’ € 9I""', t € I. We can view "1 x I
as I" 1 x {0} x I C I" x I and I" as I"™ x {0} C I" x I and take the retraction
I x T — (I"1 < {0} x I) U (I™ x {0}) given by

Lo [(st—t,0) ift<t,
T(S’t’t)_{(s,o,t—t’) i£> 1

where (s,t/,t) € I""! x I x I (see Figure 4.12, where (b) represents the retraction
seen from the side).

4 T(p7 t)

Figure 4.12 The retraction r: I x [ — I" x {0} UI" ! x T

(@, K)

Take the composite K’ : I" x I - I" x {0} uI™ ' x I it X, where the
second arrow means that we take o on the bottom I™ x {0}, while we take the
homotopy K on the vertical wall I"~! x I. Then we consider 3 to be the end of

the homotopy K', namely 3 : I" — X is given by ((s) = K'(s,1). By definition,
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B(OI™) = {x0} and thus by restriction it determines 5’ : (I",0I") — (A, {x0}).
Hence j.([f']) = [a] and so ker(9) C im (j.) and the sequence is exact at m,(X, A).

Let us take now an element [a] € 7, (X, A), o : (I, 01", J" 1) — (X, A, {z0}).

i+0([a]) is represented by the restriction
o ("0 5 (01, 7)< (A, {ao}) = (X {ao}).

We consider a : I" = ["! x I — X as a homotopy such that a(s,0) = «/,
a(s,1) = z9 = a(s',t) for all s € "L all &' € 01"}, and all t € I. Thus a is a
nullhomotopy of o/ relative to 91"~ and thus i.9(|a]) = [¢/] = 0. Hence im (9) C
ker(i,). Conversely, assume that B : (I"~1,0I""1) — (A, {xo}) is such that the
composite B’ : (I""1, 01" 1Y) — (A, {x0}) — (X, {x0}) is nullhomotopic. Let
H : "' x I — X be a nullhomotopy, i.e. H(s,0) = (s), H(s,1) = 29 = H(s/,t)
forall s € I" !, all & € 1" !, and all t € I. Since "' x I = I, H can be seen
asamap «: (I",0I", J" ) — (X, A, {z0}), since a(I"! x {0}) = g1 1) C A
and a(J" 1) = z¢. Hence [8] = d]a] and ker(i,) C im (9) and the sequence is
exact at m,—1(X). 0

4.4.18 EXERCISE. Let B C A C X be a triple of pointed spaces. Show that there
is a long exact sequence

oo (A, B) 22 (X, B) 25 (X, A) L (A B) — -

where 0 : mp (X, A) — m—1(A) — m—1(A4, B), the first arrow being the con-
necting homomorphism of the pair (X, A) and the second being induced by the
inclusion (A,{zo}) — (A, B). (Hint: Either combine the long exact sequences
of the different pairs or adapt the proof of 4.4.17 to this case. Notice that both

sequences are equivalent.)

4.4.19 Theorem. Let K be a pointed simplicial set. There is a natural isomor-
phism my(K) — mq(|K]).

4.4.20 Proposition. Given a Serre fibration p : E — X with fiber F' over xqg, p
induces an isomorphism py : 7o (E, F) — mp,(X, xo) for all n, that is as a map of
pairs, p: (E, F) — (X, x0) is a weak homotopy equivalence.

Proof: Given an element a € m,(X,zg) represented by a map « : (I",0I") —
(X, z0), consider the lifting problem

K
Jn—l T E

2]
s p
//

'——X

Since the inclusion J"~! < I" is a cofibration and a homotopy equivalence, by
Theorem 4.3.12 (and Remark 4.3.13), the problem has a solution 3 : (I, 9I", J*~ 1) —
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(E,F,{z0}). Thus b = [f] € my(E, F) is such that p,(b) = a and hence p, is sur-
jective.

Assume now that b € 7, (FE, F) is such that p.(b) = 0. If b is represented by a
map 3 : (I",0I", J" ') — (E, F,{x¢}), this means that o = po 8 : (I",0I") —
(X, z9) is nullhomotopic. Hence there is a homotopy H : I"™ x I — X such that
H(s,0) = pB(s) and H(OI" x I UI" x {1}) = zp. Consider the following lifting
problem

s {oyuar x 125 g
7

K -~
J e p
~
~

I" <1 X

Hence K is a homotopy of 8 to 8’ relative to 91", such that 8'(I"™) C F. Hence,
by 4.4.14, b = [8] = 0 and p, is injective. O

Hence we have the following consequence.

4.4.21 Theorem. Given a Serre fibration p : E — X with fiber F, there is a
natural long exact sequence

v == T 1 (X)) — T (F) — mp(B) — mp(X) — 1 (F) - - -

Proof: By Theorem 4.4.17 applied to the pair (E, F') we have a long exact sequence,
where we may replace m,(E, F') with m,(X, z¢) for all n, namely

0 L jx 0
o 4>7Tn+1(E7F) %Wn(Fan) L>7TH(E760) L>7T7L(E7F) 4>7Tn71(F>60) e

S T Sl

Hopy Bopi L
Tont1 (X, 20)" " (X, w0) *

4.4.22 Theorem. Letp: E — X be a Hurewicz fibration with fiber F = p~*(zq)
and contractible total space E. Then the holonomy 0 : QX — F is a weak homo-

topy equivalence.

Proof: Let I')y : E xx M(I,X) — M(I,E) be a PLM for p. Consider the path
fibration 7 : PX — X (see 4.1.5 1) whose fiber over x is QX and consider the
map 7 : PX — E given by n(o) = I'y(eg,0)(1). The restriction of 7 to the loop
space 2X is the holonomy. Thus there is a commutative diagram

QX pPX T X

|

F———F X.
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The vertical arrows fit into the long exact sequences of homotopy groups of 7 and
p, namely, we have a commutative diagram

Lx

0 == 741 (PX) "> T 1(X) o 1 (2X) — > 1, (PX) =0

mi le* ml

Tnt1(E) —5— Tn1(X) — T (F) - m(E)=—= 0.

IR

07

Hence 0 on the top as well as on the bottom is an isomorphism and therefore
0 : mp(QX) — 7, (F) is an isomorphism for all n. Thus 6 is a weak homotopy

equivalence.

4.4.23 NOTE. The connecting homomorphisms 0 : 7, (X) — m,-1(QX) are iso-
morphisms because they lie between two zero-groups. That the one on the top

is an isomorphism is no surprise, since by the exponential law, m,_1(QX) =
mo( M. (SPL, M (S, X)) = [S", X]« = mn(X).

In this example, by using 4.4.21 and 4.2.5, we get an exact sequence

(4.4.13) > (L) — mg(R) — mg(SY) — mg1(Z) — -
o — m(R) — 1 (SY) — m0(Z) — mo(R).

Since we have
7 ifqg=0
7) = ’
mulZ) {o if ¢ # 0,
and
m(R) =0 if ¢>0,

we obtain the next result.

4.4.14 Theorem. The homotopy groups of S* are given by

|7z ifq=1,
weh={g Jizi 0

That is to say, we have proved that S' is an Eilenberg-Mac Lane space of type
K(Z,1) (see Chapter 8).

4.4.15 EXERCISE. Let p: E — X be a covering map where X is path connected
and locally path connected. To say that X is a locally path-connected space means
that for each point x € X and each neighborhood U of z in X there is a neigh-
borhood V' C U of x that is path connected. Let X be path connected. Prove
that for every map f : X — X and for all points z9p € X and yo € p~1(f(x)),
there exists a unique lifting f: X — FE such that f(:z:o) = yo if and only if
femi (X, 20) C pemi(E,yo). (Hint: For each point z € X let « : I — X be a
path such that a(0) = z¢ and a(l) = z. Using 4.2.8, there exists a unique path
a : I — FE such that a(0) = yp and po a = o. We then define f: X — FE by

f(x) = a(1). Using the hypotheses, prove that f is well defined and continuous.)
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For the following exercises recall the definition of the fundamental group m1(X) =
m1(X, o) given in 4.4.7.

4.4.16 EXERCISE. Let p: E — X be a covering map.

(a) Prove that we have an action of the fundamental group of the base m (X, )
on the fiber F' = p~!(z¢) such that if [a] € m(X,79) and e € F, then
e |a] = a(l), where & : I — FE is the lifting of « satisfying a(0) = e (see
4.2.8). In other words, prove that e-1 = e and that e- ([a][5]) = (e [o]) - [5],
where 1, [a], [8] € m1(X, zo) (that is, m1 (X, z0) acts on F). Moreover, if the
space E is path connected, prove that for every ey, es € F there exists
[a] € m1(X,zo) such that e; - [a] = ey (that is, the action is transitive).
(Hint: The action is defined by using the unique path-lifting property 4.2.8.
In order to prove that it is transitive, for any given e; and es take a path «
from e; to ep and define & = poa.)

(b) Prove that the homomorphism p, : m(E,eg) — m1(X,x0) is a mono-
morphism. (Hint: If @ : I — FE is a closed path in E such that a(0) =
a(1) = ep and such that « = poa ~ 0 in X, then there is a lifting of every
nullhomotopy of «, which in turn defines a nullhomotopy of a.)

(c) Assume that the space E is path connected and take ey € F'. Prove that the
function [«] — eg-[a] defines an isomorphism (as sets) between F' and the set
of (right) cosets of p.m1(E, ) in m1 (X, x0). (Hint: One has eq - [a] = €g - [S]
if and only if p.m1(E,eo)[a] = pam1(E, e0)[].)

(d) Suppose that E is simply connected, that is, m1(E£) = 1. Conclude that
m1(X,zo) = F as sets. A covering map p : E — X such that m1(F) =1 is
called a universal covering map.

4.4.17 EXERCISE. Let p: R — S! be the exponential map, namely, p(t) = et
Prove that p is a universal covering map, so that 71(S!) = Z at least as sets. (See
Figure 4.13, and compare this with 4.2.12.)

4.4.18 EXERCISE. Let p: S* — RP" for n > 1 be the canonical projection. Prove

that p is a universal covering map whose fiber F' consists of two points. Conclude
that ™1 (R]P)n) = ZQ.

4.4.19 NOTE. The results stated in Exercises 4.4.16(b) and (c) can be obtained
from the long exact homotopy sequence of a Serre fibration (see 4.4.21).
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- Dbb

Figure 4.13

4.4.1 The geometric realization of the singular simpli-
cial set

Recall the map px : |S(X)| — X defined by px([o, s]) = o(s), where ¢ : A" —
X and s € A", introduced in the previous chapter. The following is a result of
Milnor.

4.4.20 Theorem. The map px : |S(X)| — X is a weak homotopy equivalence.

Proof: We must prove that px. : m,(|S(X)|) — mp(X) is an isomorphism for
all n. We start proving the bijection in the case n = 0. We must show that px
establishes a one-to-one correspondence between the path-components of |S(X)]
and X. To see that, we may assume without loss of generality that X nonempty and
0O-connected and it will be enough to prove that |S(X)| is also O-connected. Take
a base point zop € X and let Ty be the unique 0O-cell in |S(X)| which corresponds
to the singular simplex A — X, 1 + z0. Notice that since every (connected)
CW-complex has at least one 0-cell, every path component component of |S(X)]
contains a 0-cell. Now we show that for every 0-cell T # Ty in |S(X)]| there is a
1-cell therein whose boundary is {Z, Zo}. To see this, consider a path in X joining
px () and Zy. The path gives rise to a singular 1-simplex with the desired property.
Thus |S(X)| is 0-connected.

Now we prove that
pxx : T(|S(X)], o) — mn (X, x0)

is an isomorphism for every n > 0. First let f : S — X represent some element
of 7,(X, z0). We consider the sphere S" as the geometric realization |0A™*!| (see
2.2.8), such that the base point ey € |[0A[n + 1]| corresponds to some 0-cell in
its CW-decomposition. According to Theorem 2.2.10, there is an adjoint to f,
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f: O0A[n + 1] — SX. Hence the geometric realization |f| represents an element
in m,(|SX|,Zo) which is clearly mapped by px to px o |f| = f (see the proof of
2.2.10). This proves that px. is surjective.

Since px, is a homomorphism, to prove that it is injective it is enough to show

that ker px. is trivial. To do this, we shall prove that if a map
[ (10An +1]|,e0) — (ISX], Zo)

is such that the composite px o f admits an extension G : (|A[n + 1]|,e9) —
(|ISX|,Zo), then f itself can also be extended over |A[n + 1]|. Hence we assume f
and @ given, and let f : 9A[n+ 1] — S(|SX|) and G : A[n+ 1] — SX be their
respective adjoint maps according to 2.2.10. Let H : S(|SX|) x A[l] — S(|SX])
be a simplicial homotopy relative to SX, which by Proposition 2.4.8 exists. Define
a simplicial map

frAn+1] x A1JUOAR + 1] x A[l] — S(ISX])

by

f(s,e10) = asxG(s) and  f(3;,t) = H(G(5),1)
for s € Aln+1], t € A[l],, and ¢ € n + 1. The domain of its adjoint is homeomor-
phic to |A[n 4 1]| and agrees with f on the boundary. Therefore it is the desired
extension of f and ker px, = 0. Hence px, is injective. O
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CHAPTER 5 ELEMENTS OF HOMOLOGICAL
ALGEBRA

IN THIS CHAPTER WE GIVE a brief introduction to homological algebra over a
principal ideal domain. We shall state results and omit proofs, and we refer the
reader to any of the many books on the topic, for instance [25] or [32].

The basic objects of homological algebra are R-modules. Since we are assuming
R to be a principal ideal domain, it is commutative by definition. Hence we make
no distinction between left and right R-modules. One of the main properties that
a principal ideal domain has is that given a free R-module M and a submodule
N C M, then N 1is also a free module.

In most of our applications, R will be Z or a field.

5.1 THE FUNCTORS TOR AND EXT

Given two R-modules M and N there are several functors: the well-known tensor
product M ®@r N and Hom-product Homp(M,N) (see [25] or [32]), and their
derived functors Torgr(M, N) and Extgr(M,N). In what follows, we shall define
these two.

5.1.1 Proposition. Given an R-module M there is a short exact sequence
(5.1.2) 0—F 2 - M-—0

such that I and Fy are free modules. This sequence is called free resolution of M.

Proof: Take any set S of generators of M and define F} as the free R-module
generated by S. If g5 is the free generator of F} corresponding to the generator
s € S, then define a(gs) = s and extend « to all of Fy. To finish the proof take
Fy =ker(a) and let 8 : F» — F} be the inclusion. Since F is free because it is a
submodule of F} which is free, we obtain the desired short exact sequence. a

5.1.3 DEFINITION. Given two R-modules M and N we define the R-modules
Torp(M, N) and Extr(M, N) as follows. By the previous proposition, there is a
short exact sequence of R-modules (5.1.2), where F} and F» are free. Even though

91
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B is injective, the homomorphism 8 ® 1y is not necessarily injective, unless, for
instance, N is a free module. Define Torg(M, N) to be the kernel of

BN

F,® N Fi ® N.

Furthermore, the homomorphism f* = Hom(f3, 1x) is not necessarily surjective,
unless, for instance, N is free. Define Extr(M, N) to be the cokernel of

Homp(Fy, N) 2 Homp(Fs, N).
5.1.4 Proposition. The R-modules Torg(M,N) and Extr(M,N) are well de-
fined, that is, they do not depend on the free resolution (5.1.2). Furthermore

Torg(M, N) is a covariant bifunctor in M and N and Extgr(M, N) is a contravari-
ant functor in M and covariant in N.

Proof: Let ¢ : M — M’ be any homomorphism of R-modules and consider free

resolutions
(5.1.5) 0—F 5 F > M —0
(5.1.6) 0— Lm0

If g; € Fy is a free generator, take any element g, € o/ ~!(pa(gs)) (it exists because
o/ is surjective) and define f; as the homomorphism determined by fi(gs) = ¢.-
Then clearly o’ o fi = f o a. By restriction, f; determines a homomorphism f5 :
Fy — F} such that ' o fo = f1 o 8. Thus we have a commutative diagram

B

0 F FL—=M 0
(5.1.7) le fll sol
0—=F 2o g

Now define homomorphisms

0« = fo® 1, : Torg(M,N) =ker(8® 1y) — ker(8' ® 1x) = Torg(M’, N),
0" = f5 : Extg(M', N) = coker (8™*) — coker (8*) = Extr(M, N).

5.1.8 EXERCISE. Consider a short exact sequence of R-modules 0 — A —
B — C — 0 and take any R-module D.

(a) Show that AQp D — B®r D — C ®r D — 0 is exact. Show with an
example that the first arrow need not be injective.

(b) Show that 0 — Hompg(C, D) — Hompg(B, D) — Hompg(A, D) is exact.
Show with an example that the last arrow need not be surjective.
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5.1.9 EXERCISE. Consider a short exact sequence 0 —> Fy i) S M-—0
of R-modules, where F} and F5 are free R-modules, and let N be any R-module.

(a) Show that the sequence 0 — Torg(M,N) — Fo, g N — F1 g N —
M ®r N — 0 is exact.

(b) Show that the sequence 0 — Homp (M, N) — Homp(F1, N) — Homp(F3, N) —
Extr(M,N) — 0 is exact.

Now we prove that Torg(M, N) and Extg(M, N) are independent of the choices.
Assume first that we have instead of diagram (5.1.7) the diagram

0 F FL—==M 0
(5.1.10) fél f{i wl
0——F 2o

where we just replaced fi and fo by fi and f}. Then o/(f1 — f]) = 0, that is
im (f1 — f1) C ker(a/) = im(f'). Take a free generator gs of F and its image
f1(gs) — f1(gs). Since this last lies in im ('), take an element z/, € F} such that
B'(z}) = fi1(gs) — f1(gs) and define ¢ : F; — F} by ¢(gs) = «/, on the generators.
Thus
Blop=fi—fi.
Hence fo® 1y — f4® 1y =0 on ker(8® 1y) and f5 — f5* = 0 on coker (5*). Thus
fo®1N and fs

do not depend on the choice of f; and fo.

We already saw that given free resolutions of M and M’ respectively, there are

well-defined homomorphisms
@« : Torg(M,N) — Torg(M', N) and ¢* : Extg(M’', N) — Extg(M,N).

Clearly, by definition, the constructions are functorial (on the resolutions), namely
(Yo @) = Vw0 s, Iarw = lyorpu,ny and (Y o 9)* = @" o™, 15, = lpxip(m,N)-
Now we may compare the values of Tor and Ext using two different resolutions
of M by taking ¢ = 1;. As a consequence, there are homomorphisms going both
ways whose composite is the identity. Thus Tor and Ext do not depend on the
resolution and are functors of M. One can also easily see that both are covariant
functors of N. 0

5.1.11 REMARK. If M is a free R-module, then one may take Fy, = M and Fy = 0.
Hence in this case, Torg(M, N) = Extr(M, N) = 0. In particular, if R is a field,

every module M is free and Torg(M, N) and Extr(M, N) are always trivial.

In what follows, if R = Z, we omit the subindex R in Tor and Ext.
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5.1.12 EXERCISE. Show the next.

(a) Ext(Zy,Z) = L.

(b) Tor(Zm,Zn) = Ext(Zy, Zy) = Zy, where k is the greatest common divisor

of m and n.

(c) Torgr(M,N®N') = Torg(M, N)®Torr(M,N'), Extr(M, N®&N') = Extr(M, N)®
Extr(M, N').

(d) Torg(M @& M',N) = Torg(M,N) & Torg(M',N), Extr(M & M',N) =
Extr(M, N) & Extg(M’, N).

5.2 (CHAIN COMPLEXES AND HOMOLOGY

Chain complexes constitute the foreplay to homology. We shall study them in this

section.

5.2.1 DEFINITION. A chain complexr of R-modules D is a family of R-modules
D,, together with boundary homomorphisms 0, : D" — D, such that for all n,
Op © Opy1 = 0. Thus if we consider Z,(D) = ker(9,) and B, (D) = im (Op41), we
have that B, (D) C Z,(D) and we define the homology groups of D by

We shall denote the homology classes by [d] € Hy,(D) if d € Z,(C).

Let D be a chain complex and let C' be a chain subcomplex of D, namely, for
each n, we have C,, C D,, is a submodule and the boundary homomorphisms of C
are the restrictions of those of D, i.e. the following square commutes:

80
n
Cn = Un—1

!

Dy ——= Dy1.
n

One has a chain quotient complex D/C given by (D/C), = D,,/C, and ax/e .
(D/C), — (D/C)p—1 induced by dP. In what follows we shall write A instead
of D/C, so that we have a short exact sequence of chain complexes 0 — C —
D—A—0.

5.2.2 Theorem. Let 0 — C' ——+ D —%5 A — 0 be a short ezact sequence of
chain complexes. Then there is a long exact sequence of homology groups

o= Hy1(D) 25 Hy1(A) = Ho(C) =5 Ho(D) 25 Hp(A) — - - .
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Proof: We have the following diagram

0 0 0 0
8n+2 8n+l 871
Cn+2 Cn+1 Ch Cn1——
7;n+2 7:n+1 in In—1
Bn+2 8n+1 an
Dn+2 Dn+l — D ——Cy_1 ——
qn+-2 dn+1 dn In—1
On+2 Ont1 On
An+2 An+1 An An—l —
0 0 0 0

We must define d. Consider a cycle a € A,41, i.e. Opt1(a) = 0. Since ¢4 is
surjective, there is an element d € D,, 11 such that ¢,11(d) = a. Take d’ = 9,,11(d).
By the commutativity of the corresponding square, ¢, (d’) = 0, therefore, there is an
element ¢ € C), such that i,,(c) = d’. By the commutativity of the corresponding
square and the injectivity of i,—1, d,(c) = 0, i.e. ¢ is a cycle. Define 6([a]) =
[c]. If a1 and a9 are two cycles which represent the same class, then a1 — as =
On+2(a’) for some o’ € A1 9. There is a d” € D, 19 such that g,42(d”) = a’. Hence
Gn+10n+2(d") = a1 — ag. Now we have that 9,,110,42(d") = 0, so that, since i, is
injective, the only element in A,, mapping to 0 is 0. Thus d(a; — az) = 0 and so &
is well defined. These facts are depicted in the following diagrams.

<

c 0
' !
%'—>d dfl—>8(d")%>0
@ a —aq } as

Thus we have the long sequence of the statement. We must show its exactness.
First take a homology class [d] € H,,11(D). Since d is a boundary, i.e. d = 9p42(d"),
if we take [a] = ¢«([d]) = [gn+1(d)] € Hn+1(A), by the description given above to
obtain 6([a]) we have that d’ = 0,,41(d) = Op42(d”) = 0, and since iy, is injective,
¢ = 0. Hence 6i4([d]) = 0 and so im () C ker(i,). Conversely, if §([a]) = 0, then
¢ = Opt1(c). If we take d as before, then Op11(d — int+1(c')) = d — Opt1ins1(c) =
d — inyOnt1(d) = d' —in(c) = d —d = 0. Thus d — in11(c)) is a cycle that
determines an element [d — i,41(¢')] € Hpt1(D) such that g.([d — int1()]) =
[gn+1(d = in41())] = [gn+1(d)] = [a]. Consequently ker(d) C im(gs) and the
sequence is exact at Hy,11(A) for all n.

Now take a homology class [a] € Hyp41(A), then i.d([a]) = i([c]) = [in(c)],
where c¢ is as described above. But i, (¢) = d’ = 0,41(d), hence it is a boundary and
s0 [in(c)] = 0 € Hp(D). Thus im (0) C ker(iy). Conversely, if i.([c]) = 0 € H,(D),
then iy, (¢) = Op+1(d) for some d € D, y1. Thus, if a = ¢,41(d), then by definition
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of 9, d([a]) = [c]. Hence ker(i,) C im (0) and the exactness at H,(C) holds for all
n.

If we take [c] € Hy,(C), then g.is([c]) = [gnin(c)] = 0, since ¢, 0i —n = 0.
Thus im (i) C ker(g.). Conversely, if g.([d]) = 0, then ¢,(d) = Op+1(a) for some

a € Apt1. Since gny1 is surjective, there is d' € D, 1 such that g,+1(d") = a.
Consider g, (d — Ont1(d)) = gn(d) — ¢nOnt1(d’) = qu(d) — Opr1qns1(d’) = 0.
Therefore, there is a cycle o’ € A, such that d — 9,11(d') = i,(a’) and hence
ix([a']) = [in(a")] = [d — On+1(d")] = [d]. Thus ker(g.) C im (i,) and the sequence
is exact at H, (D) for all n. 0

5.2.3 DEFINITION. Let f,g : C — D be two chain homomorphisms between
chain complexes. A chain homotopy between f and g is a family of homomorphisms
P, : C,, — Dy41 such that (9nD+1 oP,+ P, 10 Og = fn—gn : C, — D,,. If such
a chain homotopy exists, then we say that f and g are chain homotopic. We write
P:f~g.

5.2.4 Theorem. If f,g : C — D are chain homotopic chain homomorphisms,
then fi« = g« : Hy(C) — Hp(D) for all n. Let P be a chain homotopy between f
and g.

Proof: Recall that given a cycle ¢ € C,,, then fi([c]) = [f(c)] and g.([c]) = [g(c)].
Since there is P : f ~ g, we have that for each n and each cycle ¢ in Cp,

fa(€) = gn(c) = 0,21 Pa(€) + Pa-10g (c). Thus fi([c]) — g.([c]) = [fulc) = gn(c)] =
(0741 Pa(e)] + [Pa-105 (0)] = 0. O

5.3 THE KUNNETH AND THE UNIVERSAL COEFFICIENTS FOR-
MULAE

Consider a chain complex D of R-modules

On On
oo — D1 =8 D, 2 Dy — - — Dy

and define complexes Z (D) and B(D) given at n by Z,, (D) = ker(9,,) and B, (D) =
im (0p41) and whose differentials are zero. Then we have a short exact sequence
of complexes

(5.3.17) 0 — Z(D) - D -2 B(D) — 0.

5.3.18 DEFINITION. Given chain complexes A and B one defines the tensor prod-
uct A ® B as the chain complex given at n by

(A B, = @ Are B
k+l=n

with the differential 0y, : @ /_, Ar ® Bl — D i—p_1 Ak @ By given by
On(a®b) = O(a) @b (—1)fa® oy (b) .
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If C and D are chain complexes, we can tensor each term of (5.3.17) with C
to obtain a sequence of chain complexes

(5.3.19) C®rZ(D) 2 corD 28 Cor B(D) — 0.

It is an exercise to show that this is an exact sequence of chain complexes as well
as to prove the following.

5.3.20 Lemma. If C' or D is R-free, then
0— CorZ(D) corD 28 CorBD) — 0

1s an exact sequence of chain complexes. a

5.3.21 EXERCISE. Let 0 — C %5 D 25 E — 0 be an exact sequence of chain
complexes and chain homomorphisms. Show that there is a long exact sequence

o =5 Ho(C) 25 Hy(D) 25 Ho(E) =5 Hya(C) — -+

where Jle], [e] € Z,(F)/Bn(E), is given as follows. Let e = 5(d). Then 5(9(d)) = 0.
Hence 9(d) = a(c). Define 9de] = [c] € Z,—1(C)/Bp—1(C). Show furthermore that
¢ € Zy—1(C) and that the class [c] depends only on the given class [e].

If we apply the previous exercise to the short exact sequence of chain complexes

of 5.3.20, we obtain a long exact sequence
s Ho(Cor 2(D) Y B, (C op D) "X H,(C 9r B(D)) -2
— H, 1(C®r Z(D)) — -,
which will be useful in computing the homology of an arbitrary tensor product

C ® D of chain complexes.

5.3.22 Lemma. Assume that C' is an R-free chain complex with all differentials
equal to zero, and that D is an arbitrary chain complex. Then for every n
H,(C®rD)=C®grHyD).
Proof: The differential of the chain complex C'® D is £1®0 and, since C'is R-free,
we have short exact sequences
0— CorZ(D) = CorD 8 CcorB(D)—0
0—C®rB(D)—C®rD—C®rD/Z(D)—0

Hence im (1 ® 0) = C @ B(D) and ker(1® 0) = C ® Z(D).

On the other hand, since we have a short exact sequence

0— B(D)— Z(D) — H(D) — 0

and C is R-free, we obtain a short exact sequence

0 —C®rB(D)—C®rZ(D)— C®rH(D)—0.
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Hence, by the previous lemma, if C' is R-free, then
H(Z(C)®r D) = Z(C) 9 H(D) and H(B(C)®g D) = B(C) @ H(D).
Consider the homomorphism
9:(B(C)®gr H(D))g+1 — (Z(C) @r H(D))x

as defined in Exercise 5.3.21, namely if ¢ ® [d] € B(C) @r H(D), take ¢ € C so
that 9(¢') = ¢. Hence (0 ® 1)(¢ ® [d]) = ¢ ® [d].

Now, since ¢ @ d € C @ D, we have

d@d) =0(d)odtd®d(d) =cxd,

since d € Z(D). Thus ¢ ® d is in the image of Z(C) ®gr D — C ®r D and
9(c® [d]) is its homology class in H(Z(C) @ D). Consequently 0 = j ® 1, where

j: B(C) — Z(C) is the inclusion. To obtain ker(d) = ker(j ® 1) and coker (9) =
ker(j ® 1), notice that 0 — B(C) — Z(C) — H(C) — 0 is a free resolution
of H(C). Therefore, by Exercise 5.1.9 we have an exact sequence

0 — Torr(H(C),H(D)) — B(C)®@r H(D) — Z(C)®r H(D) —
— H(C)®r H(D) — 0.

The following holds.

5.3.23 Theorem. (Algebraic Kiinneth formula for homology) If C is an R-free
chain complex, then there is a natural exact sequence
(5.3.24) 0 — H(C) ®p H(D) % H(C @ D) -2 Torg(H(C), H(D)) — 0,

where v([c] ® [d]) = [c®d] and A has degree —1.

Proof: The first part follows from the previous considerations. Furthermore
v(ld@ld]) = (i@ 1)«(c®[d]) = [i(c) ©d] = [c®d].

Finally, A has degree —1, i.e. it lowers the grading in 1, since 9 ® 1 has degree —1.
The naturality is clear. O

5.3.25 NOTE. A more explicit expression for (5.3.24) is as follows
0— D,y Hi(C) ®r Hj(D) — Hp(C ®g D) —

(5.3.26) — @sznq Torg(Hi(C), Hj(D)) — 0.

5.3.27 Corollary. If both C' and D are R-free chain complezes, then there is an
isomorphism
(5.3.24)

H,(CorD)= | @ Hi(C)orHiD) | & | € Torr(Hi(C),H;(D)) |
i+j=n i+j=n—1

which in general is not natural.
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Proof: We have to show that the short exact sequence (5.3.26) splits. That is, we

construct a homomorphism

v:Hy(Cor D)= | € Hi(C)®r H;(D)
i+j=n

such that yov = 1.

First notice that if C'is R-free, then the short exact sequence 0 — Z(C) —
C — B(C) — 0 splits, since B(C) is also free (ezercise). Thus for each n,

By the assumption, C' and D are free and therefore Z(C) and Z(D) are sum-
mands therein. Let o : C — Z(C) and § : D — Z(D) be the projections
(left-inverse to the inclusions). Composing with the quotient homomorphisms, they
induce epimorphisms

p:C— H(C) and D — H(D).
Thus we have an epimorphism
pRY:Cor D — H(C)®r H(D).
Clearly ¢ ® 1 determines a homomorphism ~ such that yov = 1. ad
5.3.25 Theorem. (Algebraic universal coefficients theorem for homology) If C is
an R-free chain complex and A is an R-module, there is an exact sequence
0 — Hp(C) @p A — Hp(C @5 A) -2 Torp(H,_1(C), A) — 0
which splits (nonnaturally).

Proof: See A as a chain complex D by taking Dy = A and D,, = 0 for n # 0. The
result follows from 5.3.23 and 5.1.12. a

There is a dual version of the previous. First recall that a cochain complex of
R-modules C'is a family of R-modules C" together with boundary homomorphisms
8" : O™ — C™*L such that for all n, §"*! o 6" = 0. Thus if we consider Z"(C) =
ker(6") and B™(C) = im (6" 1), we define the cohomology groups of C by

H"(C)=Z"(C)/B"(C).
We have the following.

5.3.26 Theorem. (Algebraic Kiinneth formula for cohomology) If C is an R-free
cochain complex, then there is a natural exact sequence
(5.3.33)

0 — H*(C)®p H*(D) % H*(C @ D) - Torg(H*(C), H*(D)) — 0,

where v([c] @ [d]) = [c®d] and A has degree —1. Furthermore, this exact sequence
splits, though not naturally. ad
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5.3.34 NOTE. A more explicit expression for (5.3.33) is as follows
0 — @Dy, H'(C) ®r H' (D) — H"(C ®p D) —

(5.3.35) ‘ ‘
— 69i+j=n—i—1 TOI‘R(Hl(C'), H’ (D)) — 0.

5.3.36 Corollary. If both C' and D are R-free cochain complexes, then there is
an isomorphism

(5.3.37)
H'(CorD)= | @ H(C)orH (D) || @ Torg(H(C),H (D)) ]| .
i+j=n i+j=n+1

which in general is not natural. ad

5.3.38 Theorem. (Algebraic universal coefficients theorem for cohomology) If C
18 an R-free cochain complexr and A is an R-module, there is an exact sequence

0— H™(C)®p A — H"(C @5 A) -2 Torg(H™(C), A) — 0

which splits (nonnaturally). 0

We say that an R-free chain complex C is of finite type if each C,, is finitely
generated. In this case, the R-modules C" = Hompg(Cy,, R) are R-free (and finitely
generated). Thus we have an R-free cochain complex such that 4, : C" —s C"F!
is given by a+— a0 O,41. We denote it by C*. Thus we have the following.

5.3.39 Corollary. Let C' and D be R-free chain complezes of finite type and con-
sider the R-free cochain complezes C* and D* given by C™ = Hompg(C),, R) and
D™ = Hompg(Dy,, R). Then there is a natural exact sequence

0 — D,y —p H(C*) ®p HI(D*) — H™(C* ®f D*) —

(5.3.39) ‘ A
— @y jop 1 Torr(H'(C*), HI(D*)) — 0.



CHAPTER 6 DoOLD-THOM TOPOLOGICAL GROUPS

IN THIS CHAPTER WE SHALL CONSTRUCT and analyze certain topological groups
whose homotopy groups yield homology groups...

6.1 THE ABELIAN GROUP F'(S; L)

In what follows, L will denote an abelian group (additive) with the discrete topol-
ogy and S will be a pointed set, with base point zg.
6.1.1 DEFINITION. Define

F(S;L) ={u:S — L |u(xp) =0 and supp (u) is finite},

where the support of u is given by supp (u) = {x € S | u(x) # 0}. Given u,v €
F(S; L), define their sum u + v by

(u+2)(z) = u(z) +v(z),

the negative —u by (—u)(z) = —u(z), and as the zero take the constant function
with value zero. Thus, clearly, F'(S; L) has the structure of an abelian group.

Given a pointed function f : S — T, define f. : F(S;L) — F(T;L) by
fe(u)(y) = >_4(4)=y u(@). Since the support of u is finite, this sum is finite and
thus f, is well defined. Obviously, f.(u) has finite support as well.

6.1.2 Proposition. The function f, : F(S;L) — F(T; L) is a group homomor-

phism.

Proof: Just observe that fi(u + v)(y) = X pu)=y(u +0)() = 3240, (u(z) +
V() = 22 p )=y WT) + 2 pay=y v(2) = fo(w)(y) + fo(0)(y). 0

In fact, the assignment
S — F(S;L) and f:S —T +— f.:F(S;L)— F(T;L)
is a functor. We have the following.

101
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6.1.3 Proposition. If f = ids : S — S, then f. = lpg,) @ F(S;L) —
F(S;L). Furthermore, if f : S — T and g : T — U are pointed functions, then
(go fla=gso fu: F(S;L) — F(U;L).

Proof: The first assertion is obvious. For the second, take u € F/(S; L). Then

(ge 0 f)W(2) = g (few))(2) = D fulw)y)= > > ul@)

9(y)== 9(y)== f(z)=y
= > @) =(go Ha(w)().
9f(x)=z

Thus we have a functor F'(—; L) : Get, — b, where Set, denotes the category
of pointed sets.

6.1.4 EXERCISE. Show that given a pointed set S, the assignment L +~— F(S; L)
is a functor from the category 2b to itself.

Given | € L and x € S, z # xg, denote by lz € F(S; L) the function given by

I ifa ==,

(1) («') = {0 if 2/ £ 2.

Given any u € F(S; L), it can be written as u = lyjzy + -+ + lyxg if supp (u) =

{z1,..., 2} and u(z;) = l;, i = 1,...,k and [; = u(x;). Alternatively, one may
write
u = Z Ly,
€S

understanding that [, # 0 only for finitely many indexes z. In other words, I, =

In any of these expressions, we have for a pointed function f : S — T that

f*(u):llf($1)+"'+lkf(xk) and f*(u):lef(:c)

zeSs

6.1.5 EXERCISE. Show that indeed the formulas above are equivalent to the orig-
inal definition 6.1.1.

6.1.6 EXERCISE. Show that F(S;Z) is the free abelian group generated by (the
set) S — {xzo}.

In some occasions it will be convenient to write Zle lijz; for an element u €
F(S; L) where the z;s are not necessarily different and some may even be the base
point. Such a sum we call unreduced and it means that one should add up all
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coefficients [; such that z; = x for some x € S. Furthermore, if some x; = xo (the
base point), then we understand the term [;x; as zero. If all z; in the sum are
different from each other and from the base point, then we say that the sum is

reduced.

One may filter F'(S; L) as follows:
(6.1.7) .. C FFI(8;L) Cc FR(S; L) c FFY(S; L) C--- C F(S; L),

where

k
F¥(S;L) = {ZlixicF(S;L)\lieL, €S, z':l,...,k} .

i=1
6.2 THE SIMPLICIAL ABELIAN GROUP F'(K; L)

Proposition 6.1.3 in the previous section shows that F(—; L) : Get, — b is a
covariant functor. By Proposition 2.1.4, we have the next.

6.2.1 DEFINITION. Given a simplicial pointed set K, namely a contravariant func-
tor K : A — Get,,, composing with the functor F'(—; L) : Get, — 2Ab we have
another functor F(K;L) = F(—;L)o K : A — 2Ab, which is a simplicial abelian
group. In other words, the obtained simplicial abelian group F(K; L) is given by
F(K;L), = F(Kp; L) and is such that if 4 : m — n is a morphism in A then we
put L) = K P(K,; L) — F(Kp; L).

6.2.2 DEFINITION.

(a) Assume that K is a simplicial pointed set and that @ C K is a simplicial
pointed subset, namely @) is a simplicial set and for each n, @, is a subset
of K,,. Furthermore, the inclusion functions 4, : @, — K, determine a
morphism of simplicial sets ¢ : ) — K. In this case, one can also define
a simplicial quotient set K/Q by (K/Q)n, = K,/Qn, i.e. @, collapses to
one point in K, for each n. If 4 : m — n is a morphism in A then we
take the function p®/? : (K/Q), — (K/Q), induced by the function
pw o K, — K,,. The fact that Q C K is a simplicial subset guarantees that
/@ is well defined.

(b) Assume that F' is a simplicial abelian group and that G C F' is a simplicial
subgroup, namely G is a simplicial group and for each n, the group G, is
a subgroup of F,. Moreover, the inclusion homomorphisms i : G, — Fj,
determine a homomorphism of simplicial groups ¢ : G < F'. In this case, one
can also define a simplicial quotient group F/G by (F/G),, = F,,/Gp, i.e. the
quotient group of cosets of G, in F;, for each n. If ;4 : m — n is a morphism
in A then we take the homomorphism /¢ : (F/G),, — (F/G),, induced
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by the homomorphism pf" : F,, — F,,. The fact that G C F is a simplicial
subgroup guarantees that ;7€ is well defined.

Then we have the next.

6.2.3 Proposition. Assume that () C K is a simplicial pointed subset. Then there
are an inclusion of simplicial groups F(Q; L) C F(K;L) and an isomorphism of
simplicial groups

¢ : P(K;L)/F(Q; L) = F(K/Q; L),

such that the following triangle commutes:

F(K;L)

F(K;L)/F(Q; L) F(K/Q;L),

where p : K — K/Q is the quotient morphism which collapses Qy, to a point for

each n.

Proof: The composite F(Q;L) < F(K;L) % F(K/Q;L) is clearly zero, where
i : K — (@ is the inclusion morphism. Namely, if and v : Q — L is an element of
F(Q; L), then pyi.(u) = (poi)«(u), and if T = p(x), then

(poi)(w)@ = > uly) =0,

pi(y)==

because since y € Q, pi(y) is the base point of K/Q. Hence p, factors through the
epimorphism p : F(K;L) - F(K;L)/F(Q;L) thus yielding the diagram of the
statement. Conversely, if p,(u) = 0, this means that for all x € K, Ep(x):f u(z) =
0. This is true if either u(x) = 0 for all x ¢ Q or x € @, since in this case T € K/Q
is the base point. Thus u = i.(v), where v = ulq. 0

Since by 2.5.3 the morphism F(K;L) - F(K;L)/F(Q;L) is a Kan fibration,
then F(K;L) - F(K/Q;L) is a Kan fibration too, and by Theorem 3.4.3, we
obtain the next.

6.2.4 Proposition. There is a natural long exact sequence

e 5w (F(KG L)) 25 m (P Q5 L) 5 muea (F(Qi L) — -+
— m(F(K/Q; L)) -2 mo(F(Q; L))~ mo(F(K; L)) 25 mo(F(K/Q; L)) — 0

6.3 THE TOPOLOGICAL ABELIAN GROUP F(X; L)

Let X be a pointed k-space with base point o € X and let L be an abelian group.
Now we shall consider the group F(X;L) as defined in the first section, but we
shall use the topology of X to endow F(X; L) with a topology which makes it into
a topological group in R-Top.
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6.3.1 DEFINITION. Let X be a pointed space and L an abelian group. We topol-
ogize F(X; L) in two steps as follows:

(i) Consider the surjective map
T s (L x X)) — FF(X; L)

given by mi(l1, 15 .. .5k, xx) = i1+ - - lgx, where the kth power on the left
is the product in R-FTop. Endow F*(X; L) with the identification topology.
Since (L x X)* is a k-space, by Theorem 1.4.10, the filtration term F*(X; L)
is a k-space.

(ii) Consider the filtration 6.1.7 and endow F'(X; L) with the union topology. By
Proposition 1.4.11 F(X; L) becomes a k-space.

6.3.2 Proposition. The group F(X;L) is a topological group.

Proof: We must show that the map ¢ : FI(X; L) x F(X;L) — F(X;L) given by
d(u,v) = u — v is continuous. To do this, consider the commutative square

(L x X)* x (L x X)™ —2 = (L x X)k+m

71'k><7""ml \Lﬂk-‘—m

FH(X; L) x F™(X; L) ——= F¥™(X;L),

where

5((l1,$1; oo ;lkaxk)a (lllﬂxlla s 7l':na$;n)) = (llvxl; oo gy T _lll’xlla SRR _l;rwx'lm)a

which is obviously continuous, since L is discrete. The product map 7 X 7 is an

identification by 1.4.24, and since g4y, © S is continuous, so is J too. O

6.3.3 Proposition. A continuous pointed map f: X — Y defines a continuous
group homomorphism f, : F(X;L) — F(X;L).

Proof: By 6.1.2, it is enough to verify the continuity of f.. To do this, notice that
the commutative diagram

k
(L x Xk I oy
. |-
FF(X; L) ; F(Y; L)

implies that f. : F¥(X;L) — F¥(Y;L) is continuous for every k. But since
F*(X; L) has the union topology, f.: F(X;L) — F(Y;L) is continuous as well.
g
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6.3.4 Proposition. If fy, f1 : X — Y are continuous pointed maps which are
pointed homotopic, then the homomorphisms fox, f1« : F(X;L) — F(Y; L) are

homotopic.

Proof: A pointed homotopy H : X x I — Y defines for each k a commutative

square

(Lx X))k x T —2L~(LxY)

Tk Xid[l lﬂk

where fl((ll,xl; ol o), t) = (I, H(zq, t); .. by, H(xy, t)). Thus H, : FF(X; L) x
I — F*(Y; L) is continuous for every k, and since F'(X; L) x I has the topology of
the union of the spaces F*(X; L) x I, H, : F(X;L)xI — F(Y; L) is a continuous
homotopy of homomorphisms from fo, to fis. O

6.3.5 Corollary. If X and Y have the same pointed homotopy type, then so do
F(X;L) and F(Y;L). In particular, if X is contractible, then so is F(X;L). O

6.3.6 Lemma. The geometric realization |F (K, L)| is an abelian topological group
such that [v,t] + [V, t] = [v+ 0/, t].

Proof: Consider the projections p; : F(K,L) x F(K,L) — F(K,L), i = 1,2,
and the induced maps |p;| : |F(K,L) x F(K,L)| — |F(K,L)|, and define 7 :

(Ipa[[(v, v"), 2], [p2|[(v, "), 1])
([pl(va Ul)? t]7 [pg(v, U/)’ t])

([v, 2], [, ]) -

By 2.3.3, 1 is a homeomorphism. The group structure + in |F'(K, L)| is then given

nl(v, "), 1]

by the diagram

|F(K,L)| x |F(K,L)| o IF(K,L) x F(K, L)

\ lm

[F (K, L),

where p: F(K,L) x F(K,L) — F(K, L) is the simplicial group structure.

The following result relates the simplicial groups F'(K; L) with the topological
groups F(X; L).

6.3.7 Theorem. The topological groups F(|K|,L)| and |F(K,L)| are naturally

isomorphic.
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Proof: Take
¢: F(IK],L) — |F(K,L)|

given by

pu)= > [ulo,t]o,1],
[o,t]€| K|
where u : |[K| — L, 0 € K,, and t € A" (thus u[o,t]loc € F(K,,L)). Using
Lemma 6.3.6 one shows that ¢ is a homomorphism. Thus we only need to check
that ¢|p, (x| 1) is continuous. Consider the diagram

DY) 3 —— - |F(E, L)
ol (1K|L)

where the map on the top is the product of the maps given by the next diagram.

L x (l_ln(Kn X An) - >|_|n(F(KTL7L) X A"

| l

L x |K]| F(K] L),

where the top map is given by (I, 0,t) — (lo,t).

To see that ¢ is an isomorphism of topological groups, we define its inverse
Y |F(K,L)| — F(|K|, L) as follows. Take v € F(K,, L); then

Vv, t] = w(ofo.t)).
O'EKn
To see that ¢ is well defined, take v = Y_I_, l;04; then fX(v) = Y1 Lif%(0y).
Thus

I @), =D [ (0), 1] =D [oi, fa(t)] = ¥lv, f4(1)].
=1 =1

To see that v is continuous, consider the diagram

L, (F(Kp, L) x A™ — = = SP* F(|K|, L)

|F (K, L)] F(K|, L),

where the top arrow given by (3, l;, 05),t) — (l1]o1,1], .. .) is obviously continuous.

Moreover, 1 is a homomorphism. Namely, given [v,t],[v/,t'] € |F(K, L)|, by
Lemma 6.3.6, there exist unique elements, w,w’,t"” such that [v,t] = [w,t"],
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[v/,t'] = [w',t"]. Thus

Yo, 2] + [V, ] = (fw, "] + [w',2"])
— w[w + w/, t//]
= _(w+u)(0)o,t"]
= Y[w, t"] + P’ t"] = v, t] + Y[/, 1],
In generators, we have that ¢o(l[o,t]) = [lo,t] = l[o,t], thus ¢ o ¢ is the
identity. On the other hand, pilv,t] = (3, ck, v(olo,t]) = >, ck, [v(o)o,t] =

[>oer, v(o)o,t] = [v,t], where the next to the last equality follows by Lemma
6.3.6.

6.3.1 The exactness property of the group F(X;L)

We consider a pair pointed CW-complexes A — X and an abelian group L. One
has the short exact sequence of simplicial groups

F(S(A); L) = F(S(X); L) » F(S(X)/S(A); L),
which by 2.5.3 is a Kan fibration.
Taking the geometric realization, by 77, we have a Hurewicz fibration
[F(S(A); L)| = [F(S(X); L)| — |[F(S(X)/S(A); L)] .
By 6.3.7, we have (natural) isomorphisms of topological groups
[F(S(A); L) = F(IS(A); L),
[F(S(X); L)| = F(IS(X)[; L),
|F(S(X)/S(A); L)| = F(IS(X)/S(A)[; L)
By Proposition 2.3.5, there is a (natural) homeomorphism
[S(X)/S(A)| ~ |S(X)|/IS(A)],

so that the last isomorphism yields |F(S(X)/S(A);L)| = F(|S(X)|/IS(A)[; L).
Hence we have a Hurewicz fibration

(6.3.7) F(IS(A) L) = F(S(X); L) - F(IS(X)[/IS(A)[; L) .

Indeed, we have the following commutative diagram in which the top row is a
Hurewicz fibration.

F(S(A); L)——=F(IS(X)[; L) —= F(IS(X)|/|S(A)[; L)

PA*\LN px*lN px*ifv

F(4; L)~ F(X; L) F(X/A;L).

Thus we obtain the following.
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6.3.8 Theorem. Given a pair of CW-complezes A C X, there is a long exact
sequence of homotopy groups

(6.3.9)

Mgl (F(X/A; L)) — mq(F(A; L)) — mq(F(X; L)) — mq(F(X/A; L) — -+

a

6.3.2 The dimension property of the group F(X;L)

Consider a CW-complex X and the sequence F'(X; L) & F(CX;L) % F(XX;L),
which by 6.3.8 has a long exact sequence. We have the holonomy 6 : QF (XX ; L) —
F(X; L), where ¥X is the reduced suspension of X given by CX/X. We also
have the path fibration QF(X;L) < PF(X;L) 5 F(X; L), which by 4.1.5 1 is
a Hurewicz fibration. Since the contractibility of C'X implies that F(CX; L) is
contractible, similarly to the proof of 4.4.22, we obtain the next.

6.3.10 Proposition. The holonomy 6 : QF (XX ; L) — F(X; L) induces isomor-
phisms in homotopy groups. a

6.3.11 Corollary. There are homotopy equivalences L = F(S; L) ~ QF(S'; L) ~
e QFF(SH L)~
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CHAPTER 7 THE HOMOTOPICAL HOMOLOGY
GROUPS

IN THIS CHAPTER WE SHALL DEFINE and analyze homotopical homology groups

7.1 ORDINARY HOMOLOGY

We start this section with the abstract definition of an ordinary homology theory.
As a matter of fact, there are two approaches to the topic. One is through the
concept of an ordinary reduced homology theory, defined in the category of pointed
spaces R-%op,, and the other is through the concept of an ordinary (unreduced)
homology theory defined in the category of pairs of spaces K-Top,.

Given a pair of pointed spaces (X, A), we construct the reduced cone of A,
denoted by CA, by AxI/Ax{1}U{xo}x I, which is naturally a pointed space with
the vertex {4 x {1}} as base point. We may construct also X UCA by identifying
in the topological sum X LI C' A the point (a,0) € C A with the point a € X. This
is clearly a functor K-%opy —> R-Top, which also sends homotopic maps of pairs
to homotopic maps of pointed spaces. It is a convention to define the cone of the
empty set as one point, denoted *, and thus, if A = (), then X UCA = X = X LIx.

7.1.1 DEFINITION. An ordinary reduced homology theory H, with coefficients in
an abelian group L for some category of pointed k-spaces R-Top, consists of a
family of covariant functors 7—~[,q : RB-Top, — 2Ab and a natural transformation
ox : 7-lq(X) — ﬁqul(EX) such that the following axioms hold:

(i) Homotopy. If fo, f1 : X — Y are homotopic maps of pointed spaces, then

foe = fra: Ho(X) — Hy(Y).

(ii) Exactness. If i : A — X and j : X — X U CA denote the inclusion maps
of pointed spaces, then the following is an exact sequence:

Ho(A) 25 Hy(X) 25 H (X UCA).

111
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(iii) Suspension. The natural transformation ox : 7—~[q(X ) — ﬁqH(ZX ) is an
isomorphism for all X. It is called the suspension isomorphism.

(iv) Dimension. For the 0-sphere S° one has

~ L ifg=0
Hy(87) = {0 if g #£0.

Next we define the concept of an ordinary unreduced homology. In what follows,
R-Top, will denote the category of pairs (X, A) of k-spaces and continuous maps
of pairs f : (X,A) — (Y, B) and we may consider several smaller categories T
and their corresponding categories of pairs ¥ which includes all pairs of the form
(X,0) for X in T. For simplicity, for these pairs we put (X,0) = X.

7.1.2 DEFINITION. An ordinary (unreduced) homology theory H. with coefficients
in an abelian group L for £-Top, consists of a family of covariant functors H, :
R-Top, — Ab and natural transformations 0 : Hy(X, A) — Hy—1(A) such that

the following axioms hold:

(i) Homotopy. If fy, f1 : (X,A) — (Y, B) are homotopic maps of pairs of
spaces, then

fo* = fl* : /Hq(X, A) — Hq(Y, B) .

(i) Exactness. If i : A < X and j : X — (X, A) denote the inclusion maps,
then the following is an exact sequence:

o M1 (X, A) =D HG(A) 22 H (X)) 25 Mo (X, A) L Hy 1 (A) — -

(iii) Excision. If (X, A) is a pair of spaces in 73 and U C A°, then the inclusion
map i: (X —U,A—-U) — (X, A) induces an isomorphism

iyt Hy(X — U A—U) — Hy(X, A).

(iv) Dimension. If * denotes the one-point space, then

(L ifqg=0
H‘I(*)_{o ifg#£0.

We shall see that both the reduced and the unreduced homology theories are
equivalent, in the sense that each of them determines the other.
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7.1.3 DEFINITION.

(a) Given an unreduced homology theory #, and a pointed space X with base
point xg, put by definition

Ho(X) = Hg(X, {z0}).

(b) Given a reduced homology theory H, and a pair of spaces (X, A), put by

definition

Hy (X, A) = H (X UC(AY)).

7.1.4 Proposition. If the pointed spaces are well-pointed, then constructions (a)
and (b) above are inverse of each other, up to isomorphism.

Proof: First we show that construction (a) followed by construction (b) yields the
same functor of pointed spaces with which we started:

Hg(X) = Hg(X, {mo}) = Hy(XT UC{ag}),

where we denote by H', the resulting functor after both constructions. Since X
is well pointed, the map X U C{xsr} — X which collapses the cone to the base
point x¢ is a homotopy equivalence, so that Hq(XT U C{z}) = Hy(X).

Conversely we show that construction (b) followed by construction (a) produces
the same functor of pairs with which we started

H o(X, 4) = Hy(XTUC(AT)) = Hy(XTUC(AT), %),

where we denote by H', the resulting functor after both constructions. Since C'(A™)
is contractible, a comparison of the long exact sequences of both pairs shows that
the inclusion (X+ U C(A1),*) < (XT UC(AT),C(AT")) induces isomorphisms
in homology. By excision, the inclusion (X* U Zy,9(A"), Z)9(AT)) — (XT U
C(A™1),C(A™)) also induces isomorphisms in homology. Finally, the vertical col-
lapsing of the cylinders (Xt UZ; 9(A"), Z;/5(A™)) — (X, A) is a homotopy equiv-
alence of pairs. Thus we have an isomorphism Hy(XT U C(AT),x) = H,(X, A).

O

7.2 SINGULAR HOMOLOGY

In this section we shall construct the classical singular homology.

Let X be any topological space and A a subspace. We start recalling the singular
simplicial set S(X) : A — Get given by

S(X)(n) =8 (X) ={a: A" — X | « is continuous}
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with its face and degeneracy maps given by
di(a):ozo(;i#:An_l—)X, Si(a):aoai#:A"‘H_)X.

We consider the simplicial abelian group obtained from S(X) applying the functor
F(—; L), namely
S(X;L)=F(S(X);L).

By 2.5.2 we have that S(X; L) has the structure of a chain complex with bound-
ary Op @ Sp(X;L) = F(Sp(X); L) — Spe1(X5L) = F(Sp—1(X);L). L =Z
we simply write S(X) instead of S(X;Z). The proof of the following result is
straightforward.

7.2.1 Proposition.

(a) The abelian group S, (X) is the free group generated by all singular n-simplices
a: A" — X

(b) There is an isomorphism Sy (X;L) = S,(X)® L. 0

Furthermore we have a chain subcomplex S(A; L) and therewith we also have

a chain quotient complex S(X,A;L) = S(X;L)/S(A;L). Thus we have a short
exact sequence of chain complexes

0— S(A4; L) — S(X;L) — S(X,A;L) — 0.
7.2.2 DEFINITION. The homology groups of the chain complex (S(X,A;L),d,)
are the so-called singular homology groups with coefficients in L which we shall
denote by
HJ (X, A; L) = H(S(X, A; L)) .
If we denote
H7 (X3 L) = Hy (X, 0:L) and  H(A;L) = H(A,0;L),

then by Theorem 6.3.1 we have that the following.

7.2.3 Theorem. The long homology sequence is exact
(7.24) - — HE (L) 25 H (X, AL) =2 HS (A;L) =5 HE (X5L) —-+-

where j, 1s induced by the inclusion j : X = (X,0) < (X, A) and i, is induced by
the inclusion i : A — X. This is the long exact singular homology sequence of a
pair (X, A). 0

Thus HS satisfies the exactness axiom.

On the other hand, we have the next.



7.3 ORDINARY HOMOTOPICAL HOMOLOGY 115

7.2.5 Theorem. If f,g : (X, A) — (Y, B) are homotopic maps of pairs, then

they induce the same homomorphisms in homology

fe=9s: HS, (X, A; L) — HS,(Y,B; L) for all n.

Thus H? satisfies the homotopy axiom.

For the proof one may use the homotopy between f and g to construct a chain
homotopy between f, and g, : S(X,A; L) — S(Y, B; L) (see [22]). 0

If we consider the 0-sphere SU consisting of two points, then S, (S°) consists
also of two elements, thus S(S; L) = F(S% L) = L, since one point always goes to
0 while the other may take all values in L. Since H,(x; L) = H,(S% L), we have
the following.

7.2.6 Theorem.
L ifn=0
n (L) {0 ifn>0.

Thus HS satisfies the dimension axiom.

7.3 ORDINARY HOMOTOPICAL HOMOLOGY

In what follows we shall see how the topological groups F'(X; L) define an ordinary
reduced homology theory in the category of pointed regular CW-complexes SREQD.

7.3.1 DEFINITION. Let X be a pointed regular CW-complex. Define
Hy(X; L) = mg(F(X; L))
Furthermore, we define a natural transformation
ox : Hy(X; L) — Hy1(2X; L)

by considering the map h: F(X; L) — QF(cX; L) defined by
h(z l;rx)(t) = Z lac(x A t)
zeX zeX

(see 7?7) and recalling that the functor ¥ is left adjoint of the functor €2 and that
¥S? = S9t1. Namely

m(F(XGD) - = === = TE - - - mg1(F(2X; 1)

~

89, F(X; L)), — [8%, QF (£X; L)}, —= [SS9, F(X; L)

X * -
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7.3.2 DEFINITION. Let (X, A) be a CW-pair, namely a CW-complex X and a
subcomplex A. Define

Hy(X, A; L) = my(F(X/A; L)

7.3.3 Theorem. The functors H,(—; L) together with the connecting homomor-
phisms 0 : Hy(X, A; L) — Hy_1(A; L) constitute an ordinary homology theory in
the category of CW-pairs.

Proof: We have to prove the four axioms. Assume first that fo, f1 : (X, 4) —
(Y, B) are homotopic maps of pairs. Then they determine homotopic pointed maps
fo,f1 : X/A — Y/B and by Proposition 6.3.4, the induced homomorphisms
fox, f1x 1 Hy(X, A; L) — Hy(Y, B; L) are equal. Thus the homotopy axiom holds.

Assume now that we have a CW-pair (X, A) and the associated pair (X T, A™).
From the exact sequence (6.3.9) applied to the pair (X+, A*) and replacing it with
(X, A) where convenient, we obtain a long exact sequence

o Hyy (X, A L) -2 Hy(A; L) 225 Hy(X; L) 25 Hy(X, A L) 25 -
Hence the exactness axiom holds.

Assume that we have a pair of CW-complexes (X, A) and U such that U C
A° and (X — U, A —U) is again a CW-pair. Then the quotient spaces X/A and
(X —U)/(A —U) coincide and the topological groups F(X/A;L) and F((X —
U)/(A—U); L) are equal. Hence the excision axiom holds.

Finally notice that ** = S°. Since L = F(SY; L) is discrete, we have that
L ifg=0
Hy(%;L) = my(F(S% L)) =
(D) = mFD) = {5 500

and therefore the dimension axiom holds too. O

7.3.4 REMARK. There is a relative Whitehead theorem (see [2]), which states the
following. If ¢ : (X', A") — (X, A) is a weak homotopy equivalence of pairs (i.e.,
it is a weak homotopy equivalence X’ — X and a weak homotopy equivalence
A" — A), then it induces a weak homotopy equivalence ¢ : X'/A" — X/A. As
a consequence, we have a homotopy equivalence

[SX)I/IS(A)] — X/A,

as used above.

We shall now prove that our homotopical homology theory is additive. To prove
that, we need the following concept. Let X, a € A, be a family of pointed G-
spaces and let L be a Z[G]-module. Then we have (algebraically) the direct sum
F=@,cr F(Xqa, L). In order to furnish it with a convenient topology, take

F"={(uq) € F|#{a € A us #0} <n}.
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Then obviously F™ C F**!, and U,, F™* = F'. For each n, there is a surjection

[T (Xao xL)x-x(Xq, x L) - F".

Q1,0 €A

Endow F"™ with the identification topology and F' with the topology of the union
of the F™s. One clearly has the following.

7.3.5 Lemma. There is an isomorphism of topological groups

P F(Xa, L) = F(\/ Xa,L))

aeA acA

induced by the inclusions Xo — \/ Xo.

Proof: The inverse is given by the restrictions F(\/ Xo,L) — F(Xqa, L), u +—
U‘Xa . a

Since obviously 74(@, F(Xa, L)) = @, 7q(F(Xa, L)), as a consequence, we
have the next.

7.3.6 Theorem. There is an isomorphism ﬁq(\/a Xas L) =, fIq(Xa; L), O

Consider a (pointed) Hurewicz fibration F S EL B LetD: ExpB!l —s E!
be a path-lifting map for p. Define a map 0r : QB — F by

Or(A) = T'(eo, A)(1),

where QB = Map, (S!, B). The map 6r is called the holonomy of p determined by
Ir.

On the other hand, consider the Hurewicz fibration F(X; L) & F(CX;L) %
F(XX;L) and define h : F(X;L) — QF(XX;L), where ¥X is the reduced
suspension of X, given by the smash-product X A S, by

h(u)(s) = > u(z)(z As).

McCord [35] shows that this is a homomorphism and a homotopy equivalence.

7.3.7 Theorem. The maps h : F(X;L) — QF(XX;L) and 6p : F(¥X;L) —
F(X; L) are homotopy inverse.

Proof: Consider the Hurewicz fibration F(X; L) & F(CX; L) S F(XX;L) and

' P
for simplicity rename it to F < E % B.

Consider p : F = F(X; L) — E' given by p(u)(s) = 3 ,cx u()[z, s], where
[z,s] € CX = X AI. Take the adjoint map

p:F(X;L)xI— E.
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p(u,0) = 0 and p.p(u, s) = p« 3 u(x)[x, s] = Y u(x)(x A s).
Define f(u,s) =T'(0,h(u))(s).

We have p.[3(u,s) = pI'(0,h(u))(s) = h(u)(s). Consider the homotopy H :
(F(X;L) xI) x I — E determined by

H((u,5),0) = plu, ), H((u,5),1) = DO, h(w)(s), H((1,0),1) =0 and
peH((u,s),t) = h(u)(s) Vt.
Now consider the homotopy H : F(X; L) x I — E given by

H(u,t) = H((u,1),t).

Then
H(u,0) = H((u,1),0) = p(u,1) =u,
H(uv 1) = H((“? 1)7 1) = F<O7 h(u))(l) = 9F<h<u)) )
p«H(u,t) = pe H((u,1),t) = h(u)(1) =0.

Hence one has that H lands always in the fiber and thus it restricts to H : F(X; L)X
I — F(X; L). Therefore we have

H :idpx.py ~ froh: (F(X;L),0) — (F(X;L),0).

Since h is a homotopy equivalence [35], this proves that 6 is the inverse homotopy

equivalence. 0



CHAPTER 8 THE HOMOTOPICAL COHOMOLOGY
GROUPS

IN THIS CHAPTER WE SHALL DEFINE and analyze homotopical homology groups

8.1 EILENBERG-MAC LANE SPACES

We start considering the spaces S' or more generally, F(SY; L) introduced in the
previous chapter. First notice that

mq(S7) = {O g1 and my(F(S™; L))

1

L ifg=n
0 ifqg#n.

(see [2, 4.5.13] and 7.3.3). This suggests the following.

8.1.1 DEFINITION. A topological space A is said to be an Filenberg—Mac Lane
space of type (L,n) or, more briefly, to be a K(L,n), if it satisfies

oL ifg=n,
7Tq(A)_{O if ¢ # n.

Thus we have the next.

8.1.2 Theorem. For any abelian group L and any n, the topological groups F(S™; L)
are Eilenberg—-Mac Lane spaces of type (L,n). ad

8.2 ORDINARY COHOMOLOGY

8.2.1 DEFINITION. Let (X, A) be a CW-pair (which means that X is a CW-
complex and A C X is a subcomplex), and let L be an abelian group. We define
the nth cohomology group of (X, A) with coefficients in L as

H"(X,A;L) = [ X UCA; F(S"; L)), n>1,

where we are considering pointed homotopy classes (and the base point * of X UC A
is obvious). If A = (), then X UCA = XT = X U «. In this case, we write

119
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H"(X;L) = [XT;F(S"; L))« = [X, F(S"; L)], where the last expression denotes
the free (that is, not pointed) homotopy classes of maps from X to F(S™;L).
Since F(S™; L) has a natural abelian group structure, the sets H"(X, A; L) have
an induced abelian group structure.

8.2.2 REMARK. Since A < X is a cofibration, the quotient map ¢ : X UCA —
X/A is a homotopy equivalence (see [2, 4.2.3]). Therefore, one can define the
cohomology groups by

H"(X,A;L) = [X/A; F(S"; L)]«, n>0;
(here the base point * of X/A is {A}).

Notice that in the the case n = 0 we have that F(S; L) = L (with the discrete
topology).

8.2.3 EXERCISE. Show that H°(X, A; L) = [] L, with as many factors as there
are path-connected components C' of X satisfying C' N A = (). In particular, if X
is path connected, then H°(X; L) = L.

More generally, we have the following additivity property.

8.2.4 EXERCISE. Let (X, A) = [[1ca (X, Ax). Show that

H'(X, A; L) = [[H"(Xx, Ax; L) -
A
(Hint: An element x € H™(X, A; L) is represented by a pointed map

f\/(Xa/Ay) — F(S™% L),
A

which in turn, by the universal property of the wedge, corresponds to a family
of maps fy : X)\/Ax — F(S"; L), each one of which represents an element ) €
H™(Xx, Ax; L).)

If f:(X,A) — (Y, B) is a map of CW-pairs, then the associated map on the
quotient spaces f : X/A — Y/B induces a homomorphism
ffH"(Y,B;L) — H"(X,A;L).

Just as in the case of homology, these cohomology groups and their induced
homomorphisms have the following properties.

8.2.5 Functoriality. If f : (X,A) — (Y, B) and g : (Y,B) — (Z,C) are maps
of CW-pairs, then
(gof)' = fog": H'(Z,C; L) — H"(X, A L) .
Also, if id(x 4y : (X, A) — (X, A) is the identity, then
idfy ) = Langxoany s H'(X, A L) — HY(X, A; L)
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8.2.6 Homotopy. If fo ~ f1: (X, A) — (Y, B) (a homotopy of pairs), then

fo=/f1:H"(Y,B;L) — H"(X, A; L).

8.2.7 Excision. Let (X; X1, X3) be a CW-triad, that is, X1 and X are subcom-
plexes of X such that X = X1 U Xy. Then the inclusion j : (X1,X1 N X3) —
(X, X3) induces an isomorphism

j* ZHn(X,XQ;L) —)Hn(Xl,XlﬂXQ;L), n > 0.

8.2.8 Exactness. Suppose that (X, A) is a CW-pair. Then we have an ezxact se-
quence
oo — HIY(A; L) -5 HH Y (X, A L) — HIYY(XL) —

s HOPN(A; L) -2 HOP2(X, A L) — -
Here 0, called the connecting homomorphism, is a natural homomorphism, which
means that given any map of pairs f : (Y, B) — (X, A) the following diagram is
commutative:

HY(A; L) —>~ H (X, A; L)

(fIB)*l lf*

HY(B;L) ——~ HYY, B;L).

8.2.9 Dimension. For the space x containing exactly one point we have that

o (L ifi=o0,
H<*’L)_{o ifi #0.

Proof: The properties of Functoriality 8.2.5 and Homotopy 8.2.6 follow immedi-
ately from the definitions.

In order to prove property 8.2.7 it is enough to note that the conditions imposed
on X, X1, and X5 imply that

X/XQ and Xl/Xl mX2

are homeomorphic.

In order to prove the property of Excision 8.2.8 we first define
§:HI(A; L) — HIY(X, A; L)
by using the composite
X/A—Le xtucat Pasat,

where X T UCAT is the unreduced cone of (X, A) defined alternatively as X LI A x
I/ ~, where X D A>a~ (a,0) € Ax I and (a,1) ~ (a’,1) in A x I. Analogously,
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Y AT is the unreduced suspension of A. Here p is the homotopy inverse of the

homotopy equivalence defined by the composite
XTUCAT — XTUCAT /CAT =~ X/A |

and p’ is the quotient map

XTUucCAt — XTucAt /Xt =~ 2AT.
So ¢ is defined by

HY(A; L) = [AT F(S% L)), 2 [ATQF (ST L)),
> [SAT PSS L)) L (XA PSS L)),
HTY (X, A L).
Exactness 8.2.8 is now obtained by applying the exact sequence of Corollary

3.3.10 in [2]. Specifically, since we have as above that H4(X; L) = [XX+; F(S?*1; L)],,

it follows that the piece of that sequence corresponding to the inclusion i : A — X

is given as
(X, F(STY L) — [SAT, F(STY L)) — [Cy, F(STT L)) —
— [X+, P87 L) — [AF, F(ST; 1),
where we omit the base point for simplicity. This in turn changes into
HY(X;L) — HI(A; L) — HITY(X, A; L) —
— HI"Y(X; L) — HITY(A; L)
by using the isomorphisms proved above and the fact that C; ~ X/A.
Grouping together these pieces for ¢ > 0 we obtain the desired exact sequence.

In order to prove the Dimension property 8.2.9 it suffices to apply the definition
of F(S%; L). So we have
; ; ; L ifi=0
H'(x; L) = [S°, F(S}; L)] = mo(F (S L)) = ’
(*a ) [ y ( 3 )] 7[-0( ( y )) {0 if g 5& 0,

since F'(SY; L) is discrete and equal to L if i = 0, while it is path connected if i > 0.
O

All given axioms of Functoriality, Homotopy, Exactness and Dimension
are the so-called Eilenberg—Steenrod axioms for an ordinary (unreduced) cohomol-

ogy theory.

The next result establishes the so-called wedge aziom for cohomology (cf. 8.2.4).

8.2.10 Proposition. If X =\/,., X), then

Hy(X;L)= [[ HY(Xx\: L).
AEA
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Proof: This follows immediately from the definition of the reduced cohomology

groups and 77. O

8.2.11 EXERCISE. Let (X, A) = [[(X\, Ax). Prove that for all ¢,

HY(X, A; L) = [[ HY(Xx, Ax; L) .
This is the so-called additivity axiom for cohomology.

8.2.12 EXERCISE. Prove that if f: (X, A) — (Y, B) is a weak homotopy equiv-
alence of pairs of topological spaces, then

£t H(Y, B) — H(X, A)

is an isomorphism for all ¢q. This is the so-called weak homotopy equivalence axiom

for cohomology.

These cohomology groups defined for arbitrary pairs of topological spaces ob-
viously satisfy the axioms of functoriality, homotopy, exactness, and dimension,
which we have introduced above. But in this case we have the following excision

axiom.

8.2.13 Excision. (For excisive triads) Let (X; A, B) be an eaccisz’ve triad; that is,
X s a topologzcal space with subspaces A and B such that A U B = X, where

A and B denote the interiors of A and B, respectively. Then the inclusion j :
(A, AN B) — (X, B) induces an isomorphism

H"(X,B;L) — H"(A,ANB;L), n>0.

Proof: In order to show that we have this property we take a CW-approximation
of AN B, say ¢ : A/F\W/B — AN B, and extend it to an approximation of A, say

cA— A, and to an approximation of B, say P2 B — B, in such a way that
AﬂB ANB. Thuswecandeﬁneamapgo X = AUB—)AUB Xsuch

that gp]A = ¥1, <p|B = 9, and g0|AﬂB = . Using the hypothesis A U B =X
we can now prove that ¢ is a weak homotopy equivalence; that is, @ is a CW-

approximation of X (see [?, 16.24]). Using this result it is clear that the excision
axiom for excisive triads follows from the excision axiom (8.2.7) for CW-triads. O

8.2.14 EXERCISE. Prove that the excision axiom for excisive triads is equivalent
to the following axiom. Suppose that (X, A) is a pair of spaces and that U C A
satisfies U C A. Then the inclusion i : (X —UA—-U) — (X,A) induces an
isomorphism H"(X, A; L) = H"(X —U, A—U; L) for all n > 0. (It is precisely this
version that gives us the name “excision,” because it allows us to “excise” from
both X and A a piece “well” contained inside of A without altering the cohomology
of the pair.)
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Since [S", K(L,q)] = mn(K (L, q)) holds, the next result follows.

8.2.15 Proposition. Suppose that n > 0. Then we have

L ifq=0,n,
AU T —
s ={g o 0

Let X be a pointed space with base point xg. Then for every n > 0 the inclusion
i: % — X defined by i(*) = ¢ induces an epimorphism
it H"(X; L) — H"(%; L),
which is split by the monomorphism
r*: H"(x; L) — H™(X; L)

induced by the unique map r : X — .

8.2.16 DEFINITION. We call H"(X; L) = ker(i*) the nth reduced cohomology group
of the pointed space X with coefficients in the group L.

So there is a short exact sequence
0— H"(X;L) — H*(X;L) — H"(x; L) — 0
that splits, and therefore
H™(X;L)= H™(X;L)® H"(x; L).
Consequently, by the dimension axiom 8.2.9, we have

HY(X: L) = HYX;L)& L ifn=0,
| HMX L) if n # 0.

From now on, if it does not cause confusion, we shall write only H"(X) (re-
spectively, H"(X)) instead of H"(X; L) (respectively, H"(X;L)).

8.2.17 EXERCISE. Prove that if X is a pointed space with base point xg, then for
every n we have
H™(X) = H"(X, x).

(Hint: The exact sequence of the pair (X, zp) decomposes into short exact se-
quences
0 — H"(X,z9) — H"(X) — H"(x9) — 0

that split.)
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8.2.18 EXERCISE. Assume that X is contractible. Prove that
H7YA) = HI(X, A)

if g > 1, and
HY(A) =~ HY(X, A).

8.2.19 EXERCISE. Take A C B C X and assume that the inclusion A — B is a
homotopy equivalence. Prove that the inclusion of pairs (X, A) — (X, B) induces

an isomorphism

HY(X,B) — HYX,A)

for all q.

The dimension axiom implies that the one-point space, or more generally any
contractible space, has trivial reduced cohomology. Specifically, we have the next

assertion.

8.2.20 Proposition. Let D be a contractible space. Then we have ﬁ”(D) =0 for
all n. O

Proposition 8.2.15 can be rewritten in terms of reduced cohomology as follows.

8.2.21 Proposition. Suppose that n > 0. Then we have

o= {L Jio0 :

8.2.22 EXERCISE. Let X be a pointed space with base point zg. Prove that

HY(X;Z)=[X;K(Z,q)]« and thereby conclude that

HY(X:;Z)~ H(ZX; 7).
(Hint: Apply the exact homotopy sequence to X L * —Cr =XX.)
8.2.23 EXERCISE. Suppose that aj : S* — S™ is the map given in Definition
??7. Prove that o : H"(S™;7Z) — H"(S™;Z) corresponds to multiplication by
k. (Hint: Prove this by applying the previous exercise and using induction on n.)
More generally, verify that the result remains true for any coefficient group L

(where multiplication by & is to be understood by viewing L as a module over the

integers Z).
8.2.24 EXERCISE. Prove the following assertions:

(a) All the arrows in the sequence
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HT (X, A)—H"({1} x (X, A))<—
— H"(S x X UD! x A, {0} x X UD! x A)->
—H" YD x X,S" x X UD! x A) = H"T((DL,S%) x (X, A))

are isomorphisms, where j is the obvious inclusion. We call the composition

of these isomorphisms
o: H(X,A; L) — H™((D',S%) x (X, A); L)
the suspension isomorphism.

(b) The suspension isomorphism defined in part (a) is a natural isomorphism,
that is, it commutes with the homomorphisms induced by maps of pairs.

(c¢) This suspension isomorphism is in a sense another version of the homomor-
phism of Exercise 8.2.22. FExplain.



CHAPTER 9 PRODUCTS IN HOMOTOPICAL
HOMOLOGY AND COHOMOLOGY

IN THIS CHAPTER WE SHALL DEFINE different products in homotopical homology
and cohomology and analyze their properties.

9.1 A PAIRING OF THE DOLD-THOM GROUPS

The main construction needed for products is given as follows. Assume given two

spaces X and Y and m,

9.1.1 Lemma. The map ¢ : F(X;L) — L given by > " Liz; — > 10 1; is well
defined and continuous. In particular, € : F(SY; L) — L is an isomorphism.

Proof: This follows easily from the fact that the restriction e, : F,,(X;L) — L of
¢ is continuous, since its composite with the identification (X x L)" — F,,(X; L)
is obviously continuous. ad

The functor F' has a well-defined continuous pairing,
(9.1.2) pxy F(X;L)x F(Y; M) — F(XANY,Le M),

given by

(m,n)

Zlml,ijyj — Z L @ mj)(zi Nyj).

(1,4)=(1,1)
If, in particular, L = M = R is a commutative ring with 1, with m: R® R — R
as the ring multiplication, then composing (9.1.2) with m,, we obtain another

pairing,
(9.1.3) pxy  F(X;R) x F(Y;R) — F(X AY;R).

Using (9.1.2), one obtains products in homology and cohomology. We shall be
interested in the following pairings. First recall the homeomprphism S™ A S” =~
S™*7_ Thus one has the Eilenberg-Mac Lane space pairing

(9.1.4) fmn : F(S™; L) x F(S"; M) — F(S™™™ L@ M).

127
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which for any two pointed spaces X and Y induces a pairing
X o [X,#; F(S™ L), 0], x [Y; F(S™; M) — [XAY;F(S™, L ® M)],
given by [o] ® [B] — [7], where
V(@ AY) = pmn(a(z), B(y)) .-
This can be translated, by definition of the cohomology groups, into
(9.1.5) x : H"(X;L)® H*(Y; M) — H™™(X ANY;L® M).

One can easily verify that this pairing is well defined. If, in particular, L = M = R
is a commutative ring with 1, we obtain the pairing,

(9.1.6) x : H"(X;R)®@ H"(Y;R) — H™™(X AY;R).
9.1.7 DEFINITION. The product x given in (9.1.5) and (9.1.6) is called the exterior
product or cross product in cohomology. Sometimes we write X -product.

If X =Y and we take the diagonal map A : X — X A X, we obtain a pairing
(9.1.8) —: H™(X;R)® H"(X;R) = H™™(X A X;R) =5 H™™(X:R).

9.1.9 DEFINITION. The product — given in (9.1.8) is called the interior product
or cup product in cohomology. Sometimes we write —-product.

There is a close relationship between the cross product and the cup product
(in the unreduced case). We saw in (9.1.8) how to obtain the cup product from the
cross product. one can obtain the cross product from the cup product too. We put
both relationships in the following, result, where we take H(W; R) = H YW, R).

9.1.10 Proposition.

(a) The composite H™(X; R)Y®H"(X; R) = H™ (X xX; R) 2 H™M(X; R),
where A : X — X X X is the diagonal map, yields the cup product. In other
words, if a € H™(X; R) and o’ € H"(X; R), then

a—a =A(axd)ec H"™(X;R).
(b) The composite H™(X; R)®@ H"(Y; R) i H™(XXY;R)X;R)® H™(X x
Y;R)X;R) — H™™(X x Y;R), where X <~ X xY 22 Y are the

projections, yields the cross product. In other words, if a € H™(X; R) and
be H"(Y; R), then

axb=mni(a) —m5b) e H"(X xY;R)X;R).
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We come back to the pairing given in (9.1.2) and put X = S? and Y = X.
Taking smash products and the pairing, we obtain

[XT,F(S% R)], x [SF, F(XT; R)]s —— [XT ASF, F(S%; R) A F(XT; R)].

K~

— A

[SFXT, F(SIXT;R)..
Composing x with the homomorphism
[2FXF F(2IX Tt R)], — [SF, F(2IXT; R)].

induced by the pointed inclusion S® — X+ that sends —1 to some point z_; in
the path-connected space X, we obtain

HY(X;R) ® Hy(X;R) — Hu(LIXT;R).
If ¢ < k, using 079, we desuspend ¢ times to obtain
(9.1.9) ~: HY(X;R) ® Hy(X;R) — Hjp_¢(X; R) ..
9.1.10 DEFINITION. The product —~ given in (9.1.9) is called the cap product in
homology. Sometimes we write —~-product.
Composing k¥ now with the homomorphism
[2FXF F(2IXT R)], — [EFX T, F(S% R).

induced by the pointed projection Xt — S° that sends all points of the path-

connected space X to —1 we obtain

HY(X;R) ® Hy(X;R) — HY(SFX*: R).

-k

If £ < g, using 07", we desuspend k times to obtain

(9.1.10) ~: HY(X;R) ® Hy(X;R) — Hq_1(X; R) ..

9.1.11 DEFINITION. The product —~ given in (9.1.9) is called the cap product in

cohomology. Sometimes we write —~-product.

Recall that Hy(x; R) = [S°; F(S%; R)]« = R. If k = q take the composite
n: HY(X; R) @ Hy(X; R) — Ho(X; R) — Ho(x; R) = R,

where the last arrow is induced by the pointed projection X+ — S° and the
equality follows from the bijection € : F(S°, R) — R given in Lemma 9.1.1.

9.1.12 DEFINITION. The homomorphism 7 is the Kronecker product (—, —), namely

(o, B) =n(a® B).
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9.2 PROPERTIES OF THE PRODUCTS

In this section we shall prove the properties of the products. Before that, we extend

the products to the relative case.

9.2.1 Products for pairs of spaces

Let us extend the definition of the cup product to pairs of spaces. Recall that
given a pair of spaces (W, D) we can associate to it a pointed space by taking
the mapping cone of the inclusion D — W, W U CD. We defined HY(W, D; R) =
HY(W UCD;R). One can prove that given two pairs of spaces (X, A) and (Y, B),
the cone of the inclusion A x Y U X x B < X x Y satisfies

(X xY)UCAXYUX xB)~(XUCA)A(YUCB).

Since the product of pairs is given by (X, 4) x (Y,B) = (X xY,AxY UX x B),
we have the following

H™X, AR) @ HW(Y,B;R) - — - = - - = H™ (X, A) x (Y, B); R)
I
H™(X UCA; R)® H"(Y UCB;R)

<y

H™"((X UCA) A (Y UCB); R) — H™™"((X x Y)UC(A X Y UX x B); R)
which defines the exterior product for pairs or cross product for pairs in cohomology

x: H™(X,A;R)® H"(Y,B; R) — H™™"((X,A) x (Y,B);R).

We can now extend the interior product to pairs as follows. Take any A, A’ C X.
Then the diagram

H™(X,A;R)® H'(X,A';R)— - == — = H""(X, AU A", R)

xi A*T
Hm+"((X7A) x (X,A"); R) :Hm+”(X x X, Ax XUX x A';R)

defines the interior product for pairs or cup product for pairs

< H™(X,A;R) @ H"(X, A'; R) — H™™(X, AU A’; R)

We start with the cup product.

9.2.2 Properties of the cup product

Before we start with the properties,
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9.2.1 Naturality. If f : (X;A,A") — (Y;B,B’) is a map of triads (which
means that f(A) C B and f(A") C B’), then for all y € HP(Y,B) and all
y' € HY(Y, B') we have that

Fly—y) =1 — ) e HTI(X,AUVA).

9.2.2 Associativity. For all
re HP(X,A), 2 e H(X,A), and 2" e H' (X, A")
we have that

r— (2 —a")=(x —2)— 2" e HPTT (X, AUl UA").

9.2.3 Units. Suppose that 1x € H°(X) is the element represented by the constant
map X — K(R,0) = R that sends the entire space X to the element 1 € R. Then
for all x € H1(X, A) we have that

Ix —wz=x—1x=2¢€ HI(X,A).

9.2.4 Stabilility. The following diagram is commutative:

id®i*
_—

HP(A) ® HI(X, A') HP(A)® HI(A, AN A

HPHI(A, AN A
o®id J*
HPH(AU A, A"

1)

HPY(X, A) @ H¥ (X, A) —— HPTITLH (X AU A').

Here i and j are inclusions. Moreover, j* actually turns out to be an excision
isomorphism.

In particular, for the case A =0, we obtain the formula
§(a — i*x) = da — x € HPTITI(X, A)

fora € HP(A) and x € H1(X).

9.2.5 Commutativity. For all
r€ HP(X,A) and 2 € HY(X,A)

we have that
r—1z = (-1l — xec HPTI(X, AU A)).
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The proof of these properties, except commutativity, basically reduces to the
uniqueness up to homotopy of the maps between Moore spaces that realize the
given group homomorphisms. We leave the details of the proof to the reader in the

following exercise, and only prove commutativity.

9.2.6 EXERCISE. Establish the properties of naturality, associativity, units, and
stability of the cup product in cohomology.

We shall prove commutativity in the particular case of R = Z. In order to do
it, we need some preparation. We start with the convention that in what follows
we take

SP=8'A---AS!  where S!'=1/0I
P
and we write its elements as t; A--- Ay, where t € S! represents the class of t € I.

9.2.7 Lemma. Let o;; : SP — SP be the map that interchanges two factors,

namely

QiGN ANGN - ANGGA - AE) =T A AN A A Ay,

and let B : SP — SP be the map given by
Bt A---Atp)=1—ti Ata A+ Nty

Then a;j ~ 3 for all i # j.

9.2.8 Proposition. Put a = «;j. Then oy : SPSP — SPSP is such that o, =

—idgpse.
Proof: By 9.2.7, a, ~ B4, and by the proof of 7?7, 8, ~ —idgpse. O

Define R: I xI — Tand T :IxI— IDby R(s,t) =(1—1t)s and T(s,t) =
(1—t)s+tandlet H:SPSPxI — SPSP be given as follows. Write the elements
of SPSP = SP(St ASP7Y) as [(]1 AT1),..., (tx A 71)], where ; € S! and 7; € SP~L.
Then

H([(EL AT, ... (T AT, 8) = [R(s,t) ATL, ..., R(s,t) A 1] —
— [T(S,tl) NT1,y... ,R(S,tk) /\Tk]

H([(fl/\Tl),...,(fk/\Tk)],O): [0/\7’1,...,6/\7’]?}—E/\Tl,...,ﬂ/\Tk]
:_[HATIM"?E/\Tk]

H([(El/\71)7-~7({k/\7'k)];1):[1_t1/\7'17--';1_tk/\7k}
—[IAT, .., TAT

Z[l—tl/\’rl,...,l—tk/\’i‘k},

where the minuses can be written, since SP SP is an H-group by ?7. Hence Hy =
—id and Hy = B4. Thus —id ~ B, ~ .. O
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9.2.9 Corollary. Let p: SPT? =SP NS — ST ASP = SPT be the map given by
p(sNs') =35 ANs. Then p, : SPSPT? —s SPSPTY 4s homotopic to (—1)P4id.

Proof: By the previous proposition, if one exchanges two coordinates, by «, then

o, ~ —id. Since p is a composite of pg such alphas, then the result follows. ad
We now prove the commutativity property of the cup-product.

9.2.10 Theorem. Givenz € HP(X) andz’ € HI(X) one hasx — x' = (—1)Plz/ —
T € f_~[7’+‘1(X), where the groups are taken with Z-coefficients.

Proof: Since the coefficients are Z, the Eilenberg—-Mac Lane spaces are given by
K(Z,n) = SPS™ for all n € N.

Then = = [o] and 2/ = [5], where @ : X — SPSP and 8 : X — SPS? and
the cup product is given by x — 2/ = [y], where v : X — SP SP™? is defined by
the composite

Vi X Ao X A X L spsp ASPST 2L gp et

iLe., x — ' = [up 40 (aApB)oA]. The following is a commutative diagram.

XAX - gpsp A SPST 2% gp spta

.

X p-

N

XANX—>SPSIASPSP ——= SP SI*P,
BAa Kq,p

where p is as in Corollary 9.2.9, which is homotopic to (—1)P9id. This shows that

pgpo (BAa)oA=poppqgo(anf)oA~(=1)"uy40(ahfB)oA
and taking homotopy classes we obtain

w2 = g 0 (BN 0)0 A = (<1 40 (@A B) 0 A] = (~1)Pa’ — z.
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CHAPTER 10 TRANSFER FOR RAMIFIED
COVERING MAPS

GIVEN A MAP WITH CERTAIN PROPERTIES, we may roughly say that a transfer is
a homomorphism in homology or cohomology, which goes in the opposite direction
as the homomorphism induced by the given map. Several properties are expected
from the transfer. In this chapter we shall define the transfer for ramified covering

maps. This will include also a transfer for ordinary covering maps. We follow [3].

10.1 TRANSFER FOR ORDINARY COVERING MAPS

First recall that a covering map is a (surjective) map p : E — X such that
each point x € X has an evenly covered open neighborhood U, namely such that
p U = [ics U; and the restriction p; = p\ﬁi : U; —» U is a homeomorphism. We
say that p is n-fold if 3 =n = {1,2,...,n}.

10.1.1 The pretransfer

In what follows, given a space Y, we shall denote by Y the pointed space X L {x}
and given a map ¢g : Y — Z, we shall denote by g : Y+ — Z7 the pointed
map given by g*(y) = g(y) if y € Y and g*(*) = *. Covering maps are usually
nonpointed maps; this way we turn them into pointed maps, although they are no
longer covering maps. Indeed they become ramified covering maps as we shall see

in the next section.

10.1.1 DEFINITION. Let L be a discrete abelian group and let p: E — X be an
n-fold covering map. Define the pretransfer 7, : F(X*; L) — F(E*; L) by

Recall that given the product K" = E x --- x E, dividing it by the action of
the symmetric group ¥, acting by permutation of the coordinates, one obtains
the nth symmetric product SP™ E; i.e. SP" E = E™/%,,. We denote its elements
by (e1,...,en). If p : E — X is an n-fold covering map, then there is map
¢p : X — SP"™ E, associated to p, which is defined by

(pp(x) - <61, RN en> ,

135
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where p~!(z) = {e1,...,e,}. We have the next.
10.1.2 Proposition. The map ¢, : X — SP" E is continuous.

Proof: Take x € X and consider a neighborhood V' of ¢,(z) = (e1,...,e,). We
may assume that there is an evenly covered neighborhood U of X such that the
neighborhood Uy x - -- x U, of the point (e1,...,e,) € E™ maps into V. This is
possible, since the cubic neighborhoods of a point in E™ can be taken as small as

one wishes. Then clearly ¢,(U) C V and thus ¢, is continuous in x. 0
As a consequence, we obtain the following.

10.1.3 Proposition. The pretransfer map 7, : F(X*; L) — F(E*; L) is a con-

tinuous homomorphism.

Proof: We first show that 7, is a homomorphism. Take u,v € F(X™* : L) and recall
that (v 4 v)(x) = u(z) + v(z) € L. Hence we have

p(u+v)(e) = (u+v)(p"(e) = u(p™(e)) + v(p*(e)) = Tp(u)(e) + Tp(v)(e) -
Hence 7,(u + v) = 1p(u) + 7p(v).

We can define the pretransfer on generators. If [ € L, e € E, then we have that
7 F(XT,L) — F(E*, L) is given by

tp(lx) = Z le;,
i=1

where p~t(z) = {e1,...,en}.

Consider the map § : L x Xt — F,(E*, L) given by 6(l,z) = 7,(Ix) and
a:Lx Xt — (Lx(ET)")/%, given by

Oé(l,.ill‘) = <(l7 61)7 SRR (lv en)> )
where p~1(z) = {e1,...,em}. Let j; : (EY)"/%, — (L x ET)"/%, be given by
giler, ... en) = ((ler),...,(l,en)). If 4y : XT — L x X is the inclusion at the
level I, then a o4, = j; o ¢,. Hence « is continuous. Notice that the identification
(L x ET)" — F,(E*, L) factors as the composite
(Lx EY)" = (L x EY)"/x, % F (BT, L),

where pp((l1,€1), ..., (In,en)) = > i, lie;. Therefore, py, is continuous.

Since p, o = §, § is continuous. In order to see that 7, Fo(x,1) 1s continuous,
consider the diagram

(L x X+ o (Fo(E*+, L))

i lsum

F.(X*, L) F(E*,L),

ol g (x+,1)
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where sum is given by the operation on F(E™, L), which is continuous. Hence 7,

is continuous, as desired. a

We shall show that this pretransfer has all expected properties. We start with

the essential property, which we call normality.

10.1.4 Proposition. The composite p.oT, : F(XT; L) — F(X™T; L) is multipli-

cation by n.

Proof: Take u € F(X*;L). Then
perp()(@) = Y mu)e)= D ulple)= Y ulx)=nu(z),
e€p~!(z) e€p~!(z) e€p~!(z)

since there are n elements e € p~!(x). Thus p.7,(u) = nu ]

Another important property is the so-called pullback property. Consider an n-
fold covering map p: F — X and a map f : Y — X and take the induced
covering map f*(p) : f*(E) — Y, where f*(E) = {(y,) € Y x E | f(y) = ple)}
and f*(p) is the projection on Y, i.e. f*(p)(y,e) = y . Thus we have a pullback

E
ip
X

f )

diagram
. i
fH(E) ——

()
Y

where f : f*(E) — E is the other projection, namely f(y,e) = y. By 4.2.11, we

know that f*(p) is a covering map.

10.1.5 Proposition. Given a map f:Y — X, then ]?j O Tpu(p) = Tp © fir, e,
the following is a commutative diagram:

F(f(E)*: L) = F(E*, L)

Tf*@)T TTP

F(Y™*; L) F(X* L),

Proof: First notice that 7.,y @ F(Y*; L) — F(f*(E)";L) is given for v €
F(Y*;L) by

T+ (V) (Y, €) = v(f* ()" (y, ) = v(y).
Therefore we obtain

FrapmE@ =Y 7re@Ed) =Y o).

FH(y,e)=e fry)=pt(e)
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On the other hand, we have

() = fHo)eT )= >, o).

10.1.6 REMARK. This pullback property is in fact a naturality property in the
following sense. We can consider the category of finite covering maps €ov, whose
objects are covering maps p : £ — X and the morphisms p’ — p, where
p' : B/ — X' is another covering map, are pairs of maps (f, f), so that they fit
into a general pullback diagram

X — X,
!

namely a diagram where E’ is homeomorphic to f*(FE) such that the triangle

e f(E)
N A,)
X/

commutes and f: projr o . The composition is the obvious one. There are two
functors £, X : €ov — Top, such that given an object p : E — X, E(p) =
E*, X(p) = X and given a morphism (f;f), E(f;f) = fF and X(f;f) =
fT. In this context the pullback property states that the pretransfer is a natural

E/

transformation

T:F(X;L) — F(& L),
where F'(X; L) denotes the composite functor F'(—; L) o X’ and similarly F(&; L) =
F(—;L)o X.

Another property of the pretransfer is the units property.

10.1.7 Proposition. For the identity covering map idyx : X — X, the pretrans-
fer is the identity 1px+,r) : F(X*; L) — F(XT; L).

Proof: The pretransfer 14, : F(XT;L) — F(XT;L) is given by 7, (u)(z) =
u(idx+(z)) = u(z), thus 7iay = lp(x+;1)- 0

10.1.8 EXERCISE. Show that the last property is a special case of the normality
property 10.1.4.
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The pretransfer has also an additivity property. Recall the additivity property
of the Dold-Thom groups 7.3.5, we have
(10.1.9) FIXANY;L)XF(X;L)® F(Y;L).
Notice that (X UY)t =Xt AYT.

10.1.10 Proposition. Given an m-fold covering map p : E — X and an n-fold
covering map q : F' — X, the map (p,q) : EUF — X is an m+ n-fold covering

map such that its pretransfer
T F(EUF)T L) — F(XT; L)

is gwen by T q)(u,v) = Tp(u) + 74(v), where (u,v) € F(ET;L)® F(F*;L) and
we put F(EUF)™;L)=F(E";L)® F(F;L).

Proof: 1, ) (u,v)(e) = u(p*(e)) for e € ET and 7, q)(u,v)(e') = u(gt(e)) for

¢’ € F*. Hence 7, ¢y (u,v) = 7p(u) + 74(v). 0

There is also a multiplicativity property. Recall the pairing given in 9.1.2 and

we have the next result, whose proof we leave to the reader as an exercise.

10.1.11 Proposition. Given an m-fold covering map p: E — X and an n-fold
covering map q : F — X, the map px q: Ex F — X x X is an mn-fold
covering map such that its transfer makes the following diagram commute:

MX,X

F(X*: L) x F(X+; L) 225 P((X x X)*: L)
F(E*;L) x F(F*; L) o= F((E x F)*; L).

O

In some other sense, the transfer is a contravariant functor. Namely, if one
takes the category of all spaces but restricts the morphisms to finite covering
maps p : Y — X, then the assignment p — 7, is a functor. One part was proved
in 10.1.7.

10.1.12 Proposition. Given an m-fold and an n-fold covering mapsp:Y — X
and q : Z — 'Y, the composite po q : Z — X is an mn-fold covering map such
that

Tpoqg =Tq0Tp: F(XT;L) — F(ZT;L).

Proof: Take w € F(X';L) and z € Z. On the one hand we have
Tpoq (1) (2) = u((p © q)(2)) = u(p(q(2)) ,

while on the other we have

(1q 0 Tp)(u)(2) = 7p(u)(q(2)) = ulp(q(2)))

thus they are equal as desired. ad
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10.1.2 The transfer in homology

Since the pretransfer 7, : F(X ;L) — F(E*; L) for a covering map p: E — X
is a continuous homomorphism, it induces a homomorphism in homotopy groups
Tps : Tg(F(XT; L)) — m(F(ET; L)). In other words we have a homomorphism

ty: Hy(X; L) — Hy(E; L)

called the transfer.

10.1.13 Theorem. Given a covering mapp : E — X, its transfert, : Hy(X;L) —
H,(E; L) has the following properties:

(a) Normality: Given an n-fold covering map p: E — X, then

Ps oty : fIq(X; L) — fIq(X; L) is multiplication by n.

(b) Naturality: Given a morphism of covering maps (]?, f) : o — p, where
p:E— X and p' : E' — X' are n-fold covering maps, one has

ﬁk oty =1tpo fi: ﬁq(X/) — ﬁq(E5L)-

10.2 RAMIFIED COVERING MAPS

We start with the definition of a ramified covering map as given in [44]. As in the
previous section, we shall need the concept of nth symmetric product of a space
defined in 135.

10.2.1 DEFINITION. An n-fold ramified covering map is a continuous map p :
E — X together with a multiplicity function u : E — N such that the following
hold:

(i) The fibers p~!(z) are finite (discrete) for all z € X.
(ii) For each w € X, > ¢ 10,y p(€) =n.
(iii) The map ¢, : X — SP™ E given by

Op(T) = (€1, 1, €1,y Cmyeney,Em),

u(er) plem)

where p~t(z) = {e1,...,em}, is continuous.
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10.2.2 REMARK. Given an n-fold ramified covering map p : £ — X with multi-
plicity function p, one can construct an n-fold ramified covering map p™ : ET —
X, where Y =Y LU {x} for any space Y and p* extends p by defining p™(x) = x
and the multiplicity function u™ extends u by setting u*(*) = n. More generally,
given a (closed) subspace A C X, one can construct an n-fold ramified covering
map p' : B/ — X/A, where E' = E/p~'A, p’ is the map between quotients and
the multiplicity function j’ coincides with p off p~' A and is extended by setting
W' (¥) = n, if * is the base point onto which p~ A collapses.

Another useful construction is the following. Let E = EUX andp: E — X
be such that p|g = p and p|x = idx. Then p is an (n + 1)-fold ramified covering
map with the multiplicity function 77 : E — N given by fi|p = p and if x lies in
the added X, the fi(z) = 1.

On the other hand, given a map f : Y — X, as above 137, one can construct
the induced n-fold ramified covering map f*(p) : f*(E) — Y by taking the
pullback f*(E) = {(y,e) € Y x E| f(y) = p(e)} and f*(p) = projy. The induced
multiplicity function f*(u): f*(E) — N is given by f*(u)(y,e) = u(e).

10.2.3 EXERCISE. For each of the constructions given above prove that the cor-
responding maps fy are continuous.

10.2.4 ExAMPLES. Typical examples of ramified covering maps are the following:

1. Standard covering maps with finitely many leaves, as it is shown in 10.1.2.

2. Orbit maps E/I" — E/T for actions of a finite group I' on a space E and
I C T. They can be considered as [I' : I"]-fold ramified covering maps by
taking p(el”) = [ : T',], where I, and I", denote the isotropy subgroups of
e € E for the action of T" and the restricted action of I, and [[ : I'] and
[[c : T] denote the corresponding indexes. In fact, Dold [11] proves that all
ramified covering maps are of this form for I' = ¥, and IV = X,,_;.

3. Branched covering maps on manifolds, namely open maps p : M% — N,
where M9 and N? are orientable closed topological manifolds of dimension
d, p has finite fibers and its degree is n. Indeed, in[6] it is proven that p is
of the form E/T" — E/T', with [[" : T'] = n, so that, by 2., p is in fact an
n-fold ramified covering map. An interesting special case of this is given in
[38] and [24], who show that for any closed orientable 3-manifold M3, there
is a branched covering map p : M? — S? of degree 3.

4. It will be of particular interest to consider the following example. Let B be a
space and and consider the twisted product B" xy, 7, wherem = {1,2,...,n}
and Xy, , given by identifying in the product a pair (b1, be, ..., by,;4) with the

n?
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pair (by (1), b(2), - - - » bo(n); 0(7)).Denote the elements of the quotient space by
(b1,ba,...,by;1). Take the map
mg: B" Xgnﬁ—>s7i)B,

given by wp(b1,ba, ..., by;i) = (b1,ba,...,b,). Then mp is an n-fold ramified
covering map with multiplicity function pup : B"™ Xy, n — N given by
NB<b17b27 c. ,bn;’i> = #{j | bj = bl} (see [44]).

10.3 THE HOMOLOGY TRANSFER

We shall define now the homology transfer. Our spaces in this section will be com-
pactly generated weak Hausdorff spaces. As for the case of ordinary covering maps,
we shall define a pretransfer and after applying the homotopy-group functors, we
shall obtain the transfer. We shall study both at once.

10.3.1 DEFINITION. Let p : E — X be an n-fold ramified covering map with
multiplicity function . Define the pretransfer

7, F(X;L) — F(E;L) by 7,(u)=u,
where u(e) = p(e)u(p(e)). In other words, if w=>""" ;| l;z; € F(X; L), then

Tp(u) = Z p(e)le.
ple)=w;
i=1,..,n

10.3.2 REMARK. The pretransfer 7, : F(X;L) — F(E;L) is clearly a homo-
morphism of topological groups and it is thus convenient to see what it does to
generators. Namely, if [x is a generator, then the pretransfer satisfies

e if ple) ==, ie., ife (g
(1) (e) = p(e)ia(p(e)) = {g< )i ple) = o, L., if e € p(x)

otherwise.

Hence, the only points where 7,(lz) is nonzero are the elements of p~'(z) =
{e1,e2,...,e.}, that is,

mp(lz)(e1) = pler)l, mp(lz)(e2) = ple2)l, ..., mp(lx)(er) = pler)l,
and thus
p(lx) = pler)ler + p(e2)les + - - + p(er)le, .
We shall prove below that 7, is continuous. Hence, on homotopy groups, the

map 7, induces the homology transfer

tp: Hy(X; L) — Hy(E;L).

We have the following.
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10.3.3 Proposition. Let p : E — X be an n-fold ramified covering map with
multiplicity function p : E — N, where E and X are pointed spaces. Then the
pretransfer 7, : F(X; L) — F(E; L) is continuous.

Proof: Since F(X; L) has the topology of the union of the subspaces

- CF.(X;L)C Foq(X;L) C - C F(X; L),

7p is continuous if and only if the restriction 7|, (x;z) is continuous for each r € N.
Since X x Y has the k-topology, we have a quotient map ¢, : (L x X)" — F,.(X; L)
for each r. Define 6 : L x X — F,(X;L) by 6(l,z) = 1pq1(l,x) = 1p(lz), and
a:LxX — (LxX)"/%, by

all,z) =[le1),....,(Ler), ..., (l,em), .., (L em)],

/

w(er) plem)

where p~1(z) = {e1,...,en}. Foreach I € L, let 4, : X — L x X be given by
ii(x) = (z,1), and let j; : E"/%, — (L x X)"/%, be given by jile1,...,en] =
[(l,e1),...,(l,epn)]. Then cvoi; = jj oy, where ¢, : X — E™/%,,. Since j; and ¢,

are continuous and L is discrete, « is continuous.
The quotient map g, factors through the quotient map ¢/, : (L x X)" —
(L x X)"/%,, yielding the following commutative diagram,

(L x X)" —"u (L x X)"/%,

|

F,(X;L),
where p,, is also a quotient map.

Now, ¢ makes the following diagram commute,

(L x X)" /5
/ ipn
LxX Fo(X:L),

é
therefore, ¢ is continuous.

In order to show that 7,| Fr(x;L) is continuous, consider the diagram

(L x X) —2~F,(E;L) x - x Fy(E; L)

qri l -

Fo(X; L) F(E;L),

Tp|Fr(X;L)

where > 7_, is the operation in F(E; L), which is a topological abelian group in
R-Top, and hence it is continuous. Since also § is continuous, and ¢, is a quotient

map, Tp|F,(x;r) 18 continuous.
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10.3.4 Corollary. Let p : E — X be an n-fold ramified covering map with
multiplicity function p : E — N, where E and X are pointed CW-complezes.
Then there is a homology transfer t, : Hy(X; L) — H,(E; L). 0

10.3.5 REMARK. Besides the transfer ¢, defined above, for every integer k there
is another homology transfer 7 given by (,7),(§) = k- 75(), £ € Hqg(X; L). This
transfer, in turn, is determined by the pretransfer (it), : F(X;L) — F(E;L)
given by (xt)p(u) =k - mp(u), v € F(X;L).

10.3.6 EXAMPLE. For the ramified covering map np : B" Xy, n — SP" B of
10.2.4, the homology transfer is given as follows. We first compute
n
Trp ¢ F(SP B; L) — F(B" xx, ;L)
on the generators. Set

b:(bl,...,bl,bQ,...,bQ,...,br,...,br)GBn,
———— N — ——

i1 i2 ir

where 21 + 49 + -+ -7, = n. Then

T (b) = {{b1,i1), (b2, i1 +i2,) ..., (br,n)}.
Therefore,
Trp (@) = pdb, i1) (b, i1) + pu(b, iy + i2)l(b, i1 +ig) + -+ +
+ p(b, iy +ig + - -+ i) l(biy + 2+ - dp)
=d10(b,i1) + ial(b,i1 + i2) + - -+ + i, l{b, i1 + i + - - iy)
=1{(b,i1) + {b,i1) +---(b,i1) +

11

+ (b,i1 +12) + (byi1 +i2) + -+ (byiy +i2)+ -+

+ (b,n) + (byn) + --- +2<b,n>

~\~
(28

+(byiy +ig+ iy oo+ 1)+ (byn)
=1(0,1) +1(0,2) +--- + 1(b,n),

hence

(10.3.7) Tag (Ub1 oo b)) = 1Dy, bps 1)) 4o Ubi, . b))

Thus, in general, if § = Zle Li(b%, ... bt), then
(k’n) . .
Tﬂ’B(/B): Z ll( Zl""abiz; >7
(4,0)=(1,1)

since by varying [ from 1 to n, the fiber elements over (b4, ..., b ), namely (b%, ..., b ;1

are repeated pp(bi, ..., b5;1) times.

),
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10.3.8 REMARK. Given an n-fold ramified covering map p : £ — X with multi-
plicity function i : E'— N, and a (closed) subspace A C X, we have the restricted
ramified covering map pa : Ea — A, E4 = p?, and the quotient ramified cov-
ering map p : E — X/A, as described in Remark 10.2.2. The following diagram

obviously commutes:

E4C E E

e

Al X —= X

Thus the diagram above yields

F(A;L) —> F(X;L) — F(X/A; L)

N

F(Ea; L) — F(E; L) — F(E; L),

where the horizontal arrows are obvious and 74, t, and ¢t are the correspond-
ing pretransfers. Therefore, using ¢, we have a relative homology transfer t, :
Hy(X,A;L) — Hy(E,E4; L), and by the commutativity of the diagram, also
this transfer maps the long exact sequences of (X, A) into the long exact sequence
of (E, E4), provided that the inclusion A < X is a closed cofibration (in general
it is also true by constructing an adequate ramified covering over X U C A).

The following theorems establish the fundamental properties of the transfer.

10.3.9 Theorem. The composite
peoty: Hy(X;L) — Hy(X; L)

18 multiplication by n.
The proof follows immediately from the following proposition.

10.3.10 Proposition. If p : E — X is an n-fold ramified covering map, then

the composite

F(X;L) % F(E;L) 2 F(X; L)

18 multiplication by n.
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Proof: If u =37, lyz; € F(X; L), then

DsTp(U) = PiTp (i lixi)
i=1
= > ple)liz;

p(e)=wz;,i=1,....,n

:Zlixi Z p(e)

p(e)=zi

n
:ng lLiz,=n-u.
i=1

The invariance under pullbacks is given by the following.

10.3.11 Theorem. Let p : E — X be an n-fold ramified covering map and
assume that f : X — Y is continuous. Then the following diagram commutes:

Hy(v; L) 2 b, (f*(B); L)

| |5

Hy(X;L) — Hy(E;L),

P

where f*(p) : f*(E) — Y s the n-fold ramified covering map induced by p :
E— X over f.

As for the previous theorem, the proof follows immediately from the next propo-

sition.

10.3.12 Proposition. If p : E — X is an n-fold ramified covering map and

F: X —Y is continuous, then the following diagram commutes.

TF*(p)

F(Y;L) —= F(F*(E); L)

.| |7

F(X;L)

Tp
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Proof: Let v =37, giys € F(Y;L). Then 7p+(,)(v) € F(F*(E); L) is such that

= ple)gie
p(e)=F(yi)
= 7p (Fi(v))

Another property of the homology transfer that is useful is the following.

10.3.13 Proposition. Let f : Y — X be continuous and consider the commu-
tative diagram

_ Xz, 1w N
V' xy n——— X" x5, 7

Wl lw

SP*Y SP" X .

SP™ f
Then the following diagram commutes:

n 1W «
FOY" xs, 7 L) L2 poyn oo )

T"YT TTWX

F(SP"Y; L) F(SP"X;L).

(SP™ f)«
The proof is fairly routinary and follows easily using the description of the

transfers given in Example 10.3.6. ad

Another property of the transfer is the following homotopy invariance.

10.3.14 Theorem. Letp: E — X be an n-fold ramified covering map. If fo, f1 :
Y — X are homotopic maps, then

foxotpy = freoty : H(Y;L) — Hy(E; L).
The proof is an immediate consequence of the next proposition.

10.3.15 Proposition. Let p : E — X be an n-fold ramified covering map. If
fo, f1: Y — X are homotopic maps, then

fb*OTpO:ﬁ*OTpl :F(Y;L) — F(E;L).
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Proof: If H:Y x I — X is a homotopy from fy to f1, then H: FY;L)xI—
F(X;L) given by H(v,t) = > yey V(¥)H(y,t) is a (continuous) homotopy from
fox to fix. Thus, applying Proposition 10.3.12, we get

fO*OTpO:TpofO*:Tpofl*:fl*oTpl‘

In 10.3.10 we computed the composite p, o 7,. The opposite composite 7, o ps
is also interesting. An immediate computation yields the following.

10.3.16 Proposition. Let p: E — X by an n-fold ramified covering map with

multiplicity function u. Then the composite
F(E;L) 2% F(X;L) =% F(E; L)

s given by

for any v e F(E;L). 0

In the case of an action of a finite group I' on E and X = E/T", we have the

following consequence.

10.3.17 Corollary. For v € F(E; L) one has tpp«(v)(€) = > cpv(ve). There-
fore, the composite

F(E/T;L) 2% F(E; L) -2 F(E/T; L)

is given by Tpps(v) = > cp Y« (V).
Proof: Just observe that the element e is repeated in the sum p(e) = |I'¢| times.
The two previous results yield the following in homology.

10.3.18 Theorem. Let p : E — X by an n-fold ramified covering map with
multiplicity function . Then the composite

Hy(E; L) 2 Hy(X; L) 2 Hy(B; L)
is giwen by tpps(y) = y', where y' = [V'] € my(F(E; L)), and

d(s)e)= Y ule)u(s)(e)

p(e’)=p(e)

where y = [v] € my(F(E; L)) and s € S1. 0
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10.3.19 Corollary. For an action of a finite group ' on E and X = E/T" one
has that the composite

Hy(E; L) 2 Hy(E/T; L) -2 Hy(E; L)

is given by tpp«(y) = 3 cr 1Y)

10.3.20 REMARK. Considering an action of H on E and a subgroup K C H, one

has different ramified covering maps as depicted in

E/T

One may easily compute several combinations of the maps induced by these cov-

ering maps and their transfers.

Another interesting property of the transfer is the relationship given by com-
puting the transfer of the composition of two ramified covering maps. Before giving

it we need the following.

10.3.21 DEFINITION. Let p : Y — X be an n-fold ramified covering map, with
multiplicity function p : ¥ — N and let ¢ : Z — Y be an m-fold ramified
covering map, with multiplicity function v : Z — N. Then the composite po ¢ :
7 — X is an mn-fold ramified covering map, with multiplicity function £ : 7 —
N given by &(2) = v(2)u(q(2)). In order to verify that this composite is indeed an
mmn-fold ramified covering map, consider the wreath product %, [ 3,,, defined as
the semidirect product of ¥,, and (%,,)", where %,, acts on (¥,,)" by permuting
the n factors. We have an action (Z™ X -+ X Z™) X Xy, [ ¥, — Z™ X -+ x Z™
given by (C1,---,Gn) - (0,71, -+, Tn) = (Co(1) * Tty -+ -5 Co(n) * Tn), Where (; € Z™.
Then we have the following diagram, where all maps are open

gx--Xq

ZM X e 2 ZM S X o X 2™ S,

(Zm)n/zn f Em ——————— > SPn(SPm Z) .

One may easily show that 7 is compatible with 7’ o (¢ x --- X ¢). Therefore,
there is a homeomorphism X™"/%,, [3,, ~ SP"(SP™ Z) and hence one has a
canonical quotient map p : SP*(SP™ Z) — SP™" Z. Then one can easily verify
that ppeq = po SP™(py) 0 ¢ : X — SP(SP™Z) 25 SP™ Z. Thus ¢peq is

continuous.

The homology transfer behaves well with respect to composite ramified covering

maps.
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10.3.22 Theorem. The following hold:
Tpoqg = Tq 0 Tp : F(X; L) LN F(Y;L) LN F(Z;L);

tpoq = tg oty Hi(X; L) 2 Hy(Y; L) —% Hy(Z: L) .

Proof: As before, the second formula follows from the first. So, if u € F(X; L),
ve F(Y;L),we F(Z;L), then v = 7,(u) if v(y) = p(y)u(p(y)), and w = 74(v) if
w(z) = v(2)v(q(z)). Hence (747p(u))(2) = 74(v(2)v(q(2)) = v(2)u(q(2))ulpq(z)) =
§(2)u((peq)(z)) = typ o q(u)(z).

10.3.23 Corollary. Given an n-fold ramified covering map p : E — X with
multiplicity function u and an integer 1, there is an In-fold ramified covering map
p: E — X such that pp = p and p(e) = lu(e), e € E. Then 1, = l7, :
F(X;L) — F(E;L) and ty, = lt, : Hy(X; L) — Hy(E; L).

Proof: Consider the [-fold ramified covering map ¢ : E — FE such that ¢ = idg
and v(e) =1 for all e € E. Hence p; = p o q. Then apply Theorem 10.3.22.

10.3.24 REMARK. The In-fold covering map p; obtained from p is a sort of spuri-
ous ramified covering map, since the multiplicity of p is artificially multiplied by .
It is interesting to observacion that the previous result shows that the transfer of
this new ramified covering map p; is just the corresponding multiple of the trans-
fer of the original ramified covering map p. Thus on this sort of artificial ramified

covering maps, the transfer remains essentially unchanged.

10.4 THE COHOMOLOGY TRANSFER

In this section we define the cohomology transfer and prove some of its properties.

10.4.1 DEFINITION. Let p : E — X be an n-fold ramified covering map with
multiplicity function u, where E and X are compactly generated weak Hausdorff
spaces of the same homotopy type of CW-complexes. Define its cohomology transfer

T HYE;L)=[E,F(S%; L)) — [X,F(S%, L) = HY(X; L)

by 77([a]) = [a], where a(z) = 3, —, u(e)a(e), z € X. To see that the map a is
continuous and that its homotopy class depends only on the homotopy class of &,

observe that « is given by the composite

SP™a

a: X 2 SpE S SP RS, Q) — F(SY,G),

where the last map is given by the group structure on F(S%; L); namely

(U1, ...y Up) Zul(a:)+---+ Zun(z)

rEeSY rEeSY
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Using the fact that X has the homotopy type of a CW-complex, similar arguments
to those used in the proof of 10.3.3 show that « is continuous.

We might write 7 instead of 77 when we wish to remark the multiplicity n of

the ramified covering map p.

10.4.2 REMARK. We might assume that £ and X are paracompact spaces instead
of compactly generated weak Hausdorff spaces of the same homotopy type of a CW-
complex. In this case, the same definition yields a transfer that is a homomorphism
between Cech cohomology groups

™ HY(E;L) — HY(X;L),
(see observacion ?77), provided that L is an at most countable coefficient group.
10.4.3 NOTE. In order to define the cohomology transfer, the only property of

the Eilenberg-Mac Lane spaces given by F(S?; L) required, is the fact that they

are (weak) topological abelian groups.

Similarly to the homology transfer, the cohomology transfer has the following
fundamental properties.
10.4.4 Theorem. The composite
tPop*: HY(X;L) — H¥(X; L)
1s multiplication by n.

Proof: If [a] € [X, F(S¥; L)], then 7Pp*(a) = 7P(aop) : X — F(S¥; L), and 7P(ao

P)@) = Lpma ilE)ap(e) = (Zpoms le)) ala) = n- a(@). Thus 7757 ([a]) =
n-[al.

10.4.5 Theorem. Letp: E —> X be an n-fold ramified covering map and assume
that F .Y — X is continuous. Then the following diagram commutes:

HY(E;L) —"—~ H(X; L)

|

HY(F*(E); L) —— HY(Y; L),
+F"(p)

where F*(p) : F*(E) — Y s the n-fold ramified covering map induced by p :
E — X over F.

Proof: Let a: E — F(S% L) represent an element in HY(FE; L). Then the map

y— > Fpy.ealy.e)= D ple)alye)

Fe(p)(y.e)=y p(e)=F(y)

that represents 75 (?) F*(&), clearly represents also F*72([a]) € HY(Y; L).
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In 10.4.4 we computed the composite 7P o p*. The opposite composite p* o 7P
is also interesting. As it was the case for the homology transfer, an immediate
computation yields the following results for the cohomology transfer.

10.4.6 Proposition. Let p : E — X be an n-fold ramified covering map with
multiplicity function p. Then the composite

HY(B; L) 75 HY(X; L) 2 HY(B; L)

is given as follows. Take [p] € HY(E;L) = [E,F(S% L)|, then p*1P[p] is repre-
sented by the map ¢’ : E — F(S%; L) given by

O

In the case of an action of a finite group I' on F and X = E/I', we have the
following consequence.

10.4.7 Corollary. If ¢ € HY(E; L), then

pr(€) = 3 7(€) € HY(E; L), .

vyer

Proof: Just observe that in the sum the element +*(&) is repeated u(e) = |I'¢|

times.

Generalizations and further properties of the cohomology transfer are studied
in [?].

10.5 SOME APPLICATIONS OF THE TRANSFERS

First we start considering a standard n-fold covering map p : £ — X. In this
case, the pretransfer (and thus also the transfer in homology) has a particularly
nice definition. Since the multiplicity function x4 : E — N is constant u(e) = 1,
the transfer 7, : F(X;L) — F(FE; L) is given by

(10.5.1) typ(u)(e) = u(p(e)) .

This fact has a nice consequence.

10.5.2 Theorem. Let I' be a finite group acting freely on a Hausdorff space E.
Then the orbit map p : E — E/T is a standard covering map, and its pretransfer
nduces an isomorphism

typ: F(E/T;L) — F(E; L),
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where the second term represents the fized points under the induced I'-action on
F(E; L). Consequently, the pretransfer yields an isomorphism

Hy(E/T; L) = my(F(B; L)),

for all q.

Proof: We assume that the projection p : E — E/I" maps the base point to the
base point. The pretransfer 7, is a monomorphism. Namely, if 7,,(u) = 0, then, by
(10.5.1), u(p(e)) = p(u)(e) = 0 for all e € E. Since p is surjective, u = 0.

On the other hand, obviously 7,(u) € F(E; L) for all u € F(E/T; L). To see
that it is an epimorphism, take any v € F(E; L)''. Then v(e) = v(ey) for all y € T,
and thus v determines a well-defined element v € F(E/T'; L) by u(el') = v(e).
Then clearly 7,(u) = v.

In what follows, we use the fundamental properties 10.3.9 and 10.3.19, and
10.4.4 and 10.4.7 of both the homology and the cohomology transfers to prove
some results about the homology and cohomology of orbit maps between orbit
spaces of the action of a topological group I' and a subgroup I" of finite index
on a compactly generated weak Hausdorff space of the same homotopy type of a
CW-complex (and a corresponding result in Cech cohomology for a paracompact
space).

Before starting we need to recall Dold’s definition of an n-fold ramified covering
map [11]. It is a finite-to-one map p : E — X together with a continuous map
Yp : X — SP"™ F such that

(i) for every e € E, e appears in the n-tuple ¢,(p(e)) = (e1, ..., en), and
(ii) SP™(p)Yp(x) = (x,...,z) € SP" X.

This definition is equivalent to Smith’s (see 10.2.1), by setting ¢, = 1, and defining
p(e) as the number of times that e is repeated in 1,(p(e)).

We have the following interesting result.

10.5.3 Proposition. Let I’ be a topological group acting on a space Y on the right
and let T C T be a subgroup of finite index n. Then the orbit map p : Y/T! — Y/T
1s an n-fold ramified covering map.

Proof: There is a commutative diagram

Y xT Y

| |

Y x (0/T') —— YT,
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where the top map is the action and the vertical maps are the quotient maps. Take
the adjoint map of v, n: Y — M(T'/T",Y/T"). The function space M (I'/T", Y /1)
has a right I'-action given as follows. For f : I'/TY — Y/T, take (f - v)[n1] =
f(y[v1]) = flym]- The map 7 is then I'-equivariant and thus induces a map

7:Y/T — MT/T,Y/T)T.

On the other hand, if we identify I'/T" with the set n = {1,...,n}, then we have

a homeomorphism
M(T/T',Y/T')/T ~ M(n,Y/T") /S, = SP(Y/T").

Let ¢, : Y/T' — SP™(Y/I") be 7 followed by the previous homeomorphism. Then

1y satisfies conditions (i) and (ii) and thus p is an n-fold ramified covering map.

We apply the results 10.3.10 and 10.3.17 that we have for the pretransfer to
the n-fold ramified covering described above to obtain the following.

10.5.4 Proposition. Let Y be a space with an action of a topological group T
and let T" C T be a subgroup of finite index n. Assume that R is a ring where the
integer n is invertible. Then p, : F(Y/T',R) — F(Y/T', R) is a split (continuous)
epimorphism. Moreover, if I is finite and its order m is invertible in R, then the
kernel of ps is the complement in F(Y/T", R) of the invariant subgroup F(Y/T', R)"
under the induced action of I'. Thus in this case

F(Y/T,R)= F(Y/T",R)";
in particular, if T is finite and I is trivial, then m = n and

F(Y/T,R) = F(Y,R)".

Proof: By 10.3.10 applied to the n-fold ramified covering p : Y/I'" — Y/T', p,otyp :
F(Y/T",R) — F(Y/I', R) is multiplication by n, hence it is an isomorphism, and
consequently p, is a split epimorphism. Moreover, if I' is finite of order m, by
10.3.17, we have that 7, o p, : F(Y/T',R)\' — F(Y/T’,R)! is multiplication
by m. So, if m is invertible in R, then p, : F(Y/T',R)}} — F(Y/T,R) is an
isomorphism.

As an immediate consequence of the result above, or applying 10.3.9 and
10.3.19, we obtain the following two well-known results (cf. [44, 2.5], [?], [9]).

10.5.5 Theorem. LetY be a space with an action of a topological group I' and let
IV C T be a subgroup of finite index n. Assume that R is a ring where the integer
n is invertible. Then py : Hy(Y/T";R) — Hy(Y/T';R) is a split epimorphism.
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Moreover, if I' is finite and its order m is invertible in R, then the kernel of p, is
the complement of Hy(Y/T"; R)' in H,(Y/T'; R). Thus in this case

Hy(Y/T; R) = Hq(Y/F,§ R)F ;

and in particular,

Hq(Y/FQR) = Hq<Y§R)F-

Similarly, 10.4.4 and 10.4.7 one has for cohomology the following.

10.5.6 Theorem. LetY be a space with an action of a topological group I' and let
IV C T be a subgroup of finite index n. Assume that R is a ring where the integer
n is invertible. Then p* : HY(Y/T; R) — HY(Y/I'; R) is a split monomorphism.
Moreover, if T is finite and its order m is invertible in R, then the image of p* is
HY(X; R)'. Thus in this case

HY(Y/T; R) = HU(Y/T"; R)"';

and in particular,
HY(Y/T;R) = HI(Y;R)".

10.5.7 REMARK. One may take a paracompact space Y with an action of a topo-
logical group I' and obtain for Cech cohomology an analogous result, namely
p*: HI(Y/T; R) — H9(Y/T'; R) is a split monomorphism, and

HYY/T;R) = HY(Y/T; R)".

A nice application of the previous ideas is the following generalization of a
well-known result of Grothendieck [?] (in the case Y = ET).

10.5.8 Theorem. Let I' be a compact Lie group and let 'y be the component of
1 €T'. Let R be a ring where n = [I',T'1] is an invertible element. For an action of

I' on a topological space Y, one has
Hy(Y/T;R) = Hy(Y/T1; R)™/™,
HY(Y/T; R) = H(Y/Ty; B)'/T,
HY(Y/T; R) = H(Y/Ty; B)'/T,

the last two according to what kind of a space Y is. ad
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10.6 DUALITY BETWEEN THE HOMOLOGY AND COHOMOL-
OGY TRANSFERS

In this section we compare the homology transfer with the cohomology transfer.

Given an n-fold ramified cover p : £ — X with multiplicity function pu :
E — N, we can extend it to the n-fold ramified covering map p™ : BT — X T
as explained in observacion 10.2.2. Consider the cohomology transfer

P HYE;G) = HI(ET;G) — HY(X";G) = H(X; Q) ,
and consider also the homology transfer
ty: Hy(X;G) = Hy(X+;G) — H,(ET;G) = Hy(E; G)

as given in Definition 10.3.1.

10.6.1 Theorem. Let p: E — X be an n-fold ramified covering map with mul-
tiplicity function p : E — N and E path connected, and let t, : Hy(X;R) —
Hy(E;R) and 7P : HY(E; R) — HY(X; R) be its homology and cohomolgy trans-
fers. If £ € Hy(X;G) and € € HI(E;G), then

(tp(€),E)p = (6, 77(E))x € R,

for the Kronecker products for E and X, respectively, and R a commutative ring

with 1 (see (77)).

Proof: We have to prove the commutativity of the following diagram:

(X, F(S%, R)]. x [S1, F(X*,R)]. —= [XT, F(S°, R)].

e

[E+, F(S9, R)], x [S4, F(X*, R)].

1XTP\L

[E+7F(SQ7R)]* X [San(E+7R)]* = [E+,F(SOvR)]*

R

By the naturality of the construction of the pretransfers and the definition of
the —~-product (see Proposition ?7?), it is fairly easy to check that this commuta-
tivity follows from the commutativity of the following:

[XT,F(XT,R), —[S°, F(X*, R)].

| S
e

[ET,F(XT, R

[ET,F(ET,R)]l, —=[S", F(ET,R)].

R
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Let 6 : ET — F(X™',R) be given by d(e) = E;i(le) ri(e)zi(e), e € E. Chasing
this element § along the top of the diagram, one easily verifies that it maps to the

element
m(e)

d= Y ule) ) rile),

pO=z_y i=1

while chasing it along the bottom of the diagram, it maps to the element

m(e_1) m(e—1)
d = Z ri(e—1) Z pule)) =n Z ri(e—1).
i=1 p(ei)=zi(e—1) i=1

Call p(e) = Zﬁ(f) ri(e). Since p = € 04, by 9.1.1 this defines a continuous map
p: E — R, but since E is path connected and R is discrete, p is constant with

value rs € R. Hence
d= Z ule)p(e) =n-rs and d =nple_1)=n-rs.
ple)=r—1

Thus d = d’ and the diagram commutes.

For simplicity, in what follows we omit the coefficient ring R in homology
and cohomology. For the Kronecker product (—,—)y : H{(Y) ® Hy(Y) — R
there are induced homomorphisms ®y : HY(Y) — Hom(H,(Y),R) and ¥y :
Hy(Y) — Hom(H!(Y'), R) for every space Y, given by ®(y)(n) = (y,n)y and
Y(n)(y) = (y.my,y € HI(Y), n € Hy(Y).

10.6.2 Corollary. The following diagrams commute

HY(E) —2E -~ Hom(H,(E), R) Hy(X) —2X- Hom(HY(X), R)
TP\L \LHom(Tp,l) Tpi lHom(T”,l)
HI(X) —— Hom(H,(X),R),  H,(E)—— Hom(H(E),R),

the one on the right-hand side only if TP : H1(E) — H(X) is a homomorphism

(which is rather seldom the case). 0

10.6.3 REMARK. Under suitable conditions ® or ¥ are isomorphisms, in whose
case one of the transfers determines the other.

10.7 COMPARISON WITH SMITH’S TRANSFER

In this section we show that the transfer defined in [44] coincides with ours if we
take Z-coefficients. To that end, we first recall his definition of the transfer. It

makes use of a result of Moore, that we state below. Recall that the weak product



158 10 TRANSFER FOR RAMIFIED COVERING MAPS

]:[ZOZan of a family of pointed spaces is the colimit over n of the directed system
of spaces
Xi—=> X1 xXo—=> X1 xXogx Xg—=---,

where the inclusions are given by letting the last coordinate be the base point.
Moore’s result, as it appears in [?], is as follows.

10.7.1 Theorem. (Moore) A connected space X is weakly homotopy equivalent
to the weak product ]:[n>1K(7rn(X), n) of Filenberg-Mac Lane spaces if and only if
the Hurewicz homomorphism hy, : Tn(X) — Hn(X;7Z) is a split monomorphism
for all n > 1. O

Suppose that pp : Hn(X) = Hn(X;Z) — m,(X) is a left inverse of h,. The
Kronecker product defined in Section 2 determines an epimorphism

H™(X ;7m0 (X)) — Hom(Hy (X), (X))
Let [¢,] € H™(X;m0(X)) = [X, K (mn(X),n)]x be some preimage of p,. Then the
family of pointed maps (&,,) defines the weak homotopy equivalence of the previous
theorem.

10.7.2 Corollary. If X is a connected topological abelian monoid of the same
homotopy type of a CW-complex, then there is a homotopy equivalence X —

o> K (7 (X), 7).

Proof: Since X is a topological abelian monoid, there is a retraction r : F(X;N) —
X given by the retractions

o B (X5N) — X, ozt aet o) =ai 4+t g

Recall, on the other hand, that by the Dold-Thom theorem one has an isomorphism
T (SP>® X)) 2 H,(X), so that the inclusion i : X < SP® X defines the Hurewicz
homomorphism (see [?]). Since 707 = idx, the homomorphism p, = r, : H,(X) =
Tn(F(X;N)) — 7,(X) provides a left inverse of the Hurewicz homomorphism
h,. Hence, by Moore’s theorem, we obtain the result.

10.7.3 REMARK. Note that in the proof above, it is enough to assume that X is
a weak topological abelian monoid, i.e., that the product in X is continuous on
compact sets.

For any space E, the space F'(E;N) is a weak topological abelian monoid. Thus
we have the following.

10.7.4 Corollary. For a connected space E of the same homotopy type of a CW-

complez, there is a natural homotopy equivalence wg : F(E;N) — K(H.(F)) =
oo J
[In1 K (Hn(E), ). O
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The definition of Smith’s transfer is as follows. Given an n-fold ramified cover
p : F — X with multiplicity function u : E — N, consider the following
composite:
p: X 2% F,(E;N) — F(E;N) = K(H,(E)).

This map defines a family of elements [p] € H*(X; H.(E)). On the other hand,
the Kronecker product determines a homomorphism

¢ : H*(X; H,(E)) — Hom(H,(X), H,(E)) .

Smith’s transfer is the image py : Hy (X) — H,(E) of [p] under the homomor-
phism 1.

10.7.5 Theorem. Let p: E — X be an n-fold ramified cover with multiplicity
function p : E — N. Then p; = tp : H,(X:Z) — H.(E;Z), where tp is the
transfer in reduced homology.

Proof: Consider the following commutative diagram.

|E, F(E;N)|, — [E, F(E;N)], —> H*(E, H.(E)) —> Hom(H,(E), H.(E))

7P i P TP J/ lHom(tp,l)

X, Fu(B;N)). — [X, F(E;N)], —= H*(X, H.(E)) — Hom(H.(X), H.(E))

The two squares on the left-hand side, where 7P represents the cohomology transfer,
commute obviously. The one on the right-hand side commutes by Corollary 10.6.2.
Take [i] € [E, F(E;N)],, where i : E — F,(E;N) is the canonical inclusion.
Chasing [i] down and then right on the bottom of the diagram, we obtain py, while
chasing it to the right on the top of the diagram and then down, we obtain ¢,. This
is true, because the image of [i] along the top row of the diagram is the identity
homomorphism 1 € Hom(H,(E), H,(E)). This follows from the naturality of the
Kronecker product, since by Corollary 10.7.2, we have an explicit description of

the weak homotopy equivalence that defines the isomorphism in the middle arrow.



160 10 TRANSFER FOR RAMIFIED COVERING MAPS




REFERENCES

1]

2]

C.C. Apawms, The Knot Book, W.H. Freeman and Company, New York,
1994.

M. AGUILAR, S. GITLER, C. PRIETO, Algebraic Topology from a Homo-
topical Viewpoint, Universitext, Springer-Verlag, New York, Berlin, Hei-
delberg, 2002.

M.A. AGUILAR, C. PRIETO, Transfers for ramified covering maps in ho-
mology and cohomology International J. of Math. and Math. Sci. vol.
2006, Article ID 94651, (2006), 28 pages.

L.V. AHLFORS, Complexr Analysis, Second Edition, McGraw-Hill Book
Co., New York, 1966.

M.A. ARMSTRONG, Basic Topology, UTM, Springer-Verlag, New York,
Berlin, Heidelberg, 1983).

I. BERSTEIN, A. L. EDMONDS, The degree and branch set of a branched
covering, Inventiones Math. 45 (1978), 213-220

N. BOURBAKI, Eléments de Mathématique, premiére partie, livre III,
Topologie Générale, Hermann, Paris, 1961.

G.E. BREDON, Introduction to Compact Transformation Groups, Aca-
demic Press, New York, 1972.

T. ToM DIECK, Topologie, de Gruyter, Berlin, New York 1991

A. DoLD, Ramified coverings, orbit projections and symmetric powers,
Math. Proc. Camb. Phil. Soc. 99 (1986), 65-72

A. DoLp, Teoria de Punto Fijo, Vols. I, IT and III, translated and adapted
by C. Prieto, Monografias del Instituto de Mateméticas, UNAM, 1984.

A. DoLp, R. THOM, Quasifaserungen und unendliche symmetrische Pro-
dukte, Annals of Math. 67 (1958), 239-281.

161



162

REFERENCES

[14]

[17]

[18]

[19]

[21]

[22]

C.H. DOWKER, Topology of metric spaces, Amer. J. Math. 74 (1952),
555-577.

M.H. FREEDMAN, The topology of 4-dimensional manifolds, J. Differen-
tial Geom. 17 (1982), 357-453.

G. FRIEDMAN, An elementary illustrated introduction to simplicial sets,
arXiv:0809.4221v1 [math.AT] 24 Sep 2008.

S. GitLer, C. PrIiETO, EDS., Tendencias Interdisciplinarias en las
Matemdticas, Aportaciones Mat.—Comunicaciones, SMM, México, 2000.

P.G. GoEgRrss, J.F. JARDINE, Simplicial homotopy theory, Progress in
Mathematics, Vol. 174, Birkhauser Verlag, Basel, 1999.

R.E. Gowmpr, A.l. STIPSICZ, 4-Manifolds and Kirby Calculus, Graduate
Studies in Math. Vol. 20, Amer. Mat. Soc., Providence, 1999.

C.McA. GORDON, J. LUECKE, Knots are determined by their comple-
ments, J. Amer. Math. Soc. 2 (1989), 371-415. [A short account on this
work can be consulted in Bull. Amer. Math. Soc. (N.S.) 20 (1989), 83-87.]

J. Hass, J. C. LAGARIAS, The number of Reidemeister moves needed for
unknotting, J. Amer. Math. Soc. 14 (2001) 399-428

A. HATCHER, Algebraic Topology, Cambridge University Press, Cam-
bridge, 2002

J. HEMPEL, 3-Manifolds, Annals of Mathematics Studies, Princeton Uni-
versity Press & University of Tokyo, Princeton, 1976.

H. M. HIiLDEN, Every closed orientable 3-manifold is a 3-fold branched
covering space of S, Bull. Amer. Math. Soc. 80 (1974), 1243-1244.

P. J. HiLToN, U. STAMMBACH, A Course in Homological Algebra, GTM
Springer-Verlag, New York, Berlin, Heidelberg, 1970.

I.M. JAMES, ED., History of Topology, North-Holland, Amsterdam, 1999.

V.F.R. JONES, A polynomial invariant for knots and links via Von Neu-
mann algebras, Bull. Amer. Math. Soc. 12 (1985), 103-111.

L. H. KAUFFMAN, New invariants in the theory of knots, Amer. Math.
Monthly 95, 3 (1988) 195-242.

L. H. KAUFFMAN, Knots and Physics, Series on Knots and Everything 1,
World Scientific, 1991.



REFERENCES 163

[30]

J.L. KELLEY, General Topology, Springer-Verlag, New York, Berlin, Hei-
delberg, reprint of the edition by D. van Nostrand Co., Inc., New York,
1955.

K. LAMOTKE, Semisimpliziale algebraische Topologie, Springer-Verlag,
Berlin, Heidelberg, New York, 1968.

S. MAc LANE, Homology, Springer-Verlag, Berlin, Heidelberg, New York,
1963.

W.M. MASSEY, A Basic Course in Algebraic Topology, Springer-Verlag,
New York, Berlin, Heidelberg, 1991.

J. P. May, Simplicial Objects in Algebraic Topology, Chicago Lecture
Notes, The University of Chicago Press, Chicago 1967.

M. C. McCorpb, Classifying spaces and infinite symmetric products,
Trans. Amer. Math. Soc. 146 (1969), 273-298.

J. MILNOR, On spaces having the homotopy type of a CW-complex, Trans.
Amer. Math. Soc. 90 (1959), 272-280

H. Miyazaki, The paracompactness of CW-complexes, Tohoku Math. J.
4 (1952), 309-313

J. M. MONTESINOS, Three-manifolds as 3-fold branched covers of S3,
Quart. J. Math. Ozxford Ser. (2), 27 (1976), 85-94

J. C. MOORE, Seminar on algebraic homotopy theory, Mimeographed
notes - Princeton, 1956

C. PRrIETO, Nudos, enlaces y realidad, Universidad de México, Nim. 578-
579 (marzo-abril 1999), 19-24.

C. PRrIETO, Elements of Point-Set Topology, 2009 (to appear) Available
in http://www.matem.unam.mx/cprieto (libros para descargar).

C. PRrIETO, Elements of Homotopy Theory, 2010 (to appear) Available in
http://www.matem.unam.mx/cprieto (libros para descargar).

W. RUDIN, Real and Complex Analysis, McGraw-Hill Book Co.,
New York, 1974.

L. SmiTH, Transfer and ramified coverings, Math. Proc. Camb. Phil. Soc.
93 (1983), 485-493.

N. STEENROD, A convenient category of topological spaces, Mich. Math. J.
14 (1967), 133-152.



164 REFERENCES

[46] R. STOCKER, H. ZIESCHANG, Algebraische Topologie, B.G. Teubner,
Stuttgart, 1988.

[47] A. STRoM, Note on cofibrations, Math. Scand. 19 (1966), 11-14.
[48] A. STR@M, Note on cofibrations II, Math. Scand. 22 (1968), 130-142.

[49] R. M. VocT, Convenient categories of topological spaces for homotopy
theory, Archiv der Mathematik XXII (1971), 545-555.



ALPHABETICAL INDEX 165




INDEX

abelian group
simplicial, 26
boundary operator, 42
abstract simplicial complex, 18
action
antipodal, 3
of the fundamental group of the
base space on the fiber of a
covering map, 87
transitive, 87
action of a group
simplicial, 40
free, 40
additivity axiom
for cohomology, 123
additivity of the pretransfer
for covering maps, 139
adjoint functor
left, 5
right, 5
algebraic
Kiinneth formula
for cohomology, 99
for homology, 98
universal coefficients theorem
for cohomology, 100
for homology, 99
antipodal action, 3
associativity
of the cup product in cohomol-
ogy, 131
of the interior product in coho-
mology, 131
axiom
additivity
for cohomology, 123
dimension, 112
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for unreduced cohomology, 121
exactness, 111, 112
for unreduced cohomology, 121
excision, 112
for unreduced cohomology, 121
functoriality
for unreduced cohomology, 120,
121
homotopy, 111, 112
suspension, 112
weak homotopy equivalence
for cohomology, 123
wedge
for cohomology, 122
axioms
Eilenberg—Steenrod
for cohomology, 122

ball, 2
n-ball, 61
barycentric subdivision, 19
base point, 16
base simplicial set of a Kan fibration,
39
boundary
of a simplex, 37
boundary operator
of a simplicial abelian group, 42
branched covering map, 141
branched vs. ramified covering maps,
141
bundle
trivial, 62, 64

trivializing cover, 63

cap product
in cohomology, 129
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in homology, 129
category, 4
identity morphism, 4
morphism, 4
cell, 23
characteristic map, 23
chain
complex, 94
homomorphisms
chain homotopic, 96
homotopy, 96
quotient complex, 94
subcomplex, 94
chain complex
homology, 94
of finite type, 100
characteristic map of a cell, 23
cochain complex, 99
cohomology, 99
cofibration, 70
cohomology
cup product
associativity, 131
commutativity, 131
naturality, 131
stability, 131
units of, 131
interior product
associativity, 131
commutativity, 131
naturality, 131
stability, 131
units of, 131
of a cochain complex, 99
weak homotopy equivalence ax-
iom, 123
cohomology group
of a pair, 119
reduced, 124
cohomology groups
additivity axiom, 123
excision property
of CW-pairs, 121

excision property of excisive tri-
ads, 123
of pairs
exactness property, 121
functoriality, 120
homotopy property, 121
suspension isomorphism, 126
unreduced
dimension axiom, 121
wedge axiom, 122
commutativity
of the cup product in cohomol-
ogy, 131
of the interior product in coho-
mology, 131
compact-open topology, 12
complex
chain, 94
cochain, 99
simplicial
abstract, 18
geometric realization, 19
ordered, 18
complex projective space
infinite-dimensional, 4
of dimension n, 4
composite of morphisms, 4
condition, Kan, 36
alternate, 37
cone
reduced, 111
unreduced, of a pair of spaces, 121
cone of a space, 16
connecting homomorphism
in cohomology, 121
cover, trivializing, 63
covering map, 64, 135
branched, 141
branched vs. ramified, 141
ramified, 140
induced, 141
quotient, 145
restricted, 145
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transfer, 140
universal, 87
covering maps
pretransfer
additivity, 139
multiplicativity, 139
naturality, 137
normality, 137
pullback property, 137
units property, 138
transfer, 140
naturality, 140
normality, 140
cross product, 128
for pairs, 130
vs. cup product, 128
cup product, 128
associativity, 131
commutativity, 131
for pairs, 130
naturality, 131
stability, 131
units of, 131
vs. cross product, 128
CW-complex, 23
regular, 23
skeleton, 23
CW-triad, 121
CWhpair, 116

deformation, 70

degeneracy operators, 26

degenerate
simplex, 32

dimension
axiom, 112

dimension axiom
of unreduced cohomology groups,
121
disk, 2

EILENBERG-MAC LANE space, 119
EILENBERG-MAC LANE space
for Z, 86

EILENBERG-STEENROD axioms
for a reduced theory, 111
for an unreduced theory, 112
for unreduced cohomology, 122
Euclidean
simplex, 20
interior, 20
Euclidean simplicial complex, 22
evaluation map, 13
exact sequence
of cohomology groups
of pairs, 121
exactness
axiom, 111, 112
excision
axiom, 112
for cohomology groups of excisive
triads, 123
excision property
of cohomology groups of CW-pairs,
121
excisive triad, 123
exponential map, 68
Extr(M,N), 92
extension condition, 36
exterior product, 128
for pairs, 130

face
of a simplex, 18
face operators, 26
fiber
homotopy, 63
of a Kan fibration, 39
of a locally trivial bundle, 63
fiber sequence
simplicial, 39
fibrant simplicial set, 37
fibration, 61
Hopf, 67
Hurewicz, 61
Kan, 39
path, 62
Serre, 61
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filling of a horn, 37
finite type

chain complex, 100
formula

Kiinneth

algebraic, 98, 99

free action, 40
free resolution of a module, 91
full subcategory, 5
functor, 5

inclusion, 5

left-adjoint, 5

right-adjoint, 5
functoriality

of cohomology groups of pairs, 120

fundamental group, 79

geometric
realization of a simplicial set, 29
simplex, 29
geometric realization
of a product, 34
of a simplicial complex, 19
group
abelian, simplicial, 26
boundary operator, 42
action on a space, 87
cohomology of a pair, 119
fundamental, 79
homotopy, 76, 79
orthogonal, 4
reduced cohomology, 124
simplicial, 26
unitary, 4

higher homotopy groups, 76, 79
holonomy, 63
homology
class, 94
homotopical
long exact sequence of a pair of
spaces, 116
long exact sequence
chain complexes, 94

of a chain complex, 94
singular
long exact sequence of a pair of
spaces, 114
transfer, 142
relative, 145
homology theory
ordinary, 112
reduced, 111
homotopic
morphisms of simplicial sets, 46
simplexes, 49
homotopy
axiom, 111, 112
extension property, 70
simplicial, 47, 49
fiber, 63
group, 76, 79
lifting property, 61
simplicial, 47
simplicial, characterization, 47
simplicial, 46
homotopy equivalence
weak, 84
homotopy groups
long exact sequence
of a pair, 82
of a triple, 84
simplicial
operation, 53
Hoprr
fibration, 67
horn
filling, 37
in a simplicial set, 36
simplicial, 36
with many holes, 40
with one hole, 36
HureEwIcz fibration, 61

identity morphism, 4
inclusion
functor, 5

infinite-dimensional
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complex projective space, 4
real projective space, 3
sphere, 3
interior of a Euclidean simplex, 20
interior product, 128
associativity, 131
commutativity, 131
for pairs, 130
naturality, 131
stability, 131
units of, 131

k-map space, 12
k-product, 11
universal property, 11
k-space, 7
k-subspace, 8
universal property, 8
KAN
complex, 37
condition, 36
alternate, 37
set, 37
KAN fibration, 39
base set, 39
caracterization, 47
fiber, 39
projection, 39
total set, 39
KRONECKER product, 129
KUNNETH formula
algebraic
for cohomology, 99
for homology, 98

LEBESGUE number of a cover, 65
left-adjoint functor, 5
lemma,

Yoneda, 6
locally path connected space, 86
locally trivial bundle, 63
long exact sequence

homology

chain complexes, 94

homotopical homology
of a pair of spaces, 116
homotopy groups
of a pair, 82
of a triple, 84
singular homology
of a pair of spaces, 114
loop, 63
space, 62, 63
loop space, 17

map
covering, 64, 135
branched, 141
ramified, 140
ramified, quotient, 145
ramified, restricted, 145
universal, 87
evaluation, 13
exponential, 68
map space, 12
k-map space, 12
mapping
path space, 63
g-model, 30
module, free resolution, 91
morphism, 4
composite, 4
of simplicial objects, 25
morphisms
of simplicial sets
homotopic, 46
multiplications
mutually distributive, 77
multiplicativity of the pretransfer
for covering maps, 139
multiplicity function, 140
induced, 141

natural
isomorphism, 5
transformation, 5

naturality
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of the cup product in cohomol-
ogy, 131
of the interior product in coho-
mology, 131
naturality of the pretransfer
for covering maps, 137
naturality of the transfer
for covering maps, 140
nerve of a cover, 19
nondegenerate
simplex, 32
singular simplex, 33
norm
in C", 2
in R, 2
normality of the pretransfer
for covering maps, 137
normality of the transfer
for covering maps, 140

operations

mutually distributive up to ho-

motopy, 77

operators

degeneracy, 26

face, 26
orbit of a simplicial group action, 40
ordered simplicial complex, 18
ordinary homology theory, 112
ordinary reduced homology theory, 111
orthogonal group, 4

paracompact space, 69
partition of unity

subordinate to a cover, 69
path

component, 43

end, 43

fibration, 62

in a simplicial set, 43

origin, 43

space, 62

mapping, 63

path space, 17

path-lifting
unique, 65
path-lifting map, 62
pointed space, 16
polyhedron, 20
pretransfer, 135, 142
additivity
for covering maps, 139
multiplicativity
for covering maps, 139
naturality
for covering maps, 137
normality
for covering maps, 137
pullback property
for covering maps, 137
units property
for covering maps, 138
prism, 45
product
cap
in cohomology, 129
in homology, 129
cross, 128
for pairs, 130
cross vs. cup, 128
cup, 128
associativity, 131
commutativity, 131
for pairs, 130
naturality, 131
stability, 131
units of, 131
exterior, 128
for pairs, 130
interior, 128
for pairs, 130
Kronecker, 129
of simplicial sets, 33
geometric realization, 34
smash, 16
~-product

in homology, 129
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~-product
in cohomology, 129
—-product, 128
for pairs, 130
x-product, 128
for pairs, 130
k-product, 11
universal property, 11
projection
of a Kan fibration, 39
projective space
complex, 24
infinite-dimensional
complex, 4
real, 3
of dimension n
complex, 4
real, 3, 24
pullback, 67
pullback property of the pretransfer
for covering maps, 137
pullback property of the transfer

for covering maps, 140

quotient
of simplicial groups, 26
of simplicial sets, 26
quotient complex
chain, 94
quotient ramified covering map, 145

ramified covering map, 140
induced, 141
multiplicity function, 140
quotient, 145
restricted, 145

ramified vs. branched covering maps,

141

real projective space
infinite-dimensional, 3
of dimension n, 3

reduced cohomology group, 124

reduced cone, 111

regular CW-complex, 23

relative transfer

homology, 145
resolution of a module, free, 91
restricted ramified covering map, 145
retract, 70

strong deformation, 70
retraction, 70

strong deformation, 70
RIEMANN sphere, 66
right-adjoint functor, 5

SERRE fibration, 61
set
simplicial, 26
simplex
boundary, 37
degenerate, 32
Fuclidean
interior, 20
euclidean, 20
geometric, 29
nondegenerate, 32
of a simplicial complex, 18
face, 18
of a simplicial object, 25
singular
nondegenerate, 33
standard, 3, 19, 22, 27
boundary, 3, 22
simplexes
homotopic, 49
simplicial
abelian group, 26
boundary operator, 42
action, 40
group, 26
homotopy, 46
homotopy extension property, 47,
49
homotopy groups
operation, 53
horn, 36
map, 21
object, 25
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set, 26
associated to a simlicial com-
plex, 28
fibrant, 37
geometric realization, 29
singular, 27, 113
subgroup, 26
subobject, 25
subset, 26
simplicial complex
abstract, 18
barycentric subdivision, 19
Euclidean, 22
geometric realization, 19
ordered, 18
simplex, 18
face, 18
k-skeleton, 18
subcomplex, 18
vertices, 18
simplicial fiber sequence, 39
simplicial sets
product, 33
geometric realization, 34
singular
simplex
nondegenerate, 33
simplicial set, 27, 113
singular homology groups, 114
k-skeleton
of a simplicial complex, 18
skeleton of a CW-complex, 23
smash product, 16
of spheres, 17
space
complex projective
infinite-dimensional, 4
of dimension n, 4
locally path connected, 86
paracompact, 69
path, 62
pointed, 16
real projective, 3

infinite dimensional, 3

k-space, 7
sphere

infinite-dimensional, 3

Riemann, 66
n — l-sphere, 61
spheres, 2
stability

of the cup product in cohomol-

ogy, 131
of the interior product in coho-
mology, 131

standard simplex, 3, 19, 22, 27

boundary, 3, 22
strong deformation

retract, 70

retraction, 70
subcategory, 5

full, 5
subcomplex

chain, 94

of a simplicial complex, 18
subgroup

simplicial, 26
subobject, simplicial, 25
subset, simplicial, 26
k-subspace, 8

universal property, 8
suspension

axiom, 112

unreduced, 122
suspension isomorphism

cohomology, 126
suspension of a space, 16
symmetric product, 135

tensor product

of chain complexes, 96
theorem

universal coefficients

algebraic, 99, 100

topology

compact-open, 12
Torr(M,N), 92
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total simplicial set of a Kan fibration,
39
transfer
for ordinary covering maps, 140
fundamental property, 145
homology, 142
homotopy invariance, 147
invariance under pullbacks, 146
naturality
for covering maps, 140
normality
for covering maps, 140
pullback property
for covering maps, 140
transitive action, 87
triangulation of a space, 20
trivial
bundle, 62, 64
trivializing
cover, 63

maps, 63

unique path-lifting property, 65
unit
ball, 2
cell, 2
cube, 3
disk, 2
interval, 3
sphere, 2
unitary group, 4
units
of the cup product in cohomol-
ogy, 131
of the interior product in coho-
mology, 131
units property of the pretransfer
for covering maps, 138
universal
covering map, 87
universal coefficients theorem
algebraic
for cohomology, 100
for homology, 99

universal property
of k-product, 11
of k-subspace, 8
unreduced cone of a pair of spaces,
121

unreduced suspension, 122

vertices

of a simplicial complex, 18

weak homotopy equivalence, 84
weak homotopy equivalence axiom
for cohomology, 123
wedge axiom
for cohomology, 122
wedge sum, 16

YONEDA lemma, 6



